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Preface

Algorithmic methods have reached a state of maturity as a consequence of
decades of research. Despite its success, the current state of algorithmic research
still faces severe difficulties, or cannot cope at all, with highly complex and data
intensive real-world applications in large-scale networks. A prominent example is
given by railway networks, which are used to model the complex systems of rail-
way transportation. The complexity and size of optimization problems arising
in railway transportation still pose challenges for algorithmic research.

This volume deals with problems arising in railway optimization, i.e., with
planning and scheduling problems over several time horizons. Different challeng-
ing problems from the railway world are discussed from the point of view of
computer science, algorithms, operations research, and discrete mathematics.

The first part of the volume consists of state-of-the-art papers that were
selected after an open call that followed a Dagstuhl Seminar on Algorithmic
Methods for Railway Optimization in June 2004. We had 12 submissions that
underwent the standard peer review process, out of which 8 were selected for
publication in this volume.

The second part consists of the nine accepted papers in the 4th Workshop
on Algorithmic Methods and Models for Optimization of Railways (ATMOS
2004) that took place in Bergen, Norway, September 2004. The series of ATMOS
workshops constitute a forum to present and discuss models, algorithms, and
results related to railway optimization problems. ATMOS addresses researchers
and practitioners working in computer science, discrete optimization, algorithms,
or operations research. The ATMOS contributions come from all these fields and
reflect the interdisciplinary character of railway optimization.

Within both parts we ordered the papers according to the hierarchical plan-
ning process in railway companies, which is roughly divided into the following
four groups:

Network and Line Planning. This concerns the construction of the physical
network (tracks and stations), the planning of the train lines along with
their frequencies, and the design of the tariff system with the prices for the
passengers.

Timetabling and Timetable Information. This concerns the construction
of timetables, including scheduling and re-scheduling aspects, as well as
timetable information systems.

Rolling Stock and Crew Scheduling. This concerns the scheduling of rolling
stock and personnel to trains in order to carry out the train schedules in the
timetable.

Real-Time Operations. This concerns the online reaction in the case of unex-
pected disruptions or delays. The delay management problem and its online
version is a central issue, along with the improvement of dispatching systems.
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Part I starts with three papers concerning the second group (Timetabling and
Timetable Information). More specifically:

— In “The Modeling Power of the PESP: Railway Timetables and Beyond,”
Christian Liebchen and Rolf H. Mdhring show how various phases of the
railway planning process can be integrated with periodic timetabling in order
to achieve an additional optimization potential.

— In “Cyclic Railway Timetabling: A Stochastic Optimization Approach,” Leo
Kroon, Rommert Dekker, and Michiel Vromans present a stochastic opti-
mization model that can be used to find an optimal allocation of the running
time supplements of a number of trains on a common infrastructure in order
to minimize the average delays of these trains.

— In  “Timetable Information: Models and Algorithms,” Matthias
Miiller-Hannemann, Frank Schulz, Dorothea Wagner, and Christos Zaro-
liagis give an overview of models and efficient algorithms for optimally solv-
ing timetable information problems under single or multiple criteria.

The next three papers concern the third group (Rolling Stock and Crew Schedul-
ing). More specifically:

— In “Estimates on Rolling Stock and Crew in DSB S-tog Based on Timeta-
bles,” Michael Folkmann, Julie Jespersen, and Morten N. Nielsen describe
two models for estimating the requested amount of rolling stock and crew
required for operating a given timetable.

— In “A Capacity Test for Shunting Movements,” John van den Broek and Leo
Kroon describe a capacity test for checking at an early stage of the planning
process, whether the capacity of the infrastructure between the platform
tracks and the shunting areas is sufficient for facilitating all the shunting
movements that have to be planned in between the already timetabled train
movements.

— In “Railway Crew Pairing Optimization,” Lennart Bengtsson, Rastislav
Galia, Tomas Gustafsson, Curt Hjorring, and Niklas Kohl investigate the
crew pairing problem that arises at major railways. Even though it is similar
to the well-studied airline crew pairing problem, the size and complexity of
the railway operation necessitate tailored optimization techniques.

The final two papers concern the fourth group (Real-Time Operations). More
specifically:

— In “Integer Programming Approaches for Solving the Delay Management
Problem,” Anita Schobel presents path-based and activity-based integer pro-
gramming models for the delay management problem and shows the equiv-
alence of these formulations, and how to solve them in special cases.

— In “Decision Support Tools for Customer-Oriented Dispatching,” Claus
Biederbick and Leena Suhl present decision support tools to be used by
dispatchers in order to achieve customer orientation.
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Part II starts with two papers in the first group (Network and Line Planning).
More specifically:

In “An Integrated Methodology for the Rapid Transit Network Design,”
Gilbert Laporte, Angel Marin, Juan A. Mesa, and Francisco A. Ortego
present a new model for designing a line concept which is able to compete
with private transportation systems.

In “A Simulation Approach for Fare Integration,” Domenico Gattuso and
Giuseppe Musolino deal with the problem of tariff planning and show their
results within a case study in the region of Calabria.

The next four papers concern the second group (Timetabling and Timetable
Information). More specifically:

In “Intelligent Train Scheduling on a High-Loaded Railway Network,” Anto-
nio Lova, Pilar Tormos, Federico Barber, Laura Ingolotti, Miguel A. Salido,
and Montserrat Abril present an interactive application to assist planners
when adding new trains on a complex railway network.

In “Platform Assignment,” Sabine Cornelsen and Gabriele Di Stefano sug-
gest an approach which is able to assign platforms to trains in such a way
that a conflict-free realization of the timetable is possible, assuming a fixed
timetable.

In “Finding All Attractive Train Connections by Multi-Criteria Pareto
Search,” Matthias Miiller-Hannemann and Mathias Schnee discuss algo-
rithms for timetable information systems that are able to find reasonable
routes under various objectives.

In “The Railway Traveling Salesman Problem,” Georgia Hadjicharalambous,
Petrica Pop, Evangelia Pyrga, George Tsaggouris, and Christos Zaroliagis
present a direct integer programming approach, based on timetable informa-
tion, in order to find a tour through a railway system minimizing the overall
time of the journey.

The next paper concerns the third group (Rolling Stock and Crew Scheduling).
More specifically:

In “Rotation Planning of Locomotive and Carriage Groups with Shared Ca-
pacities,” Taieb Mellouli and Leena Suhl present a multi-layer
multi-commodity network flow model which is able to handle various com-
plex restrictions with respect to the planning of the circulation of locomotive
and carriage groups.

The final two papers concern the fourth group (Real-Time Operations). More
specifically:

In “An Estimate of the Punctuality Benefits of Automatic Operational
Scheduling,” Rien Gouweloos and Maarten Bartholomeus investigate the sta-
bility of railway systems and show the effects that suboptimal re-sequencing
decisions have on the punctuality of the system.
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— In “Online Delay Management on a Single Train Line,” Michael Gatto,
Riko Jacob, Leon Peeters, and Peter Widmayer present a first theoretical
investigation of online delay management problems and show that the special
case of online delay management on a line is an extension of the ski-rental
problem.

We would like to thank all those who submitted papers for consideration, as
well as the referees for their invaluable contribution. We are grateful to Robert
Gorke for handling all technical issues in the preparation of this volume, espe-
cially for converting files from different sources into the current form. Finally,
we acknowledge the support of the Human Potential Programme of EC un-
der contract no. HPRN-CT-1999-00104 (project AMORE), and of the Future
and Emerging Technologies Unit of EC (IST priority — 6th FP) under contract
no. FP6-021235-2 (project ARRIVAL).

May 2007 Frank Geraets
Leo Kroon

Anita Schobel

Dorothea Wagner

Christos Zaroliagis
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The Modeling Power of the
Periodic Event Scheduling Problem:
Railway Timetables — and Beyond*

Christian Liebchen and Rolf H. Mohring

TU Berlin, Institut fiir Mathematik, Strale des 17. Juni 136, D-10623 Berlin
{liebchen,moehring}@math.tu-berlin.de

Abstract. In the planning process of railway companies, we propose
to integrate important decisions of network planning, line planning, and
vehicle scheduling into the task of periodic timetabling. From such an
integration, we expect to achieve an additional potential for optimization.

Models for periodic timetabling are commonly based on the Periodic
Event Scheduling Problem (PESP). We show that, for our purpose of this
integration, the PESP has to be extended by only two features, namely a
linear objective function and a symmetry requirement. These extensions
of the PESP do not really impose new types of constraints. Indeed, prac-
titioners have already required them even when only planning timetables
autonomously without interaction with other planning steps. Even more
important, we only suggest extensions that can be formulated by mixed
integer linear programs.

Moreover, in a selfcontained presentation we summarize the tradi-
tional PESP modeling capabilities for railway timetabling. For the first
time, also special practical requirements are considered that we proove
not being expressible in terms of the PESP.

1 Introduction

Traditionally, the planning process of railway companies is subdivided into sev-
eral tasks. From the strategic level down to the operational level, the most promi-
nent subtasks are network planning, line planning, timetable generation, vehicle
scheduling, crew scheduling, and crew rostering, see Figure [Il

For a detailed description of these planning steps, as well as for an overview of
solution approaches, we refer to Bussieck, Winter, and Zimmermann [4]. Notice
that network planning and line planning are of course part of the strategic plan-
ning process of public transportation companies. In contrast, vehicle scheduling
and crew scheduling are of operational nature. In between, timetabling forms
the linkage between service and operation. An important reason for the divi-
sion into at least five subtasks is the high complexity of the overall planning

process ([, [7]).

* Supported by the DFG Research Center “Mathematics for key technologies”
in Berlin.

F. Geraets ct al. (Eds.): Railway Optimization 2004, LNCS 4359, pp. 3|40] 2007.
© Springer-Verlag Berlin Heidelberg 2007
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[ Network Planning

Line Planning

PESP model

Timetabling

Vehicle Scheduling

Crew Scheduling ]

Fig. 1. Planning phases covered by the PESP beforehand

During the last years, a trend towards the integration of several planning
steps has emerged. For example, vehicle and crew scheduling were successfully
combined by Borndorfer, Lobel, and Weider [3] and by Haase, Desaulniers, and
Desrosiers [§]. Similarly, a combination of line planning and network planning
is the objective of Borndorfer, Grotschel, and Pfetsch [2]. Periodic timetabling
has also served as a starting point for such attempts. Kolonko and Engelhardt-
Funke [6] consider investments into infrastructure by using multi-criteria opti-
mization. Nachtigall [20] computes timetables that require only few rolling stock
for a specific vehicle schedule. Lindner [16] integrates the choice of rolling stock
types in a non-linear model. Liebchen and Peeters [14] provide a linear model
that serves as a good approximation for minimizing rolling stock while optimiz-
ing periodic timetables.

In this paper, we demonstrate how periodic timetable construction can be
combined with other planning steps. Further, we incorporate other practical
conditions on timetables such as timetable symmetry, line planning, and even
infrastructure decisions. We show that this can in fact be achieved with only
slight variations of the commonly used model for periodic timetable construction,
the PESP model introduced by Serafini and Ukovich [30] in 1989. The variations
keep much of the properties of the PESP model and are again mixed integer
programs over a feasibility domain with essentially the same structure as the
original PESP. In particular, all of the valid inequalities for the PESP stay valid,
and some of the new formulations even speed up the solution time with standard
MIP solvers. But there have also been proposed other solution techniques for
PESP instances: constraint programming ([29]) and genetic algorithms ([21]).
Hence, in this paper we will restrain ourselves to the pure modeling capabilities of
the general PESP model—with only two small exceptions. But these exceptions
have already been asked explicitly by practitioners for their own sake.

In the discussion of these modeling features, we will also lay out large parts of
the map of the borderline between what still fits into the traditional PESP model,
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and what requires new features, and at which cost. To this end, we also review the
traditional PESP modeling issues, thus altogether providing a selfcontained pre-
sentation of the PESP modeling capabilities and its extensions to symmetry, line
planning, and network planning. Any of our suggestions for integrating these fea-
tures can be formulated as a MIP, in particular not involving any quadratic terms.

The paper is organized as follows. Section 2 introduces the PESP. It presents
its main formulations as a graph theoretic potential problem and as a mixed
integer program, and reports on its complexity and a useful characterization of
periodic timetables.

Section 3 discusses requirements for cyclic timetables that can be met by the
PESP. These include simple requirements such as collision-free traffic on single
tracks and headway between successive trains, but also more sophisticated ones
such as bundling of lines, train coupling and sharing, fixed events in connection
with hierarchical planning, and also disjunctive constraints and soft constraints.

Section 4 is devoted to timetable requirements that are beyond the scope of
the traditional PESP, such as balanced reduction of service and symmetry of
timetables. We show that the PESP or its MIP model only needs to be extended
slightly in order to accommodate symmetry requirements.

Finally, in Section 5, we consider the integration of aspects of other planning
steps into periodic timetable construction, in particular vehicle scheduling (min-
imization of rolling stock), line planning (simultaneous construction of line plan
and timetable), and network planning (making infrastructure decisions). This
integration makes essential use of the flexibility of the PESP, in particular dis-
junctive constraints, uses symmetry and, as a new technique, integrates aspects
of graph techniques into the PESP in order to handle line planning.

All model features are illustrated by examples from our practical experience
with timetable construction at Deutsche Bahn AG, S-Bahn Berlin GmbH, and
BVG (Berlin Underground).

2 The Periodic Event Scheduling Problem (PESP)

In 1989, Serafini and Ukovich [30] introduced the Periodic Event Scheduling
Problem (PESP), by which periodic timetabling instances may be formulated in
avery compact way. Since then, this model has been widely used ([29/T8I24/T6l26] ).
In the Periodic Event Scheduling Problem (PESP), we are given a period time T’
and a set V of events, where an event models either the arrival or the departure
of a directed traffic line at a certain station. Furthermore, we are given a set of
constraints A. Every constraint a = (i, 7) relates a pair of events 4, j by a lower
bound /, and an upper bound u,.
A solution of a PESP instance is a node assignment 7 : V — [0,7) that
satisfies
(mj —mi —Lg) mod T < wug — Lo, Va=(i,5) € A, (1)

or mj — m; € [{q,uq]r for short. We call a feasible node potential 7 a feasible
timetable. Notice that we can scale an instance such that 0 < ¢, < T, and for the
span dg := ug — L, of a feasible interval [€q, uq]T we may assume w.l.o.g. d, <T.
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Furthermore, for every fixed event i, every fixed point of time ¢y € [0,7"), and
every feasible timetable 7 there exists an equivalent timetable 7’ with 7 = to.
This is achieved by performing the simple shift 7} := (m; — (m;, —t0)) mod T'. Let
us denote by D = (V, A, £, u) the constraint graph modeling a PESP instance.

There are several practical aspects of periodic timetabling which profit from
the presence of a linear objective function of the form

Z We - (mj —m; — Lg) mod T,

a=(i.j)€A

with weights w,. In our opinion, the most striking one is the integration of central
aspects of vehicle scheduling, cf. section Bl

Another perspective on periodic scheduling can be obtained by considering
tensions instead of potentials. In a straightforward way, define for a given node
potential 7 its tension

&q =1 —m, Ya = (i,7) € A.

We call a set of edges C C A an oriented cycle if re-orienting a subset of its
edges yields a directed circuit. The incidence vector ¢ of an oriented cycle C'
is a vector in {—1,0,1}*, where the entry minus one indicates a backward arc
of the oriented cycle. The cycle space C of a directed graph D is defined as

C :=span{~yc¢ | C oriented cycle in D}.

Recall that a vector & is a tension (or potential difference), if and only if
for some cycle basis B of C, and each of its oriented cycles C' € B with inci-
dence vectors y¢ it holds that yo2 = 0 (e.g. [1]). This yields the following MIP
formulation

min ¢! (2 + pT) min c'x

st. I'z = 0 o St I'(x—pT)=0 @)
(<z4+pT <u {<z<u
p ez, p € Z4,

where I' € {—1,0, 1}AI=IVI+DXIAl denotes the cycle-arc incidence matrix (cycle
matriz) of some cycle basis of the directed graph D. The x variables are in fact
a periodic tension, which we formally define for a given node potential 7w to be

Tij 1= (ﬂ'j — T — Eij) mod T + éij.

Sometimes, it is useful to define slack variables T, := x4 — q.
Recall that cycle matrices are totally unimodular ([28]). This is the main
observation to prove the following lemma.

Lemma 1 ([23]). Let Z denote an instance of PESP with integral vectors { and
u and an integer period time T. If T admits some feasible timetable = € [0,T)",
then it also admits an integral feasible timetable ' € {0,...,T —1}V.

Already Serafini and Ukovich made the following simple but useful observation.
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Lemma 2 (Serafini and Ukovich [30]). If we relax the requirement m €
[0,7)V tor € QV, then for every spanning tree H and every feasible timetable T
there exists an equivalent feasible timetable ' which induces p, = 0 for a € H.

Notice that we may interpret the remaining non-zero integer variables as the
representants of the elements of a (strictly) fundamental cycle basis. A gener-
alization to integral cycle bases yields many variants of problem formulation [2,
some of which are easier to solve for MIP solvers ([12]).

Periodic tensions can be characterized similarly to classic aperiodic tensions.

Lemma 3 (Cycle Periodicity Property). A vector x € Q4 is a periodic
tension, if and only if for every cycle C with incidence vector yo € {—1,0,1}4,
there exists some z¢ € Z, such that

vyox = zcT. (3)

The PESP is AN'P-complete, since it generalizes Vertex Coloring ([23]). To see
this, orient the edges of a Coloring instance arbitrarily and assign feasible peri-
odic intervals [1,7 — 1] to each of them. Solution methods for the PESP include
Constraint Programming ([29]), Genetic Algorithms ([21]), and of course integer
programming techniques. For a computational study in that these substantially
different approaches are compared to each other, we refer to [I5]. For the MIP
approach, a very important ingredient is

Theorem 1 (Odijk [24]). An integer vector p allows a feasible solution for the
MIP @), if and only if for every oriented cycle C of the constraint graph, the
following cycle inequalities hold

Po = %(Z Lo — Z ug)| < Z Pa — Z Pa < %(Z Uaq — Z Z,,,) =:DPc> (4)

aceCct acC— acCT acC— acCct acC—
where C* and C~ denote the forward and the backward arcs of the cycle C.

We close this section by listing other totally different practical applications which
can be modeled via the PESP ([30]). The most prominent ones are the scheduling
of systems of traffic lights, and periodic job shop scheduling.

3 Timetabling Requirements Covered by the PESP

This section gives a broad overview of the timetable modeling capabilities of the
PESP. Contrary to the following sections, practical requirements to be modeled
are limited to those arising in periodic timetabling. Nevertheless, there are many
facts we have to discuss in order to give a self-contained overview.

However, let us start by naming two facts which are definitely beyond the
scope of the PESP: routing of trains through stations or even alternative tracks,
and routing of the passenger flow. Hence, throughout this paper we assume fixed
routes for both trains and passengers. A short motivation for these assumptions
will be given at the beginning of Section [
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High—speed—track (Frankfurt
L igh—speed—track (Frankfu ))

Fig. 2. Track map of Koln-Deutz (Cologne) — based on [11]

For the vast majority of practical requirements to be modeled, we provide
examples which are close to practice. However, in particular time and track
information might not always reflect practice exactly. Depending on the fact to
be modeled, we provide a track map, a line plan, a visualizatior] of the timetable
of a given track by means of a time-space diagram, and last but not least the
resulting PESP subgraph. For readers not familiar with the first three types of
charts, we refer to any textbook on railway engineering.

Most of our real-world examples are taken from the surroundings of the station
Kéln-Deutz (Cologne), which is part of the German ICE/IC-network. Figure
displays the general track map of Koln-Deutz. Unless stated otherwise, we as-
sume a period time of T" = 60 minutes.

3.1 Elementary Requirements

Both, for sake of completeness and in order to introduce the notation used in
the following figures, we start by modeling the three most elementary actions
within public transportation networks: trips, stops, and changeovers.

! In German: “Bildfahrplan.”
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Fig. 3. Modeling elementary requirements: (a) two disjoint routes of lines serv-
ing Koln-Deutz; (b) the corresponding line plan; (¢) PESP constraints modeling run-
ning activities, stopping activities, and changeover activities

In Figure [ (a), we highlight the tracks used by two lines which cross at
Kéln-Deutz. The lines themselves are given in Figure 3 (b). Finally, we provide
the constraint graph which models running, stopping, and changeover activities
of these lines at Koln-Deutz in Figure[3l(c) as PESP constraints. For instance, the
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trip arc with the constraint [4, 4]gp ensures a trip time of precisely four minutes
from Ko6ln-Deutz to Koln Hbf. Within Ko6ln Hbf, the minimum stopping time is
set to three minutes such that passengers can board and alight the train. Finally,
the increase of travel time for passengers that stay within the train is bounded
by additional five minutes, providing an upper bound of 3+ 5 = 8.

Notice that we ensure changeover quality by linearly penalizing changeover
times which exceed a certain minimal changeover time required for changing
platforms. In our example, a minimal changeover time of six minutes is assumed
when connecting from Dortmund to Frankfurt. Using this approach, changeover
arcs typically have a wide span.

An alternative way of modeling changeovers is to require some important ones
not to exceed a maximal amount of effective waiting time. Then, we end up with
rather small spans for changeover arcs. Schrijver and Steenbeek [29] follow this
approach, which seems to be very suitable for constraint programming solvers.

Stopping arcs typically have very small span. In rather unimportant stations,
in general it is a good choice to fix the span to zero, in particular if there is
neither a junction of tracks, nor a single track, nor any changeovers.

Just as trip arcs, stopping arcs with span zero constitute redundancies which
can be eliminated very efficiently in a preprocessing step. For example, one can
contract any fixed arc, i.e. having zero span, together with its target node. Doing
so, the arcs which were incident with the contracted target node only have to
be redirected to the source node of the contracted arc, after having shifted their
feasible intervals appropriately. Moreover, an arc being (anti-) parallel to another
one can eliminated, if its feasible interval is a superset of the other arc. In addition
to nodes with degree at most two, Lindner [I6] gives further situations in which
the graph can be simplified.

If there are several lines using the same track into the same direction, some-
times a balanced service might be required. For n lines, this can easily be achieved
by introducing arcs with feasible interval [L,7 — L]; between any unordered
pair of events that represent the departure at the first station of the common
track. Certainly, strict balancedness may be relaxed by increasing the feasible
interval.

Safety Requirements. If, in contrast to the previous discussion, there is no
need for a balanced service, then at least a minimal headway h between any two
of them has to be ensured. In the easiest case, the lines are operated with the
same type of trains, and their running time is fixed. Then, we can sufficiently
separate any two lines by introducing constraints similar to the above ones,
having feasible interval [h, T'— h|r. These can be inserted either at the beginning
or at the end of their common track. The more sophisticated constellation of
trains involving different speeds will be discussed in Section

But two trains may also use the same track in opposite directions. This is
mainly the case for single tracks, see Figure [ (a). Obviously, a train may not
enter the single track until the train of the opposite direction has left it. In Fi-
gure[] (b), we give a timetable visualization that is extremely useful in particular
for single tracks. We assume a fixed local signaling, and the grey boxes visualize
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Fig. 4. Modeling single tracks: (a) a single track south of Koln-Deutz; (b) visualiza-
tion of a feasible timetable for that single track; (c) PESP constraints ensuring safety
distance for single track

the time a train blocks a certain part of the track. Surprisingly, there is only
one single constraint needed to prevent two trains of opposite directions from
colliding within the single track, as can be seen in Figure [ (¢). To that end,
consider the western entry point to the single track. A train may only enter the
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single track after a train of the opposite direction has left (¢, = 0). But it also
must have left the single track before the next train of the opposite direction
may enter the single track (u, =T — (t1 + t2)).

Note that so far we did not care about any buffer times and blocking times
when setting the feasible interval to [0,7 — (¢1 + t2)]r. Assuming a minimal
crossing time b at both endpoints of the single track, i.e. the time that has to
pass from a train leaving the single track until a train in opposite direction may
enter, we obtain the following feasible interval

[b,T — (t1 +ta + b)}T.

Again, if there are several lines that have to be scheduled on a single track, one
constraint for every unordered pair of opposite directions is needed.

Some authors ([9]) consider situations at crossings, where trains are shortly
using the track of the opposite direction (cf. Figure [Bl), as another modeling
feature. But this is just a special case of single tracks, if the network is modeled
at an appropriate granularity. Abzw. Gummersbacher Strafle has to be split into
a northern station and a southern station which are linked by an eastern and a
western track, where the western track can be traversed in both directions.

Abzw. Gummersbacher Str.

AN J/

Fig. 5. Crossing of track of the opposite direction south of Kéln-Deutz

3.2 More Sophisticated Requirements

Whereas the practical requirements discussed in the previous section might arise
in almost every railway network, the following aspects are of a more specialized
nature.

Fixed Events. When planning a timetable hierarchically, e.g. from international
trains down to local trains, one has to consider the fixed settings of previous
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hierarchies without replanning their times. Hence, the capability to fix an event
to a certain point of time is another important modeling feature.

Fortunately, due to the periodic nature of the PESP, we may shift every
feasible timetable such that a fixed event i is fixed to a desired point in time ¢y €
[0,T), i.e. m;, = to, and the objective value remains unchanged. By defining one
of the events to be fixed as a kind of “anchor” event, we can easily relate the other
events 7; to be fixed to certain points of time ¢; by introducing arcs a; = (ig, 7;)
with faj = ua]. = tj — to.

Bundling of Lines. Hierarchical planning gives rise to a further challenging
aspect of timetabling. Notice that if a track is used by trains of different speeds,
the capacity of that track significantly depends on the ordering of the trains.
The first two parts of Figure [0] visualize this effect. In the first scenario, slow
and fast trains alternate, which implies that only two hourly lines of each of the
two train types can be scheduled. However, if lines are bundled with respect to
their speeds, three lines of the same two types of trains can be scheduled without
having to invest into infrastructure, cf. Figure @ (b).

On the one hand, when only planning the high-speed lines in the first step of
a hierarchical approach, it may happen that decisions on a higher level result
in infeasibility on a lower level. On the other hand, hierarchical decomposition
might have been chosen because an overall planning was considered to be too
complex.

In order to keep the advantage of decomposition but limit the risk of infea-
sibility on lower levels, we propose to only bundle the lines of the current level
of hierarchy. Figure [@ (c) gives the complete set of lines which should be oper-
ated on the track in question. In Figure [@ (d), we provide the PESP graph for
the ICE/IC network. To bundle the three active lines, we introduce an artificial
event and require each of the departure events to be sufficiently close to that
artificial event. Hereby, the departure events will be close to each other as well.

In particular, we must not choose one of the existing events as “anchor”, be-
cause this would predict the corresponding line to be the head of the sequence
of bundled lines. This must definitively be avoided, because — contrary to as-
sumptions made by Krista [0] — the ordering of lines is indeed a major result
of timetabling. Finally, based on profound estimates on passengers’ behaviour
the management has to decide whether it is more important to operate as many
trains as possible—and hereby bundle the trains of the same type—or whether
a balanced service within the different types of trains should be preferred.

Train Coupling/Train Sharing. During the last decade, in railway passenger
traffic a trend emerged towards train units which can easily be coupled and
shared. Doing so, more direct connections can be offered without increasing the
capacity of some bottleneck tracks.

In Figure [0 (a), we display a line which is operated by two coupled train
units between Berlin and Hamm. They split in Hamm to serve the two major
routes of the Ruhr area, hereby offering direct connections from Berlin to the
most important cities of that region. Still, this line occupies for example the
high-speed track between Berlin and Hannover only once per hour.
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Fig. 6. Bundling of lines: (a) poor capacity if slow and fast trains are alternating; (b)
capacity increase by bundling trains of the same type; (c) complete line plan for all the
types of lines; (d) PESP constraints ensuring enough capacity for RE/RB lines already
when planning only ICE/IC lines within the first step of a hierarchical planning

In Figure[d (b), we provide PESP constraints which ensure the time for split-
ting the two train units in Hamm to be at least five minutes. Furthermore,
for the two departing trains, a safety distance of four minutes is guaranteed.
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Fig.7. Modeling train sharing: (a) line plan for the line Berlin-Hamm-
{Bonn Hbf|Koln/Bonn-Airport}; (b) PESP constraints ensuring safety distance and
time to split train units, but not specifying the ordering of departures

Notice that we do not need to specify which train should leave Hamm first.
This decision will be made implicitly, and in an optimized way, by the PESP
solver.

Variable Trip Times. As long as trip times are fixed, a usual safety constraint
prevents two identical trains from overtaking each other. With h being the min-
imal headway for the track, we put an arc with feasible interval [h, T — h]r
between the two events of entering the common track. If the line at the tail of
the constraints is by f time units faster than the line at the tail of the constraints,
overtaking can be prevented by modifying the constraint to [h+ f,T — h]r. This
can be understood easily by having again a look at the corresponding situation
in Figure[d (a).

But this is no longer guaranteed if the model includes variable trip times. Even
ensuring the minimal headway at the end of the track, too, does no longer prevent
overtaking (even of trains of the same type) if the span in the trip times is at
least twice the safety distance h, i.e. ug — €4 > 2h. Schrijver and Steenbeek [29],
Lindner [16], and Kroon and Peeters [I0] tackle this phenomenon by adding extra
constraints on the integer variables of the MIP formulations. Hereby, they leave
the PESP model. In addition, Kroon and Peeters [10] provide some sufficient
conditions on trip times, safety distance, and on the degree of flexibility of the
trip times that prevent trains from overtaking.
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[3r, 3r + 3h] [r,r+h]  [r,r+h] [r,r+h]
[h, T — h] I I I
[37r,3r + 3h] [r,r + h] [r,r + h] [r,r + h]

Fig. 8. Overtaking and variable trip times: (a) standard granularity does not prevent
overtaking; (b) finer granularity prevents overtaking

In order to stay within the PESP model, we propose to subdividdd an initial
trip arc into new smaller ones such that u, — ¢, < 2h for every new trip arc. For
an example, we refer to Figure[§, where bold arcs represent arcs of the spanning
tree for which we set p, = 0, cf. Lemmal[2] and 37 is the minimum running time
for the track.

Although this might seem to expand the model, the approach behaves rather
well. More precisely, in every feasible timetable, the integer variables which we
have to introduce for our additional arcs are in fact fixed to zero. This can
simply be seen by applying the cycle inequalities (@) to any of the three squares
in Figure[[ (b),

p= %(Hh—(T—h)—(Hh)ﬂ = {#} —0,

D= E((r+h)+(T—h)—h_r)J = {%J —0.

Notice that the corresponding bounds for the initial formulation are only -1
and 1. But this is very natural, because there are three different types of timeta-
bles possible, of which we have to cut off two. The value one, for instance, models
the fact that the second (lower) train is overtaking the first (upper) train.

Although we showed that the inconveniences caused by flexible running times
can be overcome, we will assume fixed running times throughout the remainder
of this paper.

3.3 General Modeling Capabilities

There are also important non-timetabling features which can be modeled by the
PESP in a very elegant way. The types of such constraints are disjunctive con-
straints and soft constraints. Although they were originally introduced for their
own sake, they turn out to be very useful for even more specialized requirements,
which practitioners required to be modeled.

2 This approach has also been discussed with Peeters [25126] several years ago.
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Fig. 9. Disjunctive constraints

Disjunctive Constraints. The feasible region of MIPs are commonly given as
the intersection of finitely many half-spaces, plus some integrality conditions.
If disjunctive constraints have to be modeled, usually artificial integer variables
are introduced. However, the PESP offers a much more elegant way.

When introducing the PESP, Serafini and Ukovich [30] already made the im-
portant observation that the intersection of two PESP constraints is not always
again a single PESP constraint. Rather, the feasible interval for a tension variable
can become the union of two PESP constraints, e.g.

Ty — T € [fl,ul]T n [(27U2}T & T — T € [ﬁl,ILQ]T U [Eg,ul]T.

We illustrate their observation in Figure @l Nachtigall [20] observed that any
union of k£ PESP constraints can be formulated as the intersection of at most
k PESP constraints.

As an immediate practical application of disjunctive constraints, we con-
sider optional operational stops. Long single tracks with no stop may cause
the timetable of a line to be fixed within only small tolerances. In such a sit-
uation, Deutsche Bahn AG considers the option of letting the ICE/IC trains
of one direction stop somewhere, although there is no ICE/IC station. In the
current timetable, this takes places on the line between Stuttgart and Zurich, at
Epfendorf.

If we want periodic timetable optimization to be competitive, we should enable
the PESP to introduce an additional stop as well. We do so by introducing a
pair of disjunctive constraints. The first constraint is a usual stop arc a;. We
set the lower bound /,, to zero, which models the option of not introducing an
additional stop. The upper bound u,, is set to the sum of the minimal increase b
of travel time occurring from braking and accelerating, plus the maximal amount
of stopping time s at the station. For the effected increase z, of travel time, this
translates to

Tq € {O}T U [b, b+ S}T7

which is a disjunctive constraint. Notice that additional waiting time should be
penalized in this situation similarly to an extension of a regular service stop.
Moreover, if there are other lines operating on the same track, we have to take
precautions that were discussed in the paragraph on variable trip times. However,
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optional operational stops make most sense within long single tracks. But there,
in many cases there are not several lines using that large bottleneck.

Obviously, the introduction of an additional stop can also be due to the con-
struction of a new station. Since such decisions are a part of network planning,
we postpone this discussion until Section

Soft Constraints. Nachtigall [I9] investigated the combination of two antipar-
allel arcs a; = (¢,7) and a2 = (4,7). If they have an identical coefficient in the
objective function and if neither of them can become infeasible for any vector 7,
or x resp., then they model a soft constraint.

Classically, if a certain tension value x, does not satisfy a given PESP con-
straint [y, uq]T, one would declare the complete timetable as infeasible. But
sometimes, it can be an alternative only to produce a significant penalty in the
objective function, if a constraint is not satisfied.

To that end, we relax the upper bound of the original constraint to {4+7 —1—
we may assume the instance being scaled such that the precondition of Lemma [I]
is satisfied. Further, we introduce a new antiparallel arc with feasible interval
according to Figure Then, these two constraints yield a piecewise constant

objective A
M- (u—€+T)4—

(6, L+ T)r

~_

[~u, T —u)r
M - (u—£) 7

Sy

Fig. 10. Soft constraints

behavior of the objective function, which serves as an indicator for the violation
of the original constraint, but without guaranteeing feasibility. For an initial
constraint x, € [{,u,] consider the corresponding pair of artificial constraints a,
and as—each of these having having cost coefficient M. They contribute to the
objective function

M- (u—10) if x4, € [la,uqs)r, and

M - (24, + 24,) = {M (u—£€+T) otherwise,

hereby indicating whether the original constraint a is satisfied for the tension
vector x.

In our cooperation with Berlin Underground, we were asked to construct a
timetable that, among the top 50 most important connections, maximizes the
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number of connections having a waiting time of at most five minutes. In fact,
soft constraints are well-suited for letting MIP solvers produce a timetable being
optimal subject to this kind of objective function.

4 Timetabling Requirements Not Covered by the PESP

Although the most important practical requirements for a periodic timetable
can be modeled within the PESP, we are still aware of some special features
for which the PESP fails. To the best of our knowledge this is the first time
that practical requirements of timetabling are proven to be beyond the scope of
the PESP.

First, one may think of situations in which it is not fixed which trains are
operated on which track, for example within stations. Consider a station having
two tracks in the same direction and three lines serving that direction. Then,
we cannot decide a priori which pair of lines shall be within the station at the
same time, hence omitting the sequencing constraint between these two lines.
This observation is the motivation for the DONS system to be subdivided into
CADANS, covering the timetabling step, and STATIONS, covering the routing
aspect ([31]).

Notice that this requirement even affects the strategies for parking trains at
terminus stations. Consider the following example, which has been inspired by
the situation at Warschauer Strafie of the Berlin fast train network, although
there are further alternatives within that station. Within 20 minutes, two lines
end at that station, both sharing the same track for arrival and departure,
cf. Figure[[dl For instance, arcs a; and as measure the time that the two trains
stay within this terminus station. We assume a turnover to take at least four

( R
arrivals : departures

Warschauer Str.

. J

Fig.11. Routing within terminus stations

minutes at the platform, or at least eight minutes when visiting the parking
facility. Further, any arriving and departing trains block the platform for 59 sec-
onds before and after their arrival and departure, respectively. To ensure that all
passengers alighted before driving to the parking facility, the platform position
is blocked for one more minute.
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Proposition 1. For every set of PESP constraints either timetables which are
operable are classified as infeasible, or timetables which are not operable are
classified as feasible.

Proof. We start by analyzing the two major strategies individually: both lines
turn at the platform, or line 2 turns in the parking facility, w.l.o.g. Table [
provides tight lower and upper bounds for the six arcs in Figure [l (¢) with
respect to these two scenarios. More precisely, with a strategy specified, we have
that for every arc a = (i, j) and every value t, € [ug,{,] there exists an operable

Table 1. Tight interval bounds for different turning strategies at Warschauer Strafle

Arc| Both at platform Line 2 to parking not specified

Lo Uq Lo Ug Lo Uq
ai 4 12 4 13 4 13
a2 4 12 8 18 4 18
as 6 14 6 17 6 17
as 6 14 2 14 2 14
as 10 18 7 18 7 18
a 10 18 6 18 6 18

timetable 7 such that
(Tl'j — T —ga) mod T = ta —Ea.

Further, by simple case inspection one can verify that every operable timetable
which implements that specific strategy respects each of the given bounds. Hence,
in order to provide general PESP constraints which characterize the operable
timetables without having specified any parking strategy a priori, the feasible
intervals must include the feasible intervals of both scenarios.

However, there exists a vector m which respects the six PESP constraints
thus obtained (see the last two columns of Table[Il), but which does not encode
an operable timetable, because the two trains would be at the platform at the
same time: line 1 arrives at minute 00 and departs only at minute 13, although
line 2 already arrives at minute 06 and departs at minute 16. But for each of
the (3) potential differences between these four events there also exist operable
timetables that attain the very same tension value. a

Hence we cannot establish a set of PESP constraints that precisely identifies
practically operable timetables as feasible solutions.

Apart from the rather important routing requirement, which unfortunately
is simply out of scope for the PESP, we will analyze a very special situation in
more detail, namely the balanced reduction of service. Finally, we will introduce
the important notion of symmetry. On the one hand, symmetry slightly exceeds
the original PESP, but on the other hand, when added explicitly, gives rise to
a mechanism to include important aspects of line planning into the very same
planning step as periodic timetabling and vehicle scheduling.
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4.1 Balanced Reduction of Service

The Berlin fast train company (S-Bahn Berlin GmbH) aims at operating only
one timetable for one whole day. The late evening service differs from the rush
hour only in that some trains are omitted. Hence, the timetable must respect the
available capacity during the rush hour, and it has to offer a balanced service in
the late evening as well.

From a pure operations point of view, it could seem strange to sidestep an
intraday change of the timetable structure. It is for sure that the information
technology available in the 218t century could cope with this. But it is still the
policy of the company. It is given as a motivation that customers really expect
to have only one single timetable to be kept in mind for their station.

Consider the approximately 10 km long track from Zoo station to Berlin East
station. On it, a minimal headway of 2.5 minutes has to be respected. The period
time is 20 minutes and eightﬁ lines (having identical train types) per period and
direction have to be scheduled. In the late evening service, there are four trains
every 20 minutes, two of them being fixed to a 10 minutes time lag. We call
these two lines core-lines.

Of course it would be ideal to have a five minutes time lag between two
consecutive trains in the evening. But this is impossible because one of the
evening trains is required to serve Potsdam every 10 minutes together with a
rush hour train. Hence, one should ensure that the maximal time lag between
two consecutive trains does not exceed 7.5 minutes.

But this simple requirement cannot be covered by the PESP. Consider the two
types of timetables given in Table[2l Timetables of type 1 satisfy our requirement

Table 2. Possible timetables for the late evening service from Zoo station to Berlin
East station. This table only shows the core-lines that are actually running in the
evenings. Each of the — entries is a joker for a rush-hour train.

Timetable|Departure times (7" = 20 minutes)
Type 1 0.0 - - 7.5 10.0 125 - -
Type2 | 00 25 - 75 100 -  —  — (200)

by bounding the maximum distance between two consecutive trains to 7.5 min-
utes, but type 2 does not because there we have a gap of 10 minutes.

Proposition 2. For every set of PESP constraints either timetables of both
types are feasible, or timetables of both types are infeasible.

Proof. There are two types of constraints to be analyzed:

i. one constraint between the two non-core lines,
ii. four constraints between one of the two core lines and one of the two non-core
lines.

3 One of them only serves as a free slot for occasional non-passenger trips.
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Since we must not specify the sequence of the lines in advance, only symmetric
constraints [¢, T — ¢]r make sense. Moreover, all constraints of type (i) have to
be identical for the same reason.

To guarantee feasibility of type 1 timetables, we deduce ¢ < 5 for the con-
straint of type ({l) and ¢ < 2.5 for the constraints of type (). But then, timetables
of type 2 stay feasible as well. Hence, in order to cut off timetables of type 2, we
have to increment one of the given bounds. But since they are tight, this would
immediately cut off timetables of type 1 as well. O

Notice, however, that other railway companies implement other strategies to
attain a balanced reduction of service. We will present an approach which turns
out to be easier for timetabling, but slightly more complex for operation and
customers.

Consider the track Niederhochststadt-Langen (Hessen) via Frankfurt Hbf of
S-Bahn Frankfurt. Compare the regular service hourly pattern to the weak-traffic
service hourly pattern, which are given in Table [3 For the weak-traffic service,

Table 3. Timetables for regular service and weak-traffic service between Niederhochst-
stadt and Langen (Hessen)[17]

regular service weak traffic
Line S4 S3 S4 S3 S4 S3
Bad Soden - 20 - 50 - 50
Kronberg 09 - 39 - 24 -

Niederhochststadt| 14 29 44 59 29 59
Langen (Hessen) 56 11 26 41 11 41
Darmstadt Hbf - 25 - 55 - 55

every second train is omitted. To prevent a 45 minutes gap every hour, one of
the two lines is shifted by 15 minutes and uses the slot of the train of the other
line, which has just been skipped.

If we assume none of the lines to share a track with other lines outside their
common part, then we can easily deduce a feasible timetable for the weak-traffic
service from a periodic timetable, which is feasible for the regular service. In case
of single tracks along the peripherical segments, the only thing to be ensured
is that the shift of 15 minutes appears simultaneously for the two directions.
Hereby, every meeting point for the weak-traffic service is already a meeting
point for the regular service — hence, single tracks stay respected. Trivially,
along the common track no conflicts will appear either.

4.2 Symmetry of a Periodic Timetable

Throughout our discussion of symmetry, we assume that for every directed line
there exists another directed line serving the same stations just in opposite order.
Moreover, the concept of symmetry makes only sense, if for every traffic line,
the running and stopping times of its two opposite directions are the same. Also
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for the minimum headways and other operational constraints we require them
to be identical in both directions. Furthermore, the passenger flow is assumed
to be symmetric.

First, observe that in every periodic timetable with period time T, every train
meets some train of the opposite direction of its line twice within the period time.
In general, every line can have different times for these meetings.

A periodic railway timetable is called symmetric with (global) azis s, if at
time s every train in the network meets a train of the opposite direction of its line.
From the above considerations we deduce that we may assume w.l.o.g s € [0, %)

For the arrival or departure event of a directed line at a certain station,
we denote by its complementary event the departure or arrival, resp., of the
opposite line at the same station. In the sequel, we provide two characterizations
of symmetric timetables.

Lemma 4. A timetable is symmetric with axis s, if and only if for every pair i
and i of complementary events there holds

(m; + m7) mod T . 5)
2

Proof. Let i and 7 be any two complementary events. By definition, they are
part of the two opposite directions of the same line. Moreover, they are located
in the same station S.

In a symmetric timetable, the trains of the two opposite directions meet at
times s and s + % Consider two virtual events j and j of passing the meeting
point M. As the trains meet there, we have 7; = 75 € {s,s + 3.

We assumed the travel times of two opposite trains to be identical and denote
the travel time between S and M by t. Hence, w.l.o.g.

(mi +m7) mod T' = ((mj +t) + (5 —¢t)) mod T = (2 m;) mod 7. O

To define a counterpart of condition (Bl for the tension formulations (), we
define two arcs a = (i,7) and @ = (j,7) to be complementary, if {i,7} and {j, 7}
are complementary, and we have ¢, = lz and u, = ug. With these definitions at
hand, we are able to define a symmetric instance of PESP: A constraint graph
is called symmetric, if every arc connects either two complementary events, or if
for every arc a € A there exists some complementary arc @ € A\ {a}.

Lemma 5. Consider an instance of PESP that is modeled by a connected sym-
metric constraint graph. Let 7 be a feasible timetable with corresponding periodic
tension x. There exists some s € [0, ) such that Condition (B) holds for every
pair of symmetric events, if and only if every pair of complementary arcs a and @

Sulfills

Fo = T (6)
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Proof. “=": Let a = (i,j) and @ = (j,4) denote two complementary arcs of the
constraint graph. Then, we have

To = Ta — Ly

=]

(mj —my —Lg) mod T

s

(2s =5 — (2s — ;) — £o) mod T

“«<": Let = be the periodic tension of some feasible timetable 7. We show
that there exists one global symmetry axis s such that Condition (B is satisfied
for .

We compute s from an arbitrary fixed event, say 1,

~ (m + ;) mod T
= 5 )
Now, we consider an arbitrary pair of complementary events j and j. Since D
is connected and symmetric, there exists a path P from i to j or j that only

contains arcs a such that @ € A\ {a}. We assume w.l.o.g. that P starts at ¢ and
ends at j. By setting

acPt acP—
we obtain ; = (m; +xp) mod T'. As for every a € P there exists its complemen-
tary arc @ € A\ {a}, the complementary path P of P from j to i is well-defined.
Equation (@) ensures 25 = zp.
In total, we obtain

(mj +m;)mod T (mj+xp+m;—ap) mod T (mﬁ-ﬂ';)modT_S
2 B 2 B 2 B

Remark 1. If the line plan of a traffic network is connected and the constraint
graph is symmetric, we are able to give an even more compact characterization
of symmetry. Then, a feasible tension encodes a symmetric timetable, if and only
if Condition (@) is satisfied for changeover arcs and stopping arcs. In fact, in the
proof of Lemma [0 we can then find a path that only uses such arcs, plus trip
arcs, which we assume to have zero span.

Surely, one can introduce a certain tolerance A on the symmetry requirement.
But notice that in this case, condition (@) has to be blown up by a new integer
variable.

Ezample 1 (Deutsche Bahn AG). Figure[[2 shows two real-world timetable que-
ries for opposite directions. These are representative for large parts of central
European countries, such as Germany and Switzerland, which are operated with
symmetry axis zero within only minor tolerances. Hence, if not stated otherwise
we assume s = 0 throughout this paper for ease of notation.

We check the three characterizations of symmetry. Most striking, the change-
over waiting time is almost the same in both directions, cf. Remark [ and



The Modeling Power of the PESP: Railway Timetables — and Beyond 25

Station/Stop Date Time Platform Products Comments
Berlin Zoologischer Garten 05.06.03 dep 09:54 4 ICE 952 InterCityExpress
Wolfsburg dep 10:54 BordRestaurant
Hannover Hbf dep 11:31
Bielefeld Hbf dep 12:24
Hamm(Westf) dep 12:54
Hagen Hbf dep 13:25
Wuppertal Hbf dep 13:42
Koéln-Deutz dep 14:11
Koln Hbf 05.06.03 arr 14:14 6
Koln Hbf 05.06.03 dep 15:13 8 ICE 14 InterCityExpress
Aachen Hbf dep 15:52 Onboard meeting place
Aachen Siid(Gr)
Liege-Guillemins
Bruxelles-Midi 05.06.03 arr 17:46

Duration: 7:52; runs daily

All information is issued without liability. Software/Data: HAFAS 5.00.DB.4.5 - 20.05.03 [5.00.DB.4.5/v4.05.p0.13_data:59¢79704]

Station/Stop Date Time Platform Products Comments
Bruxelles-Midi 05.06.03 dep 12:16 ICE 15 InterCityExpress
Liege-Guillemins dep 13:28 Onboard meeting place
Aachen Siid(Gr)

Aachen Hbf dep 14:10

Koln Hbf 05.06.03 arr 14:46 3

Koln Hbf 05.06.03 dep 15:47 2 ICE 953 InterCityExpress
Kéln-Deutz dep 15:51 BordRestaurant
‘Wuppertal Hbf dep 16:17

Hagen Hbf dep 16:35

Hamm(Westf) dep 17:10

Bielefeld Hbf dep 17:37

Hannover Hbf dep 18:31

Wolfsburg dep 19:05

Berlin Zoologischer Garten 05.06.03 arr 20:02 1

Duration: 7:46; runs Mo - Fr, not 29. May, 9. Jun, 21. Jul, 15. Aug, 11. Nov
Hint: Prolonged stop

All information is issued without liability. Software/Data: HAFAS 5.00.DB.4.5 - 20.05.03 [5.00.DB.4.5/v4.05.p0.13_data:59¢79704]

Fig. 12. Symmetric timetables in practice

Equation (@). To check Condition (), we consider the arrival of ICE 952 in
Ko6ln Hbf and the complementary departure of ICE 953. The two events sum
up to (14 + 47) mod 60 ~ 0, and the same can be observed for the Brussels
trains. Finally, notice that the Berlin line has one of its meeting points between
Ko6ln-Deutz and Wuppertal Hbf, at minute zero, of course. To that end, we have
to know that the trains from Berlin arrive at Kéln-Deutz at minute 09, which is
two minutes before its departure at minute 11.

Some practitioners consider the changeover condition in Remark [I to be an
important advantage of symmetric timetables. Even though this might depend on
personal preferences, we do not consider this really to be a striking argument for
symmetry. Actually, there are examples which prove that symmetric timetables
are only suboptimal, even if the input data is symmetric ([I3]).

Apparently there are not yet many discussions of symmetric timetables avail-
able. But among further motivations for symmetry, as they can be found in [I3],
the most convincing one seems to be that symmetry halves the complexity of
an instance. This can in particular be useful if there are complex interfaces to
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international trains or to regional traffic, and when planning is performed man-
ually. However, this argument should become less important in the future, as we
think that PESP solvers achieve some more progress in performance, and hence
find their way into practice.

With the following theorem, we are able to prove a conjecture that has been
stated in [13].

Theorem 2. Symmetry of periodic timetables cannot be guaranteed by only us-
ing PESP constraints ().

Proof. Consider the PESP instance in Figure (b). The PESP constraints
that relate the two opposite directions of the line to be considered model the
two single tracks of the track map that is shown in Figure[[3] (a). The minimum

[9,9]20 [1,3]20 [8,8]20 [1,3]20 [8,8]20

[1,1]20 [2,2]20

[9,9]20  [1,3]20 [8,8]20  [1,3]20 (8, 8]20

Fig. 13. A track map (a) on which an instance of PESP (b) does not admit any integral
symmetric solution

crossing times (cf. SectionB]) that apply to a certain single track depend on the
infrastructure and the signaling system. For the western single track, we assume
minimum crossing times of one time unit at both of its endpoints, for the eastern
single track we assume two time units at both of its endpoints. Hence, given a
period time of 7" = 20 time units and the indicated one-way running times of
eight and nine time units, the single track constraints become tight.

Summing up the lower bounds of the constraints of the directed cycle yields 57,
summing up the upper bounds provides 63. Hence, there exist feasible timetables.
Moreover, due to the cycle periodicity property (Lemmal[3]), we know that in each
of the feasible solutions the tension values sum up to 60. Hence, a slack of three
time units has to be distributed on the four arcs with positive span.

In every symmetric feasible timetable, both of the directions obtain 1.5 time
units of slack, hereby implying non-integral tension values. In contrast, by Lem-
ma [Il every feasible system of PESP constraints () admits a feasible integral
timetable. O
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Hence, we will have to add non-PESP constraints to the MIP formulations of a
PESP instance in order to ensure symmetry. This is really required in practice,
because in particular with national railway companies, we gained the experience
that the symmetry requirement is really a knockout criterion.

To summarize, besides a linear objective function, symmetry is the second
important requirement arising in the practice of periodic railway timetabling,
by which the initial PESP model should be extended. Fortunately, in com-
putations on real-world data sets it has been observed that MIP solvers may
profit from the addition of symmetry constraints, in particular in formulation
@) ([13]). Such a generalized MIP model even inherits large parts of the struc-
ture of a pure PESP model. Most important, the cycle inequalities (@l remain
valid.

5 Further Planning Steps Covered by the PESP

In the following, we will demonstrate that the modeling capabilities of the
PESP are not limited only to periodic timetabling. Rather, central aspects of
both preceeding and succeeding planning steps in the sense of Figure [l can be
integrated.

We start this discussion with the well-established technique of minimizing
the number of vehicles required to operate a periodic timetable by penalizing
waiting times of vehicles. Hereafter, we provide first ideas for the integration of
important decisions of line planning. We close this section by proposing a way
to model some specialized decisions arising in network planning.

5.1 Aspects of Vehicle Scheduling

Almost all companies in public transportation have in common that they want
to minimize the amount of rolling stock required to serve their networks. Notice
that the quality of the vehicle schedule for a fully periodic timetable, i.e. with
no peak trips included, is largely determined by the timetable.

Consider for example the hourly line displayed in Figure [[4] (a). Assume the
minimal travel times between the two endpoints to be 235 minutes for each
direction. Given strict minimal turnover times of 45 and 60 minutes, respectively,
the minimal number of vehicles required to operate this line is precisely

1
N = {@(235 +235 445 + 60)-‘ = 10.

A timetable which lets the trains leave at the full hour from Frankfurt and
Amsterdam can indeed be operated with only 10 trains, at least if the stopping
times are extended only moderately. On the contrary, a timetable in which only
the trains starting at Frankfurt depart at minute 00, but the trains from Am-
sterdam leave at minute 30 requires at least 11 vehicles. Hence, the amount of
vehicles depends on the timetable.
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We will analyze in which special cases pure PESP constraints are able to
control the number of trains required. After that, we show that a linear objective
function covers many more of the practical cases.

Proposition 3 (Nachtigall [20]). Consider a fized traffic line with period
time T. If we assume trains always to serve only this line, and if we do not
allow to insert additional stopping time, then there exist upper bounds u for the
turnover activities, such that the only feasible timetables are those which can be
operated with the minimal amount of trains.

Proof. We present a proof of this simple fact, both in order to provide the nota-
tion used in the following paragraphs, and because it avoids modulo-notation.
Denote the endpoints of the line by A and B. Let £4p denote the minimal
travel time from A to B, i.e. the sum of the minimal stopping and running times
of the activities of this directed traffic line. Moreover, denote by £ the minimal
amount of time a train has to stay in endpoint B between two consecutive trips.
The minimal number N of trains required to operate this line is precisely

N— VAB +£B;£BA+£A—‘.

From the cycle periodicity property (B we know that every feasible timetable x
fulfills

TAaB+ T+ oA+ xa = 2T, (7)

for some z € Z. Hence, we must ensure z = N. To that end, consider the slack
0:=NT — (lap+Llp+Llpa+Lla) (8)

of this traffic line, implying (x4 — €a) + (xp — ¢B) = 0. But since 0 < T, by
setting
upg:=fla+o (9)

we even ensure £ap + g +xpa +xa < (N + 1)T. ad

Let us now analyze the case in which additional stopping times may be inserted,
ie. uap > fap. We will show that together with the constraints (@), some
timetables which require an additional train may become feasible.

On the one hand, consider a timetable for which we have = = £ for all activities,
except for the turnover time in one endpoint. This timetable can still be operated
with the minimal number of trains, showing that decreasing the value (@) for ua
would cut off timetables we seek for.

On the other hand, assume xap = uap and zpa = upa. If

(uaB —laB) + (upa —¥€pa)+0 >T, (10)
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( M

Utrecht
(2,5], M

[45,164], M

[la,wal, wa

Duisburg

[2,5], M [2,5], M
Amsterdam
Utrecht
Duisburg Koln-Deutz
[3,8], M 1[3,8], M
Koln-Deutz T
Frankfurt
[60,179], M
N J

Fig. 14. Modeling aspects of vehicle scheduling: (a) line plan; (b) PESP constraints
measuring the number of trains required to operate the line

then we can extend x to a timetable that still respects (@), but which requires at
least one additional train. For instance, if inequality (I0) is tight, then for z = u
we have

TAB +Tp +2BA + X4 uAp +up +upa +ua

g I

(uap —Llap) + (U +0)+ (upa —lpa) +
+(la+0)+Llap+Llpa

T+o+lap+lp+Llpa+ila
(N 4+ 1)T.

2 1g

The above dilemma is our main motivation for the need of a linear objective func-
tion. Such a function takes advantage of equation ({): By assigning a value M to
the arcs modeling a traffic line, every additional train pays M - T to the objec-
tive function value. Of course, if suffices to consider arcs with positive span, cf.
Figure 4] (b). If the value for M is chosen relatively large compared to the
passenger weights, the objective function essentially models the piecewise con-
stant behavior of the cost of the rolling stock for operating the railway network.

From a more local perspective, we just penalize idle time of trains. But this
can even be done without knowing a priori the circulation plan of the trains.
Although a straight-forward exact model involves a quadratic objective function,
Liebchen and Peeters [I4] report that a simple linear relaxation in terms of the
PESP yields results of high quality.
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Very recently, Nyhave, Hove, and Clausen [22] proposed an integer linear
model to precisely count the number of trains required to operate a timetable,
even if trains are allowed to switch lines in their endpoints. This approach does
not depend on additional assumptions as synchronization constraints or pre-
defined time-windows for turnaround times, as they were used by Peeters [26]. In
the sequel, we translate their ideas into the PESP plus some additional variables
and constraints.

Consider a station S that is a terminus for the two lines 1 and 2. Denote by
a; and d; the arrival and departure events in station S of line i. We introduce
the following arcs

ayl = (algdl) and a9 = (a27d2)7
a19 = (a17d2) and a1 = (G,Q,dl).

The effective waiting times for the trains in S are Z1; + Zoo if trains stay on
their lines, or 12 + Z12 if trains switch lines. Notice that (a11, as1, a2, ai2) is an
oriented cycle. In particular, there exists some z € Z such that

T11 + Too = X129 + To1 + 2T

In most cases, we have {,,, = {4y, and {4, = {4,,. Then, we even know that
there exists some r € [0,7") and by, bs € {0,1} such that

r=2=2T11 +Tog — b1 T = X129+ To1 — by -T.

Hence, in an optimal vehicle schedule the total effective waiting time in station .S
amounts to r+min{b1, ba} - T. To obtain a MIP-formulation, we introduce a new
(rational) variable w and require

w>by +by—1and w>0.
Finally, station S contributes
M-(r+w-T)

to the objective function, where M again denotes the cost factor for vehicle
waiting time.

5.2 Aspects of Line Planning

Our main idea for letting PESP solvers even take decisions of line planning is
to combine — or match — pre-defined line-segments. To that end, we will make
intensive use of disjunctive constraints. Unfortunately, we will only be able to
ensure symmetric line plans if we require symmetry also within the stations
where lines are matched.

We are aware of only one other approach for integrating the planning phases of
line planning, timetabling and vehicle scheduling ([32]). Whereas that approach
is based on the assumption that the line plan contains no cycles, our ideas do not
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require any restrictive assumptions on the topology of the network. Rather, we
are able to keep even very important technical restrictions such as single tracks.

Notice that bad decisions at the level of line planning may cause very bad
results also for vehicle scheduling. Consider the four line segments displayed in
Figure I8l We assume a period time of T' = 60 minutes and a minimal turnover
time of 30 minutes at each of the four terminus stations. The time for a one-
way trip from the matching station to one of the endpoints is indicated at the
corresponding edge.

95

matching
station

80

85

Fig. 15. Line segments where only one matching provides good vehicle schedules

In fact, the vehicle schedule is fixed due to the distinct endpoints. Combining
the south-west segment with the north-east segment causes this line to require
at least

370

60

1
{@(60+95+30+95+60+30)-‘ = {

-‘ = 7 trains.

The other line of the same matching requires seven trains, too.

In contrast, the other matching implies seven trains only for the northern line
consisting of the two top line segments. But the other line can be operated with
only six trains. Hence, already the line plan has a major impact on the cost of
operation. Claessens et al. [5] consider this phenomenon in their approach for
constructing cost-optimal line plans.

However, they omit the important intermediate linking step of computing a
timetable. Therefore, their approach must also consider possible constellations
in which there is no feasible timetable using only six trains for the southern line.
This would be the case, if there was a single track with travel time 25 minutes
for every direction just at the end of the south-east segment. The same holds if
it is required that the two lines together form an exact half-hourly service along
the backbone of the network.

We consider a track that has to be served in the same direction by n directed
lines which are operated by trains of identical type. We denote the matching
station by S which resides between the two endpoints of the common track.
We consider n line segments L{, ..., L% which have station S as their common
endpoint, and n line segments L{,..., L? having station S as their common
starting point. Any (bipartite) perfect matching between the arriving and the
departing line segments induces a line plan.
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But from the perspective of timetabling, there are only m arrival events
ai,...,a, as well as n departure events dy, . . ., d,, visible. Hence, we must deduce
only from their arrival times 74, and their departure times 74, which arriving
line segment L{ should be matched with which departing line segment L?.

This can be done in a canonical way, if we choose the matching station S such
that it has only one track in the direction of the line segments we consider. If
necessary, we add an artificial station in the middle of some track. Then, at most
one train can be in S at the same time. Timetables respecting this constraint
can be characterized very easily as follows.

Definition 1 (Alternating timetable). For « fized station S and a fized di-
rection, a periodic timetable m with n pairwisely different arrival times 0 < mq, <
s < g, < T and n pairwisely different departure times 0 < mq, < -+ < mgq, <
T is called alternating at S, if either m,, < mq, < Tq;,, for everyi=1,...,n,
or g, < Ta; < Wq,., for every i =1,...,n, where we define 7., ., =m, +T.
Lemma 6. A timetable ™ ensures that there is always at most one train at
station S if and only if it is alternating at S.

Hence, for an alternating periodic timetable, we combine the arriving line seg-
ment LY with the departing line segment L?7 if and only if the latter marks
the unique first possible departure. In the sequel, we will give PESP constraints
ensuring every feasible timetable to be alternating at S. Thus, every feasible
timetable will encode some unique matching and the associated line plan.

The first two sets of constraints ensure the minimal headway d in front of and
behind the matching station S:

Vi, je{l,...,n}: T, — 74, €[d, T —dr, (11)
Vi, je{l,...,n}: mq, —mq, € [d, T —d]r. (12)

Notice that () and () can only be fulfilled if 0 < d < Z. Moreover, we relate
arrival events to departure events by the following disjunctive constraints

Vi, je{l,...,n}: mq, —m,, € 0,7 —d+ h|r, (13)
Vi,je{l,...,n}: mq, —m,, €[d, T+ h]r, (14)

where we denote by h the maximal stopping time for a train at station S. To-
gether, these constraints (I3)) and (4] yield

(T, — 7a;) mod T € [0, ] U[d, T — d + h]. (15)

Trivially, 0 < h < d is necessary for every feasible timetable 7 to be alternating
at S.

Theorem 3. Let w be a timetable respecting constraints [Il) to (I4). Then for
every departure event d;, there exists a unique arrival event a; satisfying

Ta; — Ta,; € [0, h]T, (16)
if and only if h < (n+1)d—T.
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Since 0 < h, from h < (n+ 1)d — T we conclude HLH <d.

Proof. “=": We assume h > (n+ 1)d — T'. Since d = % would imply h > d, we
must only investigate the case that d < % We will construct a timetable which
respects the constraints (I]) to (Id]), but which contradicts (I8]).

Define 74, := (i —1)d, foralli =1,...,n,and mg, :=j-d, forall j = 1,...,n.
By construction, all the constraints are satistied. However, since m,, +h < n-d =
74, , for departure 74, none of the arrival events fulfills (I6), q.e.d.

“«<": We assume there exists a timetable 7 having one departure event dy
such that

Vi=1,...,n: (mg, — mq;) mod T > h,

but which respects the constraints ([II]) to ([4)). We may assume w.l.o.g. that
for the cyclic predecessor arrival a; of dy we have m,, = 0. As 7 is feasible, it
satisfies ([[A)). From our assumption, we conclude d < 74, and g, +(d—h) < 74,,
and hence 74, — 7., > 2d—h. Event a; also takes place at time 7T'. For notational
convenience, we define 7, ,, 1= T. With this notation, we have 7, , — 7, > d,
for all i = 2,...,n. By the definition of 7., ,, we know that

n

Z(ﬂ-ai-u - 71—117:) = Tay41 — Tay — T.

i=1

Summing up the lower bounds yields T' > (n + 1)d — h, which contradicts the
hypothesis of Theorem [ O

Corollary 1. Ifh < (n+1)d—T, then every timetable which respects constraints
) to (@A) is an alternating timetable.

In Figure [I6, we provide an example for the easiest case, namely matching two
lines. As usual, we assume the period time to be 60 minutes.

Remark 2. There are of course alternating periodic timetables in the case d <
nL_H. PESP solvers are able to detect even those, if we were able to pre-define
sufficiently many empty slots. By an “empty slot” we understand an artificial
line which we have to schedule in the same way as the original lines, hereby
separating the lines before and after the empty slot.

In more detail, let us assume that n*LH <d< % for some n* > n, and

that h satisfies the assumptions of Theorem [3 for n*. We then introduce n* —n

artificial dummy arrival and departure events a; and d;, i = n+ 1,...,n*. To
prevent the original line segments from being matched with an artificial event,
we require mq, — 7a, € [0,h] foralli=n+1,...,n*.

By construction, the only feasible timetables let the original arrivals and de-
partures alternate. However, perfectly balanced timetables, i.e. 7, := (i — 1)%,
are infeasible under these settings if n* < 2n, since they do not provide n* —n
empty slots.

Recall that so far we have considered only one direction. Hence, there is no
mechanism yet to bind the matching of one direction to that of the opposite
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Fig. 16. Modeling aspects of line planning: (a) line segments; (b) PESP constraints
ensuring the segments to be matched

direction. But the matchings of opposite directions must fulfill the symmetry
assumption that we gave at the beginning of Section [£2] Otherwise, the trains
from direction A could pass the matching station S in order to continue to-
wards B, but the trains from B pass S before continuing in direction C. Thus,
it would not be possible to communicate the line plan in the way customers are
used to, because it may no more be visualized by an undirected graph. However,
limited asymmetries in operation are accepted in practice.

Ezample 2 (S-Bahn Berlin GmbH). We consider the line S2 serving the route
Blankenfelde-Lichtenrade-Buch-Bernau. Between Lichtenrade and Buch, a ten
minutes frequency must be offered, for the remaining parts 20 minutes suffice.
In the current timetable ([27]), this line is served in an asymmetric way. In
order to cope with the single tracks (which are present at both endpoints) to
limit the total amount of stopping time, and to ensure an efficient employment
of the rolling stock, an asymmetric service is offered, and we present it in table [l

In order to ensure symmetric line plans, we have to guarantee the following
condition. If we combine the arrival event a; with the departure event d; in
one direction, then in the opposite direction the complementary arrival event ag
must be combined with the departure event d}. More precisely, when considering
the corresponding tension variables x,,q;, and Ta! df they must fulfill

ZTayd; € [0, h] & ma;d; S [O,h]. (17)

In fact, this condition is quite similar to the symmetry constraints (). What
makes things more complicated is the fact that we must not predict in advance
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Table 4. Asymmetric service of line S2 (Berlin)

Blankenfelde dep |{10:09 | arr o|11:14 |

Lichtenrade dep [|10:15 10:25| arr o|11:05 11:15
Buch arr o|11:06 11:16| dep T|10:14 10:24
Bernau arr o[11:21 | dep || | 10:10

for which pairs (4, j) requirement (') has to hold, and for which pairs it may be
violated. Hence, we propose to guarantee property (1) for the matched pairs by
imposing symmetry requirements on every pair of complementary junctions. But
it is clear that this approach cuts off feasible timetables for symmetric line plans
just because such timetables need not to be symmetric, see e.g. example [3

Ezample 3 (S-Bahn Berlin GmbH). Consider the current timetable ([27]) of the
ring subnetwork of S-Bahn Berlin GmbH, of which we provide an excerpt in ta-
ble[Bl Obviously, the line plan is symmetric. But the timetable is not symmetric.

Table 5. Symmetric line plan but asymmetric timetable

Direction A

Line S45  S46 S8 S9 S47 S8

Origin BFHS BKW BGA BFHS BSPF BZN
Schoéneweide dep || xx:01 xx:06 xx:10 xx:13 xx:15 =xx:18
Baumschulenweg arr of xx:03 xx:09 xx:13 =xx:16 xx:17 xx:21
Destination BHMS BGS BPKR BZOO BWES BPKR

Direction B

Line S8 S46 S9 S47 S8 S45

Origin BPKR BGS BZOO BWES BPKR BHMS
Baumschulenweg dep || xx:02 xx:06 xx:08 =xx:13 xx:14 xx:19
Schéneweide arr of xx:05 xx:08 xx:10 xx:15 =xx:17 =xx:21
Destination BGA BKW BFHS BSPF BZN BFHS

This can be seen by calculating the symmetry axes of lines S47 and S9 at station
Schoneweide. Departure and arrival of line S47 sum up to 30, hence the trains
of this line meet at times 5 and 15. For line S9 the sum yields 23, providing a
symmetry axis of 1.5. An easier argument for asymmetry is that the sequence of
the trains in direction B is not the inverse of the one in direction A.

There are two main objectives for the matching approach. First, we want to offer
direct trips for as many passengers as possible. Second, the timetable should
require only few trains for operation.

For the second criterion, in the case h = 0, no additional weight on arcs
within the matching node is required in order to minimize the amount of rolling
stock required to operate the timetable. In the case h > 0, one could put the
vehicle weight on the arcs with feasible interval [0,7 — d + h|. But this would
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no longer yield the desired exact piecewise-constant behavior of the objective,
because some double counting can appear.

For maximizing the number of direct travelers, we consider the number of
passengers w;; starting their trip before the common track on a train covering
line segment L¢, and finishing their trip after the common endpoint on a train
covering line segment L;l. The value w;; is added to the weight of the arc a =
(@i, d;) with £, = 0 and u, = [0,T — d + h]. The resulting cost coefficients in
the objective function make even sense for pairs of line segments which are not
matched, because long changeover times of many passengers are penalized.

Notice that the values w;; are only well-defined if the two line segments do
not serve a second matching station. This shows that the decisions to be taken
within a matching station are of a rather local nature.

Summarizing, there are important scenarios in which the PESP can integrate
relevant aspects of line planning into a model suited for timetabling and key
issues of vehicle scheduling. This is in particular the case if symmetric timetables
and balanced sequences along the common tracks, i.e. d > nL-l-l’ are requested
for their own sake. Moreover, we observed that the larger the distance between
two matching stations, the more reliable the passenger weight that we propose.

We think that fast train networks of European agglomerations, such as Frank-
furt, Munich, or Paris (RER), are well-suited candidates for this approach.
There, many passengers might have their origin or destination somewhere on
the backbone route, and balanced sequences must be ensured due to the large
number of lines per period.

5.3 Aspects of Network Planning

We propose to also model two questions which arise in network planning within
the PESP: the extension of existing tracks, and thus lines, beyond their current
endpoints, and the construction of faster tracks as substitution for existing ones.
Taking into account that, in these questions, we have to select one option out of
a small number of disjoint options, it is evident that we will make intensive use of
disjunctive constraints, cf. Section[3.3l Recall that there, we already discussed the
introduction of optinal additional stops. With appropriate weights that reflect
amortisation—see below—these may also cover the construction of new stations
along an existing track.

We only discuss the construction of faster tracks in detail. But the reader
will have no difficulty to adapt our suggestions to the very similar task of the
extension of tracks.

In Figure [, we provide a constraint graph which offers the option of a new
track between Aachen and Koln, being then part of the European high-speed line
PBK (Paris-Brussels-Ko6ln). We provide the status quo, with one intermediate
stop, only for illustration purposes. In the future, we have the option to either
use the current tracks, thus keeping a trip time of 38 minutes, or to establish
the new high-speed track, hereby reducing the trip time down to 26 minutes.

To define appropriate weights for the arcs, we have to take into account three
different types of objectives: The number of customers ¢ who profit from a new



The Modeling Power of the PESP: Railway Timetables — and Beyond 37

optional
high—speed track . —
- - Kéln - -
o Hbf —_———
Aachen Hbf — _ _
— Ko6ln—Deutz
( N
|
status quo o, ual, wa \
@< O Q=<—0 I
future options
Q=<—0
(26,38], M + ¢ — M’ Koln-Deutz
15,15], 0 21,21], 0
( | i ]
(2,2], 0
N J

Fig. 17. Modeling aspects of network planning: (a) infrastructure including optional
high-speed track; (b) PESP constraints taking into account the two infrastructural
alternatives

track by shorter travel times, the trip times of the trains trains which may allow
to reduce the number of trains requires (M, c.f. Section [5]), and the cost M’ of
the investment. One can imagine that it is an absolutely non-trivial management
decision to derive an hourly weight M’ from the total cost of the investment.

Similarly to line planning, investments into infrastructure will only make sense
if they are effected for both directions at the same time. Again, we ensure sym-
metric investments by requiring the timetable to be symmetric.

Let us now analyze the situation in which several lines have the option of using
the same new, faster track. Of course, we want to ensure that infrastructure is
only paid once in terms of the objective function. Hence, we have to partition
the total cost onto all of the concerned lines. But what if in a solution of a PESP
instance only one line is routed over the new track?

But a reasonable allocation of the total costs is only possible, if we know in
advance how many lines will have to use the new track. Unfortunately, we are
only able to ensure this with constraints of the types already introduced, if all
the lines must use the same track. This would, e.g., be the case when analyzing
two mutually exclusive variants of constructing a new track.

We can guarantee that all the lines use the same track simply by enforcing
the same running time for each line. This is achieved by introducing constraints
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of type ([@). But notice that in this case we cheat a bit, because those constraints
no longer relate only pairs of complementary arcs to each other... Anyway, the
MIP formulation of this even slightly more extended model incorporates many
of the computational aspects of the pure PESP model.

6 Conclusion

Our discussion of the PESP model shows that it has a great modeling power and
extendability. We have demonstrated that many non-standard requirements for
periodic timetables and also important aspects of other — traditionally separate —
planning phases can be integrated into the PESP. Figure[I§ displays the gain by
this modeling power over the traditional use of the PESP displayed in Figure [Tl

[ Network Planning

Line Planning

PESP model

Timetabling

Vehicle Scheduling

Crew Scheduling ]

Fig. 18. Planning phases covered by the PESP with our contribution

Interestingly, this integration into the PESP has been possible without seem-
ingly complicating it too much. In all cases, we obtained mixed integer programs
that still have the characteristics of a PESP. Hence we believe that these ex-
tended models stay computationally tractable also for networks of relevant sizes.
So far, our belief is confirmed by a confidential study for S-Bahn Berlin GmbH
for two of its three major subnetworks.

We therefore hope that these models, through their integrative approach to
vehicle scheduling, timetabling, line planning, and infrastructure planning, will
eventually lead to better decision making in practice.
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Abstract. Real-time railway operations are subject to stochastic dis-
turbances. However, a railway timetable is a deterministic plan. Thus
a timetable should be designed in such a way that it can absorb the
stochastic disturbances as well as possible. To that end, a timetable con-
tains buffer times between trains and supplements in running times and
dwell times. This paper first describes a stochastic optimization model
that can be used to find an optimal allocation of the running time supple-
ments of a single train on a number of consecutive trips along the same
line. The aim of this model is to minimize the average delay of the train.
The model is then extended such that it can be used to improve a given
cyclic timetable for a number of trains on a common railway infrastruc-
ture. Computational results show that the average delay of the trains
can be reduced substantially by applying relatively small modifications
to the timetable. In particular, allocating the running time supplements
in a different way than what is usual in practice can be useful.

1 Introduction

Punctuality of railway services is a highly important issue, since punctuality is
considered as one of its main performance indicators. In the Netherlands, punc-
tuality is defined as the percentage of trains that arrive with a delay of less than
3 minutes at one of the larger railway stations. In several other countries, a 5
minute margin is used, or only the delays at the end points of a line are taken into
account. Delays of trains occur since real-time railway operations are subject to
stochastic disturbances. However, the underlying railway timetable is a deter-
ministic plan. Therefore, the stochastic disturbances in the operations should be
taken into account in the design of a timetable as well as possible: the timetable
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© Springer-Verlag Berlin Heidelberg 2007
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should be robust. In order to cope with the disturbances in the real-time opera-
tions, a timetable contains buffer times between trains and supplements in the
running times and in the dwell times of the trains.

Many authors addressed the analysis and the improvement of the punctuality
of railway services: several relevant models have been developed to that end.
The main examples of these models are the following: (i) simulation models (see
Bergmark [I], Konig [10], Middelkoop and Bouwman [13], and Wahlborg [24]),
(74) Max-Plus models (see Goverde [4], De Kort [II], and Soto Y Koelemeijer et
al. [21]), and (4i7) analytical models (see Carey [3], Higgins and Kozan [7], and
Huisman and Boucherie [§]). Other relevant literature on stochastic methods for
the improvement of railway timetables is Hallowell and Harker [6], Schwanh&ufler
[19], Miihlhans [I4], and Petersen and Taylor [I7]. However, a drawback of the
existing models is that they are mainly evaluation models and that, based on
these models, optimization of a timetable can only be achieved by trial-and-error:
the timetable is modified and then the evaluation model is used afterwards to
evaluate the effect of the modification. If necessary, these steps are repeated.

In contrast with the existing models, the current paper describes a stochastic
optimization model that can be used to modify a given cyclic timetable and,
at the same time, to evaluate the modified timetable by operating a number of
realizations of the trains in the timetable. We refer to Birge and Louveaux [2]
for more information on stochastic optimization. In our model, the trains are
operated as much as possible according to the modified timetable, but subject
to external stochastic disturbances. The main criterion that is used to modify
the timetable is minimization of the average delay of the trains. Note that other
criteria can be handled as well. The structure of the model is such that it is a
symbiosis of a timetabling model and a simulation model.

The first model in this paper generates a timetable for a single train that
is operated under stochastic external disturbances on a number of consecutive
trips along the same line. Here a trip is a movement of a train from one station
to the next. The model is used to allocate a fixed total amount of running time
supplement to the consecutive trips such that the average delay of the train
is minimal. The model is then extended to be applicable in a more complex
situation where several trains are operated according to a given cyclic timetable
and on a common railway infrastructure. These trains are also operated under
stochastic external disturbances. The extended model is used here to improve
the timetable with respect to the average delay of the trains by re-allocating
buffer times and time supplements. The application of the extended model to a
practical case shows that, within the model, the modification of a given timetable
may lead to a substantial reduction of the average delay of the trains.

This paper is structured as follows. Sect. 2] describes several aspects that are
relevant for the allocation of running time supplements. In Sect. [3] we describe
the above mentioned first stochastic optimization model. In Sect. @, we prove
that, if the train runs over just fwo consecutive trips and if there is a finite
probability distribution of the disturbances, then the results of the stochastic
optimization model converge to the true optimum if the number of realizations
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tends to infinity. In Sect. Bl we present the computational results related to
the model of Sect. Bl Sect. [0 describes the above mentioned extended stochas-
tic optimization model. Computational results that were obtained by applying
this model to the railway corridor between Haarlem and Maastricht/Heerlen are
described in Sect. [[l The paper is finished with conclusions in Sect.

2 Running Time Supplements

2.1 A Trade-Off

To obtain a high punctuality of the railway services, it is desirable that trains
are able to run faster than planned in order to make up for earlier delays. This
means that the planned running times should be longer than the technically
minimum running times. The difference between the planned running time and
the technically minimum running time is the running time supplement.

Also other processes (e.g. halting at stations) may obtain time supplements
in the planning. However, in this paper we mainly focus on the allocation of
running time supplements. Note that these other process time supplements may
be handled in the same way as the running time supplements.

In general, higher running time supplements lead to a better punctuality of
the railway services. However, higher running time supplements also lead to
higher planned running times. This means that the planned travel times of the
passengers increase as well. Note that these planned travel times do not only
depend on the total amount of running time supplements, but also on the distri-
bution of the running time supplements among the trips in the timetable. Note
further that running time supplements may even have a negative influence on
the realized travel times. Indeed, each minute of running time supplement in the
timetable brings the risk that it is not needed, since there are no disturbances.
Furthermore, longer planned running times increase the block occupation times
and therewith the track occupation rates. Additionally, longer planned running
times require more personnel and rolling stock, hence they are negative for the
efficiency of the railway system.

On the other hand, running time supplements add to the predictability of
the realized travel times and to the reliability of the railway system as a whole.
As a consequence, the total amount and the allocation of the running time
supplements should be chosen by a trade-off between the above elements.

2.2 Application in Practice

In the Netherlands, running time supplements are currently (2007) approxi-
mately 5% of the technically minimum running times. This percentage is used
nationwide for all types of passenger services. However, due to rounding -because
of the integer character of the timetable- and local circumstances, the actual per-
centages may deviate from this percentage. Furthermore, cargo trains are usually
planned 5 kilometer per hour below their maximum speed. Additionally, a run-
ning time supplement of 5% of the running times may be used for cargo trains.
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On top of that, for a cargo train, the planned acceleration and deceleration times
are based on a maximum total weight of the train. The difference between this
maximum weight and the actual weight of the train acts as an extra running
time supplement.

In Switzerland, running time supplements have several components (see
Haldeman [0]). First, there is a proportional running time supplement, which
equals 7% of the running time for passenger trains and 11% for cargo trains.
Secondly, special operational supplements are added at highly utilized nodes.
Additionally, one minute of supplement is added for each 30 minutes of running
time. For trips with high average speeds, the supplements are even higher. In
the United Kingdom running times are based on past performance on a railway
section (see Rudolph [I§]). Supplements are not explicitly defined here.

Leaflet 451-1 of the UIC (see UIC [22]) gives recommendations for running
time supplements. It recommends a running time supplement to be the sum of
a distance dependent supplement and a percentage of the technically minimum
running time. The distance dependent supplement is 1.5 minute per 100 kilo-
meter for locomotive-hauled passenger trains and 1 minute per 100 kilometer
for multiple unit passenger trains. The running time dependent supplements
may vary between 3% for relatively slow trains and 7% for faster trains. For
locomotive-hauled trains, this percentage also depends on the weight of the train.
For cargo trains, supplements are generally higher. The running time dependent
supplement can be replaced by a second distance dependent supplement.

It can be concluded that in practice it is common to allocate the running time
supplement on a certain trip to a large extent in proportion to the running time
on that trip. In this paper, such an allocation is called a proportional allocation.
However, this paper demonstrates that, from a punctuality point of view, it is
better to allocate a somewhat larger part of the total running time supplement
to the first trips of the complete route of a train. Indeed, a delay reduction on
a certain trip does not only reduce the delay on the respective trip, but also
on all subsequent trips. This means that the delay reduction is measured at all
subsequent measuring points. Consequently, an early running time supplement
is more effective than a late running time supplement. Therefore, one would
expect to have a relatively large part of the running time supplements early
on. But there is also a downside: if there are no early disturbances, then early
supplements are lost. Hence they are useless in that case.

The stochastic optimization model described in this paper can be used to
analyze this stochastic trade-off for a cyclic timetable. Also the choice between
running time supplements and dwell time supplements can be supported by this
model. However, for ease of presentation, we first focus in Sect.Blon the allocation
of a fixed amount of running time supplement to the consecutive trips of a single
train. This allocation is done in such a way that the average arrival delay of the
train is minimal. Thereafter, in Sect. [0, we describe a more complicated situation
where several trains are operated on a common railway infrastructure.
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3 A Single Train on a Single Line

In this section, we present a stochastic optimization model for allocating a fixed
amount of running time supplement S to N consecutive trips of a single train on
a single line. On each of the trips, the train is subject to external disturbances,
possibly leading to a delay of the train. This delay is measured at the end of
each trip. The objective is to minimize the average delay of the train.

This situation is illustrated in Fig. [l Here the running time supplements on
the trips ¢ are denoted by the variables s;. The external disturbances are denoted
by the parameters 8;, and the resulting delay is represented by the variables D;.
The figure represents the fact that the disturbances §; are partially compensated
by the running time supplements s;, so that they can “leave the train” again. The
disturbances that cannot be compensated, since the running time supplements
have been used completely, accumulate in the delays D;.

Fig. 1. Relation between disturbances, running time supplements, and delay

In this paper we assume that all running time supplement allocated to a trip
can be used for recovering from a disturbance at the same trip. In other words,
the disturbances are assumed to take place at the start of a trip (or at the
preceding station), as is shown in Fig. [[l This assumption may be relaxed by
splitting the trips into a number of smaller trips.

The stochastic optimization model contains a planning part for determining
the running time supplements and an evaluation part for determining the re-
sulting average delay of the train. To that end, at the same time as the running
time supplements s; are determined, R realizations of the train are operated
along the N trips subject to externally generated disturbances. Let ¢;, denote
the disturbance incurred on trip ¢ by realization r of the train. Furthermore, the
resulting delay of realization r of the train by the end of trip ¢ is denoted by D ..
Then the following relation describes the balance of the external disturbances
Ot,r, the running time supplements s;, and the delays Dy ,:

Dy, =max{ 0, Dy_1,+6;p —s; }fort=1,...,N; r=1,...,R. (1)

Note that equation () is a mathematical representation of Fig. [l Tt follows
that, if 6;, > s;, then the delay of realization r of the train increases over
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trip ¢. If 6;, < s, then the delay of realization r of the train may decrease
over trip ¢. Note that equation (IJ) assumes that the train is not influenced by
other trains: disturbances are assumed to be autonomous and external. A further
consequence of equation (IJ) is that the amount of running time supplement Uy ,

that is actually used by realization r on trip t equals
Ui =min{ Dy_1, + 6, s¢ pfort=1,...,N; r=1,...,R. (2)

Obviously, equation () is not a linear equation. However, it can be linearized
easily. Now the complete model can be described as follows:

N R
minD =Y "> "w;D; /R (3)

t=0 r=1
subject to
Diip+6yr—5<Dy, fort=1,....N;r=1,....R (4)
N
ZStSS (5)
t=1
Dy >0 fort=0,....,N;r=1,...,R (6)
sy >0 fort=1,...,N (7)

The objective function (@) indicates that the objective is to minimize the
average weighted delay D. For t = 1,..., N, the weight w; indicates the weight
of the delay at the end of trip ¢, depending on the number of involved passengers
or on the status of the station at the end of trip ¢ (e.g. an ordinary station or a
transfer station). Constraints (@) and (@) together give the linearized version of
equation () relating the delay at the end of trip ¢ to the delay at the end of trip
t — 1. Next, constraint (Bl expresses the fact that only a fixed amount of running
time supplement is to be distributed among the trips. Finally, constraints (@)
and () indicate that the variables are to be non-negative.

4 Convergence

In this section we consider the same model as in the previous section, but for
the case of a single train that is operated over two consecutive trips. We assume
that the probability distribution of the disturbances (61, 62) has a finite set I of
possible values. Each of these values (61, 65) has a probability of occurrence p;.
For this case we prove that the results of the stochastic programming model
converge to the optimal allocation of the running time supplement if the number
of realizations tends to infinity. Here we assume that the optimal allocation of the
running time supplement is unique. The latter is not essential, but it simplifies
the proof somewhat. The assumption holds e.g. if |I] is odd and all disturbances
(6%, 6%) satisfy &% + 6% > S, but also in many other situations. Further results on
convergence in stochastic optimization can be found in Linderoth et al. [12].
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4.1 Optimal Running Time Supplement

The running time supplement allocated to trip 1 is denoted by s. Then the
running time supplement allocated to trip 2 equals S — s. Fig. [2 shows the par-
titioning of the positive (61, d2) quadrant for a given value of s into the areas
A1(s), Aa(s), As(s), and A4(s). For example, A;(s) is the area with relatively
small disturbances on both trips. As a consequence, on both trips the delays can
be compensated by the running time supplements. Similarly, As(s) is the area
with relatively small disturbances on the first trip and relatively large distur-
bances on the second trip. This results in delays on the second trip only.

The delay of the train by the end of trip ¢ (¢t = 1,2) if the disturbances equal
(6%,6%) is denoted by Di. In that case, the total weighted delay of the train
over the two trips is denoted by D’. As a consequence, for a given value s of
the running time supplement on the first trip, the following weighted delays are
caused by the disturbances (6%, 6%):

If (6%,6%) in Aq(s), then Dt =0 and D} = 0. Hence D' = 0.
If (511,6’) in As(s), then D! = 0 and D} = & — (S — s). Hence D' =
wa (65 — S+ s).
(6%,65) in As(s), then Dt = 81 — s and Dj = 0. Hence D = wy (8 — s).
( 117(51) in Ay(s), then Di = &% — s and}D% = 6} + 84 — S. Hence D =
(61 — 8) + wa (61 + 65 — 8) = (w1 + w2)8% + w28y — wis — waS.

- If
If

wy

From the foregoing it follows that, for a given value s of the running time sup-
plement on the first trip, the average weighted delay D(s) of the train can be
expressed as follows:

> opiwa(h—S+s)+ Y puwi(8) —s)+

i€As(s) i€ Az(s)
Z pi((wy 4+ w2)6% + wady — wis — wyS). (8)
1€A4(s)

The minimization problem to be solved is to find a value s* for the running time
supplement on the first trip such that the average delay D(s*) is minimal.

It is not difficult to see that the average delay D(s) is a continuous and convex
piecewise linear function in s. Furthermore, () implies that, if s is not equal to
one of the values 6% and S — s is not equal to one of the values 63, then a
slight modification As of the running time supplement on the first trip gives the
following modification AD(s) of the average delay on the two trips:

Z piwaAs — Z piwy As — Z piwy As

1€A2(s) i€ As(s) 1€A4(s)

As Z Piwg — Z piwi

i€As(s) i€ Az (s)UA4(s)

AD(s)
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5,
Sk
Ay(s) Ay(s)
Az(s)\\\“
S-s
0 A,(s) Ay(s)
0 s S o,

Fig. 2. Partitioning into the areas A1(s), A2(s), As(s), and A4(s)

It follows that the average delay is minimal if the running time supplement s
on the first trip is such that, around s, the above expression changes from a
negative value (decreasing average delay D(s)) to a positive value (increasing
average delay D(s)). Hence, the optimal running time supplement s* on the first
trip is such that the expression

Z piwz — Z piw1

€Az (s) 1€ A3z (s)UA4(s)

is negative for s = s* — As and is positive for s = s* + As for a sufficiently small
value of As. It follows that s* coincides with one of the values { 6}, S—é%|i €I }.
Note that here the assumption is used that there is a unique optimal allocation
of the running time supplement.

4.2 Stochastic Optimization Model

Next, suppose that we have a random sample of R realizations of pairs of dis-
turbances. Let R; denote the number of occurrences of the pair (6%,6%) in this
sample. Furthermore, let s denote the proposed value for the running time sup-
plement on the first trip. Then, in the same way as in the previous section, it
follows that the average delay Dg(s) can be expressed as follows:

Dg(s) = Z Ew2(62—5+s)—|— Z Ewl(él —s)+
i€ Aa(s) 1€ A3(s)
R; 4 4
Z E((wl + w2)d] + waby — wis — waS). 9)

1€A4(s)
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As above, the average delay Dg(s) is a continuous and convex piecewise linear
function in s. A similar argument as in the previous section can be used to show
that, if the average delay Dg(s) has a unique optimal running time supplement
5%, then this optimal value s} is such that the expression

Ri Ri
DR S
1€ Aa(s) 1€ Az (s)UA4(s)

is negative for s = s, — As and is positive for s = s}, + As for a sufficiently
small value of As. Note that this optimal value s}, is the value that is obtained
by applying the stochastic optimization model. Fig. [3] represents parts of the
graphs of the functions D(s) and Dg(s).

D D(s)

8y s* 55 s

Fig. 3. The convex piecewise linear functions D(s) and Drg(s)

4.3 Proof of Convergence

Theorem 1. If the minimization problem has a unique optimal solution s* with
0<s*< S, then limg_, o P(S*R — S*) = 1.

Proof. Let 0 < s; < s* be such that the interval (s, s*) does not contain any
value 6% and such that the interval (S — s*,.S — s1) does not contain any value
6%. Similarly, let s* < s3 < S be such that the interval (s*,s2) does not contain
any value 6} and such that the interval (S — s2,S — s*) does not contain any
value 6. Next, let A; and Ay be defined by

Ay = Z piwz — Z piwt,

i€As(s1) 1€A3(s1)UA4(s1)
Agi= Y paws — > piws.
’L‘EA2(5‘2) ’L‘EAg(SQ)UA4(82)

Since s* is a unique minimum of the average delay D(s), A1 < 0 and Ay > 0.
Note that A; and Ay are represented in Fig. Bl by the differences D(s*) — D(s1)
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and D(s2) — D(s*). In other words, the slopes of the solid lines Ay By and B;C4
are negative and positive, respectively.

Next we will show that, if R tends to infinity, then the probability that
the differences Dg(s*) — Dr(s1) and Dg(s2) — Dg(s*) are also negative and
positive tends to 1. In other words, if R tends to infinity, then the probability
that the slopes of the dashed lines A By and BoCs in Fig. [§] are negative and
positive, respectively, tends to 1. A consequence is that, if R tends to infinity,
then the probability that s = s* tends to 1, as is to be proved.

To that end, first choose € > 0 and let W be defined by W := max{ w1, ws }.
Because of the Law of the Large Numbers, we know that for all i € I there exists

an integer N; such that for all R> N; the following holds: P (’ % — pi’ > ;V\AII|) <

ﬁ. It follows that for all R > Ry := max{ N; | i€ }:

P (the slope of AsBy < 0) =

P Z %wQ— Z %w1<0 =

iEA2(Sl) 'L’EAg(Sl)UAAL(Sl)

B
= ~Pi

P ‘ Z (E—pz)wz—‘ Z (E_pi>wl<_Al >
1€As(s1) 1€A3(s1)UA4(s1)
R; Aq
, W ) (ﬂ{’R Pif< Wu})
el el

R; Ay R; A €
1-P L O ST Y EL 1-2.
(UI{’R 7= W|1}> 2 <‘R y W|I|>> 2

il
Similarly, there exists an integer Ry such that for all R > R,

(s

P (the slope of BoCy > 0) =

P Z %wz— Z %w1>0 >1—§.

'L'EAQ(SQ) ’L’EAg(SQ)UA4(82)

As a consequence, for all R > max{ R;, Ry } the minimum of Dy (s) is obtained
for s = s* with probability at least 1 —2(5) =1 — . &

Theorem 2. If the minimization problem has a unique optimal solution s* with
0<s* <8, then for all 6 > 0 limp_.o P(|Dr(s}) — D(s*)] < §) = 1.

Proof. First, choose ¢ > 0 and ¢ > 0, and let the positive number Ry be such
that P(s} = s*) > 1 — 5 for all R > Ry. According to the proof of Theorem 1,

such a number Ry exists. Next, we have the following (in)equalities:
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[Dr(s*) — D(s")| = (10)
R; . R; 4
S (B wm-s-sn+ 3 (Z ) wie -5+
1€ Az (s*) ( R ) ’ i€ Az (s*) < R ) !

9

R; i i * R
Z <E —pz) ((w1 + w2)d] + waby — wrs™ —waS)| < M x Z —

i
— Pi
i€ A4(s*) iel

where M is an appropriately chosen positive number. Again, because of the Law
of the Large Numbers, we know that for all ¢ € I there exists an integer N; such

that for all integers R > N; the following holds: P (| L | > MIII) < o7-
Then, it follows that for all integers R > max{ N; | i € I } the following holds:

(gl el<w) o (Ol <am) o
i) 2 -5 (ool ) -

6
1-P —p 1—=.
( {‘ g M|f)> 2
iel el

Combining the results in (I0) and (II) gives that the following holds for all
integers R > max{ { N; | i€l }U{ Ry } }:

L.
R Pi

P(|Dr(sgr) — D(s7)| < 8) = P((|IDr(sg) — D(s")| < )N (s

R

P(IDr(sk) = D(s")| < 6 | s = ") x (s = ") >
0

<)tz (125 (- 5) 2 1-e o

Note that the results of Theorems [Il and Bl also hold if the optimal solution s*
is not unique or if s* equals 0 or S. However, slight modifications of the proofs
are required then.

P(Z %_pi

iel

5 Computational Results

In this section, we describe the computational results that were obtained by
applying the model described in Sect. Bl to a number of theoretical cases. Com-
putational results for a real-life case are presented in Sect. [

All results in this section are based on equally and exponentially distributed
disturbances and on equally weighted delays. However, as was noted earlier al-
ready, the latter is certainly not essential. It is also possible to use other proba-
bility distributions and different weights, including empirical ones.

The results described in this section were obtained by implementing the model
in the modeling system OPL Studio and by solving it with the corresponding
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solver CPLEX 9.0 on an Intel Pentium IV PC with 3.0 GHz processor speed and
512 MB internal memory.

In all cases described in this section, the number of realizations R has been
set to 1000. In our experiments, this number turned out to be large enough to
generate stable results that were more or less independent of the detailed values
of the disturbances. On the other hand, this number of realizations also led to
acceptable running times of at most a couple of minutes.

5.1 Optimal Allocation of Running Time Supplements

In the experiments described in this section, the running times are subject to
exponentially distributed disturbances with an average value of 1 minute. Fur-
thermore, in this section the total amount of running time supplement S equals
the total number of trips. That is, the total amount of running time supplement
equals the average total disturbances. In Sect. B.2] different amounts of running
time supplement are applied. In all cases, the objective is to allocate the total
amount of running time supplement to the trips in such a way that the aver-
age delay is minimal. Note that in the proportional allocation, each trip gets a
running time supplement of 1 minute.

The results of the case with 10 trips are shown in Fig. @ The horizontal axis
shows the 10 trips, and the vertical axis shows the optimal amounts of running
time supplement to be allocated to the trips. The vertical line in the figure
represents the weighted average distance of the running time supplements from
the starting point. This weighted average distance, WAD, is defined by:

WAD = X 5. (12)

0.8

0.6

optimal amount of supplement

0.4

0.2

0 . T . . . T . T .
0 1 2 3 4 5 6 7 8 9 10
trip

Fig. 4. The optimal allocation of the running time supplements for 10 trips
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In Fig. @ the value of the WAD equals about 0.425. For the proportional
allocation of the running time supplements, the WAD equals exactly 0.5.

Note that, in comparison with the proportional allocation of the running time
supplements, the allocation of the running time supplements according to Fig. @
has a negative effect on the average planned travel times of the passengers.
Indeed, if the numbers of travelers between all O/D-pairs of stations are more
or less the same, then minimal average planned travel times of the passengers
are obtained either by skipping the running time supplements completely, or by
allocating the running time supplements as much as possible to the first or to the
last trips along the line. However, it is likely that this allocation of the running
time supplements leads to an unreliable timetable.

In Fig. B the upward bending line shows the average delay by the end of
each trip for the optimal allocation of the running time supplements. The nearly
diagonal line in this figure shows the average delay by the end of the trips for the
proportional allocation of the running time supplements. Obviously, the optimal
allocation performs better on almost all trips. Only on the last trips, the average
delay increases quickly for the optimal allocation. This is due to the fact that
the supplements have been shifted from the last trips towards the earlier trips.

arrival delay

trip

Fig. 5. The average delay by the end of the trips for 10 trips

Fig. [ presents results that have been obtained by applying the model to 2 to
25 consecutive trips. The average delays of the optimal solutions are compared
with the average delays of the proportional allocation of the running time sup-
plements. The figure shows that the average delay decrease is only 1.2% for 2
trips, but the decrease is already 9.5% for 5 trips and 20.1% for 15 trips. Al-
though the shapes of the supplement allocations and the average locations of the
supplements are quite similar in all cases, the relative decreases in the average
delay are far from equal for the different cases.
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25
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relative improvement (in %)
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number of trips

Fig. 6. The decrease in average delay for the optimal supplement allocation in com-
parison with the average delay for the proportional supplement allocation

5.2 Different Amounts of Running Time Supplement

Next, we consider the effect of a different total amount of running time supple-
ment. Fig. [[ shows the results of a case with 10 trips, where each trip is subject
to exponentially distributed disturbances with an average value of 1 minute. In
this case half a minute or two minutes of running time supplement are available
per trip. That is, S = 5 minutes (dots) or S = 20 minutes (diamonds).

If S = 5 minutes, the optimal allocation of the running time supplement is
even more concentrated on the earlier trips. This is understandable, since early
supplements are still more effective and the probability of an excessive early
supplement decreases when the total amount of supplement decreases. There is
an apparent shift to the left, which is supported by the WAD, which is 0.32 in
this case. The decrease in the average delay goes up from about 16.3% for the
case with S = 10 minutes to about 17.8% for the case with S = 5 minutes.

In the opposite situation with S = 20 minutes, where the total amount of
running time supplement is twice as large as the total average disturbance, the
allocation of the running time supplement shifts into the opposite direction. Now
the WAD equals 0.492. The decrease in the average delay goes down to about
2.9% for the case with S = 20 minutes. In this case, the difference with the
proportional allocation is small.

6 Several Trains on a Common Railway Infrastructure

In this section, we describe an extension of the stochastic optimization model
presented in Sect. [Bl Here a given cyclic timetable for a number of trains over
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Fig. 7. The optimal allocation for half and double the total amount of supplement

a common part of the railway infrastructure is improved with respect to the
average weighted delay of the trains. The underlying timetabling model shows
some similarity with the well-known Periodic Event Scheduling Model (PESP,
see Serafini and Ukovich [20]). Several researchers have studied the application
of PESP for railway timetabling, see e.g. Nachtigall [I5] and Peeters [16].

The extended model is again a stochastic optimization model. That is, in order
to evaluate and optimize the timetable under construction, R realizations of the
processes in each cycle time are operated subject to stochastic disturbances. The
R realizations are operated one after another. As a consequence, the delayed
trains in realization r — 1 may influence the trains in realization r if they use the
same parts of the infrastructure. Thus, in contrast with the model described in
Sect. Bl the R realizations are not independent of each other. These interactions
between successive realizations are enabled by the cyclic nature of the timetable.
They imply that the model is a non-standard variant of a stochastic optimization
model (Birge and Louveaux [2]).

The model aims at improving a given cyclic timetable with respect to the
average delay of the trains. The main purpose of the model is to optimally re-
allocate buffer times and time supplements to the various process times in the
timetable, thereby leaving the orders of the trains on the tracks unchanged.
Furthermore, for ease of presentation, we assume that the given timetable does
not contain complex cycles, for example caused by the rolling stock circulation
or by circular chains of passenger connections. In general, this assumption is
valid if the railway network has a tree-like structure and the railway traffic is
considered in just one direction. It should be noted that this assumption can be
relaxed, but then a more complex model results.
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6.1 Timetabling Part of the Model

We consider a given cyclic timetable with a cycle time T'. Such a timetable con-
sists of a number of processes that have to be carried out. For example, trains
have to run from one station to another, they have to dwell in the stations, there
has to be a certain headway time between two trains on the same railway infras-
tructure, etc. For all processes, appropriate process times have to be determined.
The begin of a process and the completion of a process are called events. Also
the corresponding event times are to be determined.

We assume that P processes are to be carried out in each cycle time and that
there are E corresponding events. For each process p, the events b(p) and ¢(p)
(with 1 < b(p),c(p) < E) denote the begin and completion events of process p.
The parameter m,, denotes the technically minimum process time of process p.
Furthermore, the variable s, denotes the planned supplement for the process
time of process p. The planned event time of event e is denoted by the variable
ve. We use a linear time axis. This implies that

Ve(p) = Up(p) = Mp +8p forp=1,..., P.

Thus the planned process time of process p equals the difference between the
planned completion time and the planned begin time of process p. Most of the
constraints to be satisfied in a cyclic timetabling model can be expressed in
terms of constraints on the process times (see e.g. Peeters [16]). In our model,
each constraint therefore has the following form:

lpgvc(p)—vb(p) <upforp=1,...,P.

Here [, and w, are appropriate lower and upper bounds. For example, pro-
cesses such as running along a track, dwelling in a station, and passenger con-
nections between trains can be modeled in this way. Note that for modeling the
headway processes, the assumption that the aim of the model is to improve a
given cyclic timetable, thereby leaving the orders of the trains on the tracks
unchanged, is essential. Indeed, in a cyclic timetable minimum headway times
between trains depend on the orders of the trains on the tracks. If the latter are
not known a priori, then additional binary variables are required to model these.
This highly complicates the model. However, given the orders of the trains on
the tracks, a minimum headway time of at least A minutes between two consec-
utive trains departing from the same station and entering the same track can be
enforced by the following constraint:

Ve(p) = Vp(p) = P

Here the events b(p) and ¢(p) denote the departures of the first and the second
train, respectively (that is, the begin and completion events of the corresponding
headway process p). Note that the headway times do not have to be bounded
from above, since these have only positive effects. This is in contrast with running
time supplements, which also have a negative effect, e.g. on the travel times.
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In order to allocate a certain amount of time supplement to the process times,
() subsets of processes are selected. Each subset ¢ of processes is connected with
a certain amount of time supplement S, to be allocated to the processes in the
set ¢q. Thus the following constraints are to be satisfied:

ZspgSqforqzl,...7Q.

pPEQ

For example, such a constraint may indicate that a certain total amount of
running time supplement is to be allocated to the consecutive running times of
a single train. This corresponds with the problem described in Sect. 3 However,
a certain amount of time supplement may also have to be allocated to the trips
of a number of trains together.

Final relevant constraints specify that, at each part of the infrastructure, the
difference between the last and the first planned event time in each cycle time
should not exceed the cycle time minus the minimum headway time T — h.
Moreover, non-negativity constraints have to be imposed on the variables s,
and if one wants to obtain a timetable that is specified in integer minutes, then
integrality constraints have to be imposed on the corresponding event times.

6.2 Evaluation Part of the Model

In the same way as in the model described in Sect. Bl the timetable is evaluated
during its modification by operating R realizations of the trains in each cycle
time subject to predetermined stochastic disturbances. To that end, we use R
realizations of the processes and the events in each cycle time.

The stochastic disturbance of realization r of process p is denoted by the
parameter 6, . forp=1,..., Pandr =1,..., R. Furthermore, the realized event
time of realization r of event e is denoted by the variable ¥., fore =1,..., E
andr=1,...,R.

Mainly the delays of the events corresponding to arrivals of trains are mea-
sured, but also other delays can be taken into account. The measured events are
called the relevant events. The set of relevant events is denoted by E. The delay
of realization r of relevant event e is denoted by the variable D, ,. The average
weighted delay over all processes is denoted by D.

The variables D., and D are assumed to be non-negative. The objective is
to minimize the average weighted delay of the trains. Thus the objective is to

R
minimize D = Z Z weDe r/R. (13)
r=1ecE

Here the weights w, indicate the weights of the different delays. The con-
straints linking the event times of the processes to the technically minimum
process times and the disturbances are the following:

Ve(p),r — Vp(py,r = Mp +0ppr forp=1,...,P; r=1,..., R. (14)



58 L.G. Kroon, R. Dekker, and M.J.C.M. Vromans

Furthermore, processes do not begin too early, and a delay occurs if a relevant
process ends too late. This results in the following constraints:

Vp(p) + 1T < Uy, forp=1,....P;r=1,..., R, (15)
Uep —Ve — 1T < De foreec B; r=1,...,R. (16)

Note that here we use the cyclic character of the timetable, since the planned
event time of realization r of event e equals v, + rT'.

As was mentioned earlier, the R realizations of the cycle times are operated
one after another. As a consequence, the delayed trains in realization 7 — 1 may
influence the trains in realization r if they use the same parts of the infrastruc-
ture. To that end, let e; be the first planned event in a cycle time on a certain
part of the infrastructure, and let e5 be the last planned event in a cycle time
on the same infrastructure. Then the following constraint is to be satisfied:

ﬂel,r - ﬂeg,r—l 2 h. (17)

In other words, realization r of event e; cannot be carried out earlier than
the headway time h after realization r — 1 of event ey has taken place. Also
other interactions between successive realizations can be modeled. For example,
realization r — 1 of a train that is one of the last trains in each cycle time may
have a passenger connection with realization r of a train that is one of the first
trains in each cycle time. As was noted earlier, these interactions imply that the
model is a rather non-standard stochastic optimization model.

7 Computational Results

In this section, we describe the computational results that were obtained by
applying the model described in Sect. [0l to a real-life case of NS Reizigers, the
main Dutch operator of passenger trains. This analysis was carried out for study
purposes. The results have not yet been implemented in the real timetable.

For solving the model to optimality, we again used the modeling system OPL
Studio and CPLEX 9.0 on an Intel Pentium IV PC with 3.0 GHz processor speed
and 512 MB internal memory. For this case we always used 500 realizations
per run, because this gave sufficiently stable results and the computation times
remained at an acceptable level of about one hour on the indicated hardware.

7.1 Case: Haarlem—Maastricht /Heerlen

The model was applied to improve the 2005 timetable of NS Reizigers on the
corridor from Haarlem (Hlm) in the western part of the Netherlands to Maas-
tricht (Mt) and Heerlen (Hrl) in the southern part. Throughout this section, this
original timetable is called the reference timetable. All passenger trains on this
corridor were included in the model. Cargo trains were left out, both from the
reference timetable and from the improved one. As a consequence, the results
for the two timetables are still comparable.
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The train lines on the studied corridor are shown in Fig.[8 In this figure, the
dotted lines indicate the stoptrains, the other lines indicate the intercity lines.
The main stations, represented by boxes, are the stations where the delays are
measured. All trains dwell at these stations. The black dots indicate the other
dwell stations of the trains.

The main lines on the studied corridor are the intercity lines 800 (Haarlem-
Maastricht) and 900 (Haarlem-Heerlen), which are both operated once per hour.
These lines have the corridor from Haarlem to Sittard (Std) in common. On this
corridor, there is nearly a 30 minute cycle time, since almost all lines are operated
there twice per hour with an exact 30 minute cycle time. The order of the trains
on the different trips follows from the reference timetable. The overtakings of
the stoptrains in Abcoude (Ac), Geldermalsen (Gdm) and ’s-Hertogenbosch (Ht)
remain unchanged.

Turn-around constraints at the line endpoints have not been taken into ac-
count in the model. This means that the southbound and the northbound trains
are almost independent of each other. Therefore, two nearly independent prob-
lems are created: the southbound problem and the northbound problem. Only
the southbound problem is described here.

The planned running times in the reference timetable include on average 7.92%
of running time supplement on each trip. The only exceptions can be found on the
line 3500, which bears additional supplements of 1 minute between Duivendrecht
(Dvd) and Abcoude, and 4 additional minutes between Abcoude and Breukelen
(Bkl). Only the trains that are overtaken have dwell time supplements. The other
planned dwell times are equal to the minimum dwell times.

For the lines that are not fully covered by the corridor, the departure and
arrival times at the stations where these lines enter or leave the model have been
fixed to the event times in the reference timetable. In the realizations, these
trains are assumed to enter the model at these stations without a delay.

In this case study, we mainly used exponential distributions for generating the
disturbances to the process times. However, as was noted earlier, also other prob-
ability distributions could have been used. Anyway, in the sensitivity analysis,
other probability distributions were used as well.

7.2 Results

First, the reference timetable was evaluated with the evaluation part of the
model. That is, after fixing all event times according to this timetable, the
stochastic optimization model was applied to operate 500 realizations of
the trains according to this timetable but under stochastic disturbances.

Each trip between two measuring stations was disturbed with an average
disturbance of 7.92% of the minimum running time. This average is the same as
the planned running time supplement in the reference timetable. This percentage
was also chosen in such a way that the evaluation led to a punctuality of 83.7%,
which is comparable to the punctuality observed in practice. The evaluation led
to an average delay of 1.38 minutes.
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Table 1. The running time supplements in minutes for the lines 800 and 900 obtained
by single line optimization and by corridor optimization

avg. disturbance running time supplements
per line per line corridor
trip 800 900 800 & 900
Hlm-Asd 1.03 0.85 0.87 0.90
Asd-Dvd 0.81 1.01 1.02 1.16
Dvd-Ut 1.25 1.43 1.44 1.96
Ut-Ht 2.05 2.63 2.67 2.51
Ht-Ehv 1.32 1.71 1.72 1.55
Ehv-Rm 2.27 2.57 2.64 2.18
Rm-Std 1.10 0.72 0.78 0.67
Std-Mt 1.10 0.00 - 0.00
Std-Hrl 1.32 - 0.00 0.22

Next, the timetable was optimized by unfixing most of the event times and by
operating 500 realizations of the trains under the same stochastic disturbances
as in the evaluation of the reference timetable. The objective was to modify the
timetable by re-allocating the running time supplements and the buffer times in
such a way that the average delay at the ten measuring stations was minimal.
Other relevant measures, such as the punctuality, were determined afterwards.

The optimization led to a model with 160,000+ variables and 300,000+ con-
straints. Because of the size of the model, the event times were allowed to be
fractional, so that the model could be solved by Linear Programming. By the
optimization, the average delay was reduced to 0.947 minutes, which is 31.4%
less than the average delay in the reference timetable. The 3-minute punctuality
increased from 83.7% for the reference timetable to 89.5%: this is a reduction of
the number of late trains by 35.2%.

The optimal running time supplements for the lines 800 and 900 obtained by
the optimization are shown in the last column of Table[Il The third and fourth
column (“per line”) show the results that were obtained by applying the single
line model described in Sect. [3 to the lines 800 and 900 separately.

As in the reference timetable, an exact 30-minute cycle time was enforced for
most lines on the corridor from Haarlem to Sittard, leading to identical sup-
plements there for the lines 800 and 900 up to Sittard. Because of the longer
running time between Sittard and Heerlen as compared to the running time
between Sittard and Maastricht, there was 0.22 minute more running time sup-
plement available for the line 900 than for the line 800. The latter could only be
allocated to the trip Sittard-Heerlen, due to the 30-minute cycle time between
Haarlem and Sittard.

For the rest of the corridor, the supplement allocation is very similar to the
one found by the single line model described in Sect. B The only remark that
can be made in this respect is that slightly larger supplements are found for
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the most busy parts of the infrastructure between Amsterdam and Utrecht, and
smaller supplements for the somewhat quieter parts south of ’s-Hertogenbosch.

7.3 Sensitivity Analysis

The timetable found by the stochastic optimization model is only optimal with
respect to the applied disturbances. Therefore we carried out a sensitivity analy-
sis in order to investigate the behavior of this timetable under other disturbances
from the same distribution and under disturbances from other distributions. For
this analysis, again only the southbound timetable was considered. In the follow-
ing description, the preferred timetable is the timetable which is optimal with
respect to exponentially disturbed running times with an average disturbance of
7.92% of the respective minimum running time.

First, we analyzed the consequences of other sets of random disturbances from
the same disturbance distribution. The timetable was not optimized again for
these other sets of disturbances, but both for the reference timetable and for
the preferred timetable the delay propagation resulting from these disturbances
was evaluated. Ten random sets of disturbances from the same distribution were
used, leading to ten evaluations of both timetables.

This led to the results shown in Table2l The range of the average delay and the
unpunctuality has a width of at most 10%. This is relatively small in comparison
with the differences between the reference and the preferred timetable.

Table 2. The influence of randomness on the punctuality measures

measure timetable avg. min. max. range o

average delay reference 1.34 1.30 1.38 6.0% 0.03
average delay preferred 0.92 0.89 0.95 5.8% 0.02

unpunctuality reference 15.6% 15.0% 16.3% 8.0% 0.5%
unpunctuality preferred 10.0% 9.5% 10.5% 10.1% 0.4%

Next, we evaluated the preferred timetable, but now for sets of disturbances
from other probability distributions. All distributions described here were mul-
tiplied by 0.0792 times the technically minimum running time. In this way, the
original disturbance distribution could be described as an exponential distribu-
tion with an average value of 1 minute. First, the timetable was evaluated for the
situation where a large part of the running times was not disturbed, and the rest
was disturbed again by exponentially distributed disturbances. Furthermore, a
uniform distribution and a triangular distribution were applied.

The results of this sensitivity analysis are summarized in Table Bl This table
shows that the preferred timetable outperformed the reference timetable for all
disturbance distributions that were applied. The worst results were obtained for
the relatively large disturbances that occur with a low probability (80% 0 and
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Table 3. Punctuality gain for different disturbance distributions. The parameter for
the exponential distributions is the average (not the reciprocal of the average).

disturbance reference timetable  preferred timetable  improvement
distribution avg.delay punct. avg.delay punct. avg.delay punct.
exp. 1 1.38 83.7% 0.95 89.5% 31.4% 35.2%
50% 0 and 50% exp. 1.5 1.43 83.6% 1.05 87.9% 26.4%  26.2%
80% 0 and 20% exp. 6 1.50 89.9% 1.24 91.4% 17.0%  14.9%
uniform (0,2.5) 1.66 79.8% 1.01 91.1% 39.1%  55.7%
triangular (0,0,4) 2.02 75.4% 1.33 85.3% 34.4%  40.2%

20% exp. 6). This was to be expected, since the running time supplements are
intended for handling small disturbances only.

Finally, we compared the preferred timetable with the timetables that were
obtained by optimizing the timetable under different disturbance distributions.
Again, the optimization was carried out with respect to the average delay, and
the punctuality was determined afterwards. The obtained results are shown in
Table @l In this table, the column “optimal timetable” represents the optimal
timetable for our samples of the corresponding disturbance distribution. Hence,
each row in this column corresponds to a different optimal timetable. Table (]
shows that the preferred timetable is close to the optimal timetable for each of
the applied distributions. It can be concluded that the preferred timetable has
a relatively high quality under a range of disturbance distributions. For further
details of the experiments that were described here and for a description of
further experiments that have been carried out we refer to Vromans [23].

Table 4. Optimality gap of the preferred timetable

disturbance preferred timetable  optimal timetable  improvement
distribution avg. delay punct. avg. delay punct. avg. delay punct.
exp. 1 0.95 89.5% 0.95 89.5% 0.0% 0.0%
50% 0 and 50% exp. 1.5 1.05 87.9% 1.04 88.0% 1.1% 1.1%
80% 0 and 20% exp. 6 1.24 91.4% 1.17 92.2% 6.1% 10.0%
uniform (0,2.5) 1.01 91.1% 1.00 91.2% 1.6% 1.5%
triangular (0,0,4) 1.33 85.3% 1.31 85.3% 1.2% 0.2%

8 Final Remarks and Further Research

In this paper, we showed that stochastic optimization is a useful approach for
locally improving a cyclic railway timetable. We first described a simple model
for allocating a fixed amount of running time supplement to the consecutive
trips of a single train. Thereafter, we extended the model such that it can be
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applied for optimally allocating time supplements and buffer times if several
trains are operated according to a given cyclic timetable on a common railway
infrastructure. This stochastic optimization model is a symbiosis of a timetabling
model and a simulation model. Indeed, during the modification of the timetable,
a number of realizations of the timetable under construction is operated under
stochastic disturbances. The time supplements and buffer times are selected by
the model such that the resulting total average delay is minimal.

The results obtained by the first model indicate that a proportional distri-
bution of the running time supplements does not lead to a minimum average
delay. A relatively large part of the running time supplements has to be shifted
towards the earlier trips of a train. The motivation is that delay reductions early
on are counted on all subsequent trips. A consequence is that running time sup-
plements on the last trips are relatively low, since these decrease the delay on
the last trips only. The difference between the optimal allocation and the pro-
portional allocation of the running time supplements is largest when the average
amount of running time supplement per trip is relatively small in comparison
with the average size of the disturbances.

The results obtained by the second model indicate that a significant reduction
of the average delay can be achieved by re-allocating time supplements and
buffer times in a given timetable. We focused on the timetable on the corridor
between Haarlem and Maastricht/Heerlen in the Netherlands. On this corridor,
the average delay could be reduced within the model by about 30%. Further
experiments, for example including both directions of the studied corridor and
integer departure times, will be carried out to further validate the model.

So far, we mainly experimented with disturbances from exponential proba-
bility distributions. However, the latter is not at all essential. Any probability
distributions, including empirical ones, can be used. Moreover, each process can
be subject to disturbances from its own probability distribution. Obviously, the
applied probability distributions should be such that the disturbances are as
much as possible realistic in practice. This may require a lot of field research in
order to determine the appropriate probability distributions.

As was noted earlier, the allocation of the time supplements that leads to a
minimal average delay of the trains need not lead to minimal average planned
or realized travel times of the passengers. Indeed, if the objective is to minimize
these, then in principle it is optimal to skip all time supplements: each minute of
time supplement brings the risk that it is redundant in certain realizations, since
there are no disturbances. Moreover, if the objective is to minimize the average
travel times of the passengers, given the allocation of a certain fized amount of
running time supplements, then these running time supplements should mainly
be allocated to the first or the last trips of the trains: these are usually the
parts of a line with the lowest numbers of passengers. However, it is likely that
a timetable with such an allocation of the running time supplements or without
any time supplements is quite unreliable. Therefore, a trade-off has to be made
between the improved reliability that is caused by the time supplements and
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several other criteria, such as the travel times of the passengers and the efficiency
of rolling stock and crew. This is a subject for further research.

In our further research, we will also experiment with relaxations of the as-
sumptions described in Sect. That is, we will first assume that the given
timetable may contain cycles that are caused by the rolling stock circulation or
by chains of passenger connections. Under certain conditions, this seems to be a
relatively easy extension. Next, we will assume that the orders of the trains on
the tracks have not been fixed a priori. Since this extension requires many ad-
ditional binary variables, it strongly reduces the computability of the timetable.
However, the gain will be that the model will not only be able to improve a given
timetable, but even to generate from scratch a timetable that is optimal with
respect to the average delay of the trains.
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Abstract. We give an overview of models and efficient algorithms for
optimally solving timetable information problems like “given a depar-
ture and an arrival station as well as a departure time, which is the
connection that arrives as early as possible at the arrival station?” Two
main approaches that transform the problems into shortest path prob-
lems are reviewed, including issues like the modeling of realistic details
(e.g., train transfers) and further optimization criteria (e.g., the num-
ber of transfers). An important topic is also multi-criteria optimization,
where in general all attractive connections with respect to several criteria
shall be determined. Finally, we discuss the performance of the described
algorithms, which is crucial for their application in a real system.

1 Introduction

The first electronic timetable information systems were established in the late
eighties of the last century. Current systems are for example HAFAS [I3], which
is used by many European railway companies, or EFA [§], which is mainly used
for local traffic limited to smaller regions in Europe. Empirically, the resulting
connections are satisfying in the majority of cases. There are cases, however, for
which the suggested itineraries are clearly not optimal (given some optimiza-
tion criterion). The main reason for such non-optimal connections is that the
algorithms behind the systems employ heuristic methods to reduce the search
space (in order to achieve an acceptable response time) that do not always guar-
antee optimal solutions. Such heuristic approaches often work in two phases as
described below.

In the last few years the question arose whether models and algorithms for
optimally solving timetable information problems are feasible. In this work we
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want to give an overview of such approaches, which solve timetable information
queries by finding a shortest path in an appropriately defined graph. Hence, the
problems are directly transformed into shortest path problems.

In the remainder of the introduction we give a brief overview of heuristic two-
phase approaches and direct shortest-path approaches. In SectionPlthe timetable
information problems are formally specified. Two main approaches for model-
ing timetable information directly as shortest paths are described in detail in
Section [3l where first a simplified problem specification is considered. Later on,
in Section ] extensions of the approaches that cover realistic details are outlined.
Multi-criteria optimization is discussed in Section Bl and studies investigating
the performance of the algorithms described in this paper are summarized in
Section [Bl We conclude the survey with some final remarks in Section [7

1.1 Two-Phase Approaches

We want to mention two predecessors of “real” timetable information systems.
Around the year 1988, the Dutch and German train companies started to use
electronic timetable information systems. Heuristics that usually yield good so-
lutions, but cannot always guarantee an optimal solution, are used to keep the
search spaces small enough. The two systems we describe work both in two
phases, where the first phase heuristically restricts the search space.

TRAINS

Tulp and Siklossy [37] describe the TRAINS system, which was used by the
Dutch railways (NS) at that time as a prototype: It is based on a graph where
nodes represent cities. They distinguish two levels of the network, a “static” level
which consists of arcs between nodes representing distances, and a “dynamic”
level where the arcs include information about the departure and arrival times
of trains. The algorithm uses the static level to cut out the “interesting” part
of the network, without considering any information about time. Note that this
cutting is heuristic in the sense that optimal connections may be lost by that
step, which is not permitted in the models investigated later in this paper. Then,
a train connection is calculated by a modification of Dijkstra’s algorithm [7]
trying to incorporate time for train changes at stations. Once a connection to
the destination station is found, a backward search tries to improve the result
(e.g., to find a connection that departs later and has the same arrival time).

ARIADNE

Baumann and Schmidt [2] outline an algorithm called ARTADNE, which can be
regarded as ancestor of HAFAS [I3], the timetable information system that is
nowadays used by the German railway company Deutsche Bahn AG and many
other railway companies worldwide. As in TRAINS, the algorithm considers two
different networks: a static graph representing the topographic railway network,
and a dynamic network including time, traffic days, train classes etc. The ARI-
ADNE algorithm works in two phases: The first phase (“Wegesuche”) searches
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feasible paths in the static network by a bidirectional version of Dijkstra’s al-
gorithm and outputs a subgraph of the network to be considered in the second
phase. Note that again—as in the TRAINS algorithm—optimal solutions may
be lost by this step. The second phase (“Zeitsuche”) computes on the dynamic,
time-dependent version of the network, limited by the subgraph computed in
the first phase, several feasible train connections. These are rated according to
measures like travel time, quality of trains, direct connection, etc.

1.2 Direct Shortest Path Approaches

Two main approaches have been proposed for modeling timetable information

as shortest path problem: the time-expanded [TI2012T221263012813213334], and
the time-dependent approach [ABITE232412530/2829I32]. The common charac-

teristic of both approaches is that a query is answered by applying some shortest
path algorithm to a suitably constructed graph.

The Time-Expanded Approach

A time-expanded graph is constructed in which every node corresponds to a
specific time event (departure or arrival) at a station and edges between nodes
represent either elementary connections between the two events (i.e., served by
a train that does not stop in-between), or waiting within a station. Depending
on the optimization criterion, the construction assigns specific fixed lengths to
the edges. This naturally results in the construction of a very large (but usu-
ally sparse) graph. The simplified version of the earliest arrival problem—where
details like transfer rules and traffic days are neglected—has been extensively
studied:

In [33], Schulz, Wagner and Weihe explicitly use the time-expanded approach
to model a simplified version of the earliest arrival problem as a shortest path
problem in a static graph, and solve the problem optimally. An extensive exper-
imental study has been conducted and—at least in the simplified scenario—it
could be demonstrated that the running time of the time-expanded approach on
state-of-the-art computers is acceptable. To achieve this result, several speed-up
techniques, which guarantee optimal solutions, were applied to Dijkstra’s algo-
rithm for computing the shortest path. More details on the speed-up techniques
are provided in Section [Gl

An extension of the time-expanded approach incorporating train transfers
and an extensive experimental study focused on multi-criteria problems is pre-
sented by Miiller-Hannemann and Weihe in [22]. The results of this study are
quite promising: in practice (among other data also the time-expanded graph
was considered) the number of Pareto-optimal paths is often very small, and
labeling approaches are feasible. In [21], Miiller-Hannemann, Schnee and Weihe
focus on more realistic and complex real-world scenarios for timetable infor-
mation, in particular with respect to space limitations. Further extensions to-
wards realistic models and also further optimization criteria as well as bicriteria
problems are presented by Pyrga, Schulz, Wagner and Zaroliagis in [30/28] (see
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also [32]), where the authors also conducted an experimental comparison with the
time-dependent approach (see below). Multi-criteria optimization in the time-
expanded graph by a labeling approach is extensively investigated by Miiller-
Hannemann and Schnee [20]; the notion of Pareto-optimal connections is relaxed
(cf. B2). Mohring suggests the time-expanded model as a graph-theoretic con-
cept for timetable information in [I9]. He further discusses algorithms for solv-
ing multi-criteria problems, and focuses on a distributed approach for timetable
information, which is also the topic of the recent projects DELFI [6] and EU-
Spirit [T1]: the railway network is considered as consisting of several (overlap-
ping) subnetworks (e.g., each subnetwork is operated by a different company
or institution), and a global solution is constructed from several subqueries to
the conventional timetable information systems operated on the respective sub-
networks. In a sense such new systems operate like meta search engines for
the web.

The Time-Dependent Approach

The idea is to avoid the maintenance of a node per event. Instead, the time-
dependent graph is used in which every node represents a station, and two nodes
are connected by an edge if the corresponding stations are connected by an el-
ementary connection. The lengths on the edges are assigned “on-the-fly”: the
length of an edge depends on the time in which the particular edge will be used
by the shortest path algorithm to answer the query. Dynamic programming ap-
proaches for a time-dependent shortest-path problem have first been studied
by Cooke and Halsey [5]. Later, Kostreva and Wiecek [16] generalized this ap-
proach towards multiple criteria. However, no performance guarantees are given
for these dynamic programming approaches. Orda and Rom [2425] thoroughly
investigated the complexity of time-dependent shortest path problems and give
efficient algorithms for special cases. Brodal and Jacob [3/4] argued that in the
simplified case of the earliest arrival problem, Dijkstra’s algorithm considers
many redundant edges in the time-expanded approach. They suggest to use a
time-dependent network instead and proved by a detailed theoretical analysis of
operation counts in both approaches that a variant of a time-dependent shortest-
path algorithm introduced by Orda and Rom is more efficient than the time-
expanded approach. Pyrga, Schulz, Wagner and Zaroliagis extended the time-
dependent model to cope with realistic problem specifications [29]. A subsequent
study [30028/32] compares these models experimentally with the time-expanded
models, where also bicriteria problems are considered.

The work of Nachtigal [23] can also be classified as a time-dependent approach
to timetable information. The problem specification he uses is different to most
other approaches: given a source station, for all other stations arrival functions
depending on the departure time shall be computed. Hence, the departure time
is not part of the query, and solutions are computed for all possible departure
times.
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2 Problem Specification

2.1 Data

A timetable consists of data concerning: stations (or bus stops, ports, etc), trains
(or busses, ferries, etc), connecting stations, departure and arrival times of trains
at stations, and traffic days. More formally, we are given a set of trains Z, a set
of stations B, and a set of elementary connections C whose elements ¢ are 5-
tuples of the form ¢ = (Z, 51, 52,t4,tq). Such a tuple (elementary connection)
is interpreted as train Z leaves station Sp at time t4, and the next stop of train
Z is station Sy at time t¢,. If 2 denotes a tuple’s field, then the notation z(c)
specifies the value of x in the elementary connection c.

The departure and arrival times tq(c) and t,(c) of an elementary connection
¢ € C within a day are integers in the interval [0,1439] representing time in
minutes after midnight. The length of an elementary connection ¢, denoted by
length(c), is the time that passes between the departure and the arrival of c.

A timetable is valid for a number of N traffic days, and every train is assigned
a bit-field of N bits determining on which traffic day the train operates (for
overnight trains the departure of the first elementary connection counts).

At a station S € B it is possible to transfer from one train to another only
if the time between the arrival and the departure at that station S is larger
than or equal to a given, station-specific, minimum transfer time, denoted by
transfer(S). There may also be more complicated transfer rules, for example the
transfer time can be smaller for trains that depart from the same platform. The
most general notion is to specify a station-specific minimum transfer time, and
exceptions in the form of a set of feasible and a set of forbidden transfer trains
for each arrival of a train at a station.

Between stations that are located close to each other it is possible to walk
by foot. Such data is available through so-called foot-edges between stations.
Each foot-edge is associated with a natural number representing the time in
minutes needed for the walk. Formally, we treat a foot-edge like an elementary
connection ¢, where the train Z and the departure and arrival times t; and ¢, are
invalid, and length(c) is the associated walking time. Foot-edges are independent
of traffic days.

2.2 Connections

Let P = (¢1,...,cr) be a sequence of elementary connections (and foot-edges)
together with departure times dep;(P) and arrival times arr;(P) for each el-
ementary connection ¢;, 1 < i < k. We assume that the times dep;(P) and
arr;(P) include data regarding also the departure/arrival day by counting time
in minutes from the first day of the timetable. A time value ¢ is of the form
t = a- 1440 + b, where a € [0,364] and b € [0,1439]. Hence, the actual time
within a day is ¢ (mod 1440) and the actual day is [¢/1440].

Such a sequence P is called a consistent connection from station A = Sy(c¢1) to
station B = Sa(cy) if it fulfills some consistency conditions: the departure station
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of ¢;41 is the arrival station of ¢;, and the time values dep;(P) and arr;(P)
correspond to the time values t; and t,, resp., of the elementary connections
(modulo 1440) and respect the transfer times at stations. More formally, P is a
consistent connection if the following conditions are satisfied:

¢; is valid on day |dep;(P)/1440],

Sa(ci) = Si(citr),
dep;(P) =tq(c;) (mod 1440),
arr;(P) = dep;(P) + length(c;),

0 if Z(ciy1) = Z(c;) or
¢; is a foot-edge, and
transfer(Sa(c;)) otherwise.

depit1(P) — arri(P)

%

2.3 Criteria and Queries

For the timetable information problems we are additionally given a large, on-line
sequence of queries. A query generally defines a set of valid connections, and an
optimization criterion (or criteria) on that set of connections. The problem is to
find the optimal connection (or a set of optimal connections) w.r.t. the specific
criterion or criteria.

The Basic Query

The most fundamental query is also referred to as the earliest arrival problem.
A query (A, B, 1) consists of a departure station A, an arrival station B, and a
departure time ty. Connections are valid if they do not depart before the given
departure time tg, and the optimization criterion is to minimize the difference
between the arrival time and the given departure time. Additionally, one may
ask among all connections that are solutions to such a query for the connection
that departs as late as possible.

Extended Queries

Other important optimization criteria involve the number of transfers and the
price of a connection. In the minimum number of transfers problem, the query
is to ask, given two stations A and B, for a connection with as few transfers as
possible, which doesn’t involve a departure or arrival time at all. Similarly, one
can ask for a connection with the lowest price.

A query can also contain a sequence of via stations together with the duration
of the stays at the respective stations. Further, certain trains or train classes can
be excluded from the set of trains, e.g., if one intends to use a ticket that is
valid only for local trains the intercity trains should be excluded. Also, instead
of specifying the departure time, as in the earliest arrival problem, the aspired
arrival time may be given. Alternatively, such time specifications can be given
as time intervals.
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3 Basic Modeling: The Earliest Arrival Problem

In this section, we review models for solving the first and most fundamental
basic query, namely the earliest arrival problem, in both the time-expanded and
the time-dependent approach. We consider throughout this section a simplified
specification of train connections: We assume that (i) a transfer between trains
at a station takes negligible time, i.e., transfer(S) = 0 for each station S, (ii) ev-
ery train is operated daily, i.e., every day is the same in the timetable, and
(iii) there are no foot-edges. In the following section we show how the models
can be extended to comply with the realistic specification, and also consider the
extended types of queries.

3.1 Time-Expanded Model

The time-expanded model [33] is based on the directed time-expanded graph
which is constructed as follows. There is a node for every time event (departure
or arrival) at a station, and there are two types of edges. For every elementary
connection (Z, 571, S2,t4,t,) in the timetable, there is a train-edge in the graph
connecting a departure node, belonging to station S; and associated with time
tqg, with an arrival node, belonging to station Sy and associated with time ¢,.
In other words, the endpoints of the train-edges induce the set of nodes of the
graph. For each station S, all nodes belonging to S are ordered according to
their time values. Let vy,...,v; be the nodes of S in that order. Then, there
is a set of stay-edges (v;,vir1), 1 <i <k —1, and (vg,v1) connecting the time
events within a station and representing waiting within that station. The length
of an edge (u,v) is ¢, — t,, (for edges over midnight the length is 1440 + ¢, — t,,
respectively), where ¢, and ¢, are the time values associated with u and wv,
respectively. Figure [Il illustrates this definition.

A shortest path in the time-expanded graph from the first departure node s
at the departure station A with departure time later than or equal to the given
start time ¢y to one of the arrival nodes of the destination station B constitutes a
solution to the earliest arrival problem in the time-expanded model. The actual
path can be found by Dijkstra’s algorithm [7].

3.2 Time-Dependent Model

The time-dependent model [4] is also based on a digraph, called time-dependent
graph. In this graph there is only one node per station, and there is an edge
e from station A to station B if there is an elementary connection from A to
B. The set of elementary connections from A to B is denoted by C(e). The
definition is illustrated in Figure [l The length of an edge e = (v, w) depends
on the time at which this particular edge will be used during the algorithm. In
other words, if T' is a set denoting time, then the length of an edge (v, w) is given
by fvw) (t) —t, where t is the departure time at v, f, ) : 7 — T is a function
such that f(, .)(t) = t', and ' > ¢ is the earliest possible arrival time at w. The
time-dependent model is based on the assumption that overtaking of trains on
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C

Fig. 1. The time-expanded graph (left) and the time-dependent graph (right) of a
timetable with three stations A, B, C. There are three trains that connect A with B
(elementary connections u,v,w), one train from C via B to A (x,y) and one train from
C to B (z).

an edge is not allowed, i.e., for any two given stations A and B, there are no
two trains leaving A and arriving to B such that the train that leaves A second
arrives first at B.

A modification of Dijkstra’s algorithm [7] can be used to solve the earliest
arrival problem in the time-dependent model []. Let D denote the departure
station and o the earliest departure time. The differences, w.r.t. Dijkstra’s al-
gorithm, are: set the distance label §(D) of the starting node corresponding to
the departure station D to ¢y (and not to 0), and calculate the edge lengths “on-
the-fly”. The edge lengths (and implicitly the time-dependent function f) are
calculated as follows. Since Dijkstra’s algorithm is a label-setting shortest-path
algorithm, whenever an edge e = (4, B) is considered the distance label §(A)
of node A is optimal. In the time-dependent model, §(4) denotes the earliest
arrival time at station A. In other words, we indeed know the earliest arrival
time at station A whenever the edge e = (4, B) is considered, and therefore we
know at that stage of the algorithm which train has to be taken to reach station
B via A as early as possible: the first train that departs later than or equal to
the earliest arrival time at A. The particular connection ¢ € C(e) can be easily
found by binary search if the elementary connections C(e) are maintained in a
sorted array (or with more sophisticated techniques in constant time). The edge
length of e, £.(t), is then defined to be the time to wait for the departure of ¢
plus length(c). Consequently, fe(t) =t + £c(t). The correctness of the algorithm
is based on the fact that f is non-decreasing (t < t' = f(t) < f(t')) and has
non-negative delay (Vt, f(t) > t).

3.3 Comparison of Models

In the simplified scenario we are investigating in this section, the graphs that
are used in the two approaches are strongly related: Contracting all nodes that
belong to the same station in the time-expanded graph and deleting parallel
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edges afterwards yields the time-dependent graph. Further, the algorithm used
in the time-dependent approach can be viewed as an improved implementation
of the simple shortest-path search by Dijkstra’s algorithm in the time-expanded
approach: If the first edge from some station A to another station B has already
been processed by Dijkstra’s algorithm in the time-expanded graph, all other
edges ¢’y 5 from station A to station B do not have to be considered anymore.
The reason is that such an edge doesn’t provide an improvement since the path
through the first edge extended by some stay-edges to the head of the edge €4 5
has the same length. In a sense, the time-dependent algorithm implements this
observation.

Note, however, that on the one hand the edge lengths have still to be computed
in the time-dependent algorithm, which consumes running time as well, so that it
is not immediately clear which algorithm is faster. We will discuss this question
in Section [l On the other hand, the similarity of the graphs and the algorithms
is disturbed when the realistic specifications are incorporated into the models in
the following section.

4 Realistic Modeling

In this section, we explain how the approaches introduced so far for the simplified
earliest arrival problem can be extended towards realistic problem specifications
and other optimization criteria.

4.1 Transfers Rules

We summarize first how transfer times at stations can be incorporated in the
time-expanded and the time-dependent models, and after that discuss the case
of extended transfer rules.

Time-Expanded Model

To incorporate transfer times in the time-expanded model the realistic time-
expanded graph is constructed as follows (cf. [22I30J28]). Based on the time-
expanded graph, for each station, a copy of all departure and arrival nodes in
the station is maintained which we call transfer-nodes; see Figure Pl The stay-
edges are now introduced between the transfer-nodes. For every arrival node
there are two additional outgoing edges: one edge to the departure of the same
train, and a second edge to the transfer-node with time value greater than or
equal to the sum of the time of the arrival node and the minimum time needed
to change trains at the given station. If the earliest arrival problem shall be
solved, the edge lengths are defined as in the definition of the original model (see

Section B]).

Time-Dependent Model

The original time-dependent model is extended in [29] (cf. also [4]) using informa-
tion on the routes that trains may follow. Hence, we assume that we are given a set
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Transfer

Arrival

Departurd

Fig. 2. Modeling transfer times in the time-expanded approach using the realistic time-
expanded graph (left) and in the time-dependent approach using the train-route graph
(right)

of train routes and their respective time schedules. In the following, we describe
the construction of the train-route graph. We say that stations Sp, S1,..., k-1,
k > 0, form a train route if there is some train starting its journey from Sy and
visiting consecutively St, ..., Sk_1 in turn. If there are more than one trains fol-
lowing the same schedule (with respect to the order in which they visit the above
nodes), then we say that they all belong to the same train route.

The node-set of the train-route graph consists of the station-nodes S rep-
resenting the stations, and for each station S of one additional route-node per
route that passes through the station S, denoted by p7, where i is an index of the
specific route passing through station S. There are three types of edges: (i) edges
from each station-node to the route-nodes belonging to the same station model
boarding a train belonging to the specific route; (ii) edges from each route-node
to the station-node model getting off a train at that station; (iii) for each train
route Sp, ... Sk_q edges that connect the corresponding route-nodes model the
actual train trips.

To solve the earliest arrival problem with transfer times, edge lengths are
defined as follows. The edges modeling boarding a train at a station S are as-
signed the transfer time gs = transfer(S), edges modeling getting off a train
are assigned zero length, and the edges representing the train routes have time-
dependent lengths as in the basic modeling described in Section Given the
query to solve, all internal edges are assigned zero length, and the modified
version of Dijkstra’s algorithm (cf. Section B2]) is applied.

Extended Transfer Rules

Additionally to the transfer times at stations, exceptions which explicitly allow
specific transfers can be modeled in the realistic time-expanded graph as addi-
tional edges connecting the arrival with the departure node of the correspond-
ing elementary connections. Concerning the time-dependent approach, in [29] a
graph similar to the train-route graph is constructed that allows to model also
variable transfer times.
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4.2 Foot-Edges

In the time-dependent approach a foot-edge from station A to station B can
be directly modeled as an edge in the train-route graph between the two nodes
representing the stations A and B. For the earliest arrival problem, such an edge
is assigned a constant edge length: the walking time.

The straight-forward modeling of foot-edges in the time-expanded case is of
course done by time expansion. For each transfer node of A in the (realistic) time-
expanded graph an additional edge is maintained to the first possible transfer
node at B. Another solution for the time-expanded approach is to apply the
time-dependent idea and compute the additional edges during the algorithm
(the node at B has to be calculated depending on the arrival time at B) instead
of explicitly constructing them.

4.3 Traffic Days

Edges representing elementary connections of trains that are not valid can be
simply ignored during Dijkstra’s algorithm in the time-expanded approach, and
the test whether an elementary connection is valid or not can be done by a
lookup in the traffic day bit-mask of the corresponding train, if the day of de-
parture is known. However, the algorithm has to be slightly modified because
it may happen that an optimal connection stays more than a day at a station,
and such connections would not be found otherwise. See [30] for details con-
cerning the modification of the algorithm. In the time-dependent approach, the
traffic days have to be considered in the calculation of the time-dependent edge
lengths.

Problems with traffic days occur when speed-up techniques for Dijkstra’s algo-
rithm are applied that require preprocessing (cf. Section []), because then every
day is different and the preprocessing basically has to be done separately for
each day.

4.4 The Minimum Number of Transfers Problem

The realistic time-expanded graph as well as the train-route graph (cf. Sec-
tion T]) can be used to solve a minimum number of transfers query with a
similar method (cf. [20022J30I28]): edges that model transfers are assigned a
length of one, and all the other edges are assigned length zero. In the time-
expanded case all incoming edges of transfer nodes have length one, whereas in
the time-dependent case the edges that represent getting off a train, except those
belonging to the departure station, are assigned length one, and all other edges
have length zero. Note that the edge lengths in the time-dependent train-route
graph are all static here.

A shortest path in one of the graphs from a node belonging to (resp. rep-
resenting) the departure station to a node belonging to (resp. representing)
the arrival station provides a solution to the minimum number of transfers
problem.
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4.5 Extended Queries
Latest Departure

Determining a connection optimized for the latest departure combined with the
earliest arrival can be done in the time-expanded case by introducing the latest
departure as second criterion and determining the lexicographically first solution.
In the time-dependent model the standard approach is to carry out a backward
search from the destination station to the arrival station once the earliest arrival
at the destination station is known.

Time Intervals

In pre-trip planning one often seeks the fastest connection which starts within
a certain departure interval [tg,t1] (or arrives within a certain arrival time in-
terval). This variant can also be solved by Dijkstra’s algorithm. With a single
starting point, Dijkstra’s algorithm starts by labeling the corresponding event
node with distance 0 and puts it into the priority queue. With a time interval
the only difference is that one initially inserts a label for each departure event
between to and t; into the priority queue and marks all corresponding nodes
with a distance label of 0.

Excluding Trains

The exclusion of specific trains or of train classes, the exclusion or required
inclusion of train attributes with respect to a given query can be handled like
traffic days: We simply mark train edges as invisible for the search if they do
not meet all requirements of the given query.

Via Stations

A query may contain one (or more) so called vias, i.e., stations the connection
has to visit and where at least a specified amount of time can be spent. As-
sume that we have a query (A = Sy, B = Sk, to) with via stations Si, Sa, Sk—1
and corresponding stay durations dy, ds, .. .d;. To answer such a query, one can
simply split the query into basic queries without vias. More precisely, we first
answer the query (A, S1,tp) and may find out that the earliest arrival time at
Sy is t1. Then we answer the query (S, Se,t1 + d1). If ¢; denotes the earliest
arrival time at S; (provided that we have visited Si,Ss,...,S;—1 before), we
continue with basic queries of the form (S;, S;y1,t; +d;) for i = 1,...,k — 1.
Finally, we concatenate the connections found in each of the basic queries to get
the connection which solves the earliest arrival problem.

Cheapest Connections

Many customers are interested in finding a cheapest connection from station A
to B within a certain time interval. Unfortunately, given the complicated fare
regulations in most countries, this goal seems to be intractable. Recall that a
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shortest path problem on a given digraph usually assumes that the length of a
path can be calculated as the sum over the edge lengths which constitute the
path. Given nonnegative lengths, the separability of the objective function then
suffices to apply Dijkstra’s algorithm.

Even in the standard tariff, the fare of a connection is usually not additive
based on its elementary connections. The situation becomes substantially worse if
one would also like to consider the many exceptions and special offers which exist
and frequently change. Hence, there is no hope to solve the cheapest connection
problem exactly and simultaneously efficiently.

However, what one can do is to use fare estimations based on a simpler model.
Miiller-Hannemann and Weihe [22] and Miiller-Hannemann and Schnee [20] use
a simplified fare model which assumes that the basic fare is proportional to the
distance traveled. Depending on the train class an extra supplementary fare is
charged. For the fastest trains like German ICE and French TGV, this supple-
ment is assumed to be proportional to the speed of the train, whereas certain
trains like Eurocity and Intercity trains have a constant surcharge which has
to be paid at most once. With such a simplified fare model we can again use
Dijkstra’s algorithm if we store in our distance labels also flags indicating which
train classes have been used.

Miiller-Hannemann and Schnee [20] use these fare estimates to find low cost
connections in a framework which does not only look for a single best connection
but for several attractive connections.

5 Multi-criteria Optimization

In the previous sections we focused on single-criterion optimization, and in par-
ticular on finding fastest connections. In practice, however, one wishes to find
optimal connections under several criteria. For instance, a customer may want
to ask for a connection with a small number of transfers that departs later than
a given time and does not arrive at the destination too late.

Other additional criteria of interest are fares, convenience (for example, mea-
sured by the used train classes in a connection), stability of a connection in case
of delays (for example, measured by the minimum buffer time of a transfer within
a connection, where the buffer time of a transfer is the difference between the
waiting time and the minimum transfer time), seat reservability (is it possible
to get a seat reservation for all those parts of a connection where the used trains
do in principle allow a seat reservation), etc.

Computing optimal connections under multiple criteria reduces (in a com-
pletely analogous to the single-criterion case) to the multi-criteria or multi-
objective shortest path (MOSP) problem — a fundamental problem in the area
of multi-criteria or multi-objective optimization [I0]. An instance of a multi-
criteria optimization problem is associated with a set of feasible solutions @) and
a d-vector function f = [f1,..., fa]T (d is typically a constant) associating each
feasible solution ¢ € @ with a d-vector f(q) (w.l.o.g we assume that all objec-
tives f;, 1 <14 < d, are to be minimized). In multi-criteria optimization we are
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interested not in finding a single optimal solution, but in computing the trade-
off among the different objective functions, called the Pareto set (or curve) P,
which is the set of all feasible solutions in @ whose vector of the various objec-
tives is not dominated by any other solution (a solution p dominates another
solution ¢ iff f;(p) < fi(q), for all 1 <14 < d, and f;(p) < fj(q), for at least one
i 1<j<d.

Multi-objective optimization problems are usually NP-hard (as indeed is the
case for MOSP), since the Pareto set is typically exponential in size (even in the
case of two objectives). Hence, exact methods (i.e., methods that find all Pareto
optimal solutions) may be efficient under certain circumstances that depend on
the particular instance of a given problem. On the other hand, even if a decision
maker is armed with the entire Pareto set, s/he is still left with the problem
of which is the “best” solution for the application at hand. Consequently, three
natural approaches to deal with multiobjective optimization problems are to: (i)
study approximate versions of the Pareto set that result in (guaranteed) near
optimal but smaller Pareto sets; (ii) optimize one objective while bounding the
rest (constrained approach); and (iii) proceed in a normative way and choose
the “best” solution by introducing a utility (often non-linear) function on the
objectives (normalization or decision maker’s approach).

In the following, we will discuss the above exact and non-exact approaches in
computing optimal connections under multiple criteria.

5.1 Exact Approaches

The straightforward approach in dealing with multiple criteria is to find the
entire Pareto set, that is, all Pareto-optimal (i.e., feasible and undominated)
solutions (connections). As mentioned above, this may be a hard problem. Even
very simple instances of graphs — actually chains of parallel arcs with just two
criteria — may have exponentially many different Pareto optima [I4]. In certain
cases, however, the cardinality of the Pareto set may not be too large and the
Pareto set can be computed efficiently. In the following, we discuss such cases.

Size of the Pareto Set

If the range of valid values of some criterion is restricted to a small discrete set,
adding such a criterion cannot lead to an exponential blow-up. For example, for
the number of transfers we can safely assume a small constant k£ as an upper
bound on its number in practice. Hence, if we add the number of transfers as an
additional criterion to one or more other criteria, the size of the Pareto set can
only increase by a factor of k.

Empirical results indicate that one may have small Pareto sets in timetable
information. In a recent study with 25000 queries to the server of Deutsche
Bahn AG, Miiller-Hannemann and Schnee observed only 3.6 Pareto optimal
connections on average if the three criteria travel time, number of transfers, and
fares are used. The observed maximum was 19 Pareto-optimal connections.

Miiller-Hannemann and Weihe [22] studied the size of the Pareto set also from
a theoretical point of view. They considered certain characteristics found in the
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application scenario in an attempt to explain the huge gap between the poten-
tially exponentially sized Pareto set and the small sizes observed in practice.

An important characteristic of our application is that we can partition the
edge set of our graph models into a small number of different edge classes such
that each edge class has a certain semantics. Naturally, we can take the different
types of edges as individual classes. Moreover, we can refine the class of those
edges modeling elementary train connections into further classes derived from
the type of train (train classes). A similar way to partition the edge set is to
group them by average speed.

Average speed as the ratio of travel distance and travel time relates two cri-
teria together. If we now assume that there are only k different average speeds
(and therefore only k different edge classes), we arrive at the ratio-restricted
lengths model. More generally than just considering speed, but still with two
criteria, we assume in this model that every edge class is equipped with a
value r which denotes the ratio between the length values of the first and sec-
ond criterion, respectively. But even in a bicriteria model with at most £ > 1
different ratios, the number of Pareto optima can still be exponentially large
(Lemma 2.1 in [22]).

Another important characteristic of our application is that Pareto-optimal
connections typically show a certain pattern with respect to the order of used
train classes. Namely, if we order the train classes by their maximum speed, from
slowest to fastest means of transportation, then most connections turn out to
be bitonic: they consist of one acceleration and one deceleration phase. In the
acceleration phase, we start with a slower train and from transfer to transfer we
monotonically use trains with higher average speed until we reach a maximum.
Then the deceleration phase starts and we use again slower and slower trains.
Of course, there are exceptions: for example, in cities like Paris or London one
may have to use the subway when changing between two high-speed trains. But
it seems reasonable to assume that the number of changes between acceleration
and deceleration phases is rather limited for Pareto-optimal connections. This
model has been called restricted non-monotonical.

Combining the ratio-restricted lengths model with the restricted non-monoto-
nical case it is possible to give tight polynomial worst case bounds on the size
of the Pareto set (Lemma 2.3 and Lemma 2.7. in [22]).

Finding the Pareto Set

The standard approaches to the case that all Pareto optima have to be computed
are generalizations of the standard algorithms for the single-criterion case (for a
survey see Ehrgott and Gandibleux [10]).

The main difference is that instead of one scalar distance label, each node
v maintains a list of d-dimensional distance labels assuming that we work with
d criteria. Such a list contains a set of Pareto-optimal paths from the start
node to v.

This immediately leads to a “Pareto version” of Dijkstra’s algorithm (first de-
scribed by Hansen [T4] and Martins [I8]). Instead of storing temporarily labeled
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nodes, the priority queue now maintains d-dimensional labels. In each iteration
of the main loop, we extract the lexicographic smallest label from the priority
queue instead of choosing the node with smallest distance label. If v is the cor-
responding node to the extracted label one updates for all feasible edges of type
(v,w) the list of Pareto optima stored at the head node w. More precisely, a
tentative new d-dimensional label is created and compared to all labels in the
list of Pareto-optima held at node w. It is only inserted into that list if it is not
dominated by any other label in the list. Moreover, labels dominated by the new
label are removed. For a more detailed description of the generalized Dijkstra
algorithm and a correctness proof we refer to [19] and [35].

An adaption of this algorithm has been used by Miiller-Hannemann and
Schnee to build the timetable information server PARETO [20] which relies
on the time-expanded graph model.

In [30I28], Pareto-optimal connections concerning the earliest arrival and mini-
mum number of transfers have been considered for the time-dependent approach.
In this work, it is further shown that the Pareto-set in the special case of a bi-
criteria problem involving the earliest arrival as one criterion can be determined
in the time-expanded approach by running Dijkstra’s algorithm on the real-
istic time-expanded graph with lexicographically ordered distance labels. The
Pareto-optimal solutions are enumerated by the solutions that Dijkstra’s algo-
rithm reports at the destination station (i.e., the algorithm is not terminated
until all Pareto-optimal solutions have been found).

5.2 Approximation Approaches

The ultimate goal of a traffic information system is to offer a small set of highly
attractive connections as an answer to a customer query. In that respect finding
the whole set of Pareto-optimal solutions bears two problems:

1. Not every Pareto-optimal solution is really noteworthy for a customer.
2. Many attractive connections are dominated only slightly.

The first of these two problems can be solved easily by filtering out unattrac-
tive connections. To tackle the second problem, we need a proper notion of
approximate Pareto optimal solutions. Current research concentrates along two
directions: the (recently re-investigated) concept of (1 + ¢)-Pareto set [27], and
the concept of relaxed Pareto dominance, usually called e-efficiency [17142].

Approximate Pareto Sets

Despite so much research in multiobjective optimization [9JI0], only recently a
systematic study of the complexity issues regarding the construction of approx-
imate Pareto sets has been initiated [27]. Informally, an (1 + ¢)-Pareto set P
is a subset of feasible solutions such that for any Pareto optimal solution and
any € > 0, there exists a solution in P, that is no more than (1 + ¢) away in
all objectives. Although this concept is not new (it has been previously used in
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the context of bicriteria and multiobjective shortest paths [I441]), Papadim-
itriou and Yannakakis in a seminal work [27] show that for any multiobjective
optimization problem there exists a (1 4+ ¢)-Pareto set P- of (polynomial) size
|P.| = O((4B/¢)?!), where B is the number of bits required to represent the
values in the objective functions (bounded by some polynomial in the size of
the input). They also provide a necessary and sufficient condition for its effi-
cient (polynomial in the size of the input and 1/¢) construction. In particular,
P. can be constructed by O((4B/¢)¢) calls to a GAP routine that solves (in
time polynomial in the size of the input and 1/¢) the following problem: given
a vector of values a, either compute a solution that dominates a, or report that
there is no solution better than a by at least a factor of 1 + ¢ in all objectives.
Extensions to that method to produce a constant approximation to the smallest
possible (1 + ¢)-Pareto set for the cases of 2 and 3 objectives are presented in
[38], while for d > 3 objectives inapproximability results are shown for such a
constant approximation.

Apart from the above general results, there has been very recent work on im-
proved approximation algorithms (FPTAS) for multiobjective shortest paths by
Tsaggouris and Zaroliagis in [36]. In that paper, a new and remarkably simple
algorithm is given that constructs (1 + €)-Pareto sets for the single-source mul-
tiobjective shortest path problem, which improves considerably upon previous
approaches. The algorithm can be viewed as a generalization of the Bellman-
Ford algorithm. It proceeds in rounds. In each round 4 and for each node v, the
algorithm maintains a d-dimensional label representing an approximate Pareto
set to all Pareto optimal s-v paths with no more than i edges (s is the source
node). When an edge (u, v) is considered during round 4, the algorithm performs
(instead of a relaxation) an extend-&-merge operation. This operation extends
the node label of v in round ¢ —1 with the edge (u, v) and merges the resulting set
with the label associated with v by keeping the solution that approximately dom-
inates all other solutions. This keeps the size of all labels polynomially bounded,
contrary to previous label correcting or setting approaches which used to keep
all undominated solutions and thus resulting in exponentially large sets of labels.

Relaxed Pareto Dominance

Miiller-Hannemann and Schnee [20] recently generalized the concept of relazed
Pareto dominance (also known as e-efficiency [I7/42]) and applied it to traffic
information. In relaxed Pareto dominance, a solution p dominates (in the relaxed-
Pareto sense) another solution ¢ iff f;(p) + hi(p,q) < fi(q), for all 1 < i < d,
and fi(p) + hi(p,q) < fi(q), for at least one j, 1 < j < d, where hi(p,q) is
an appropriately chosen relaxation function. The idea is to make more pairs
of connections mutually incomparable by redefining the dominance relation for
certain criteria. For example, if we do not want to suppress a connection with a
slightly longer travel time, say of less than 5 minutes, then we would define that
connection A will dominate connection B with respect to travel time only if the
travel time of A plus these 5 minutes are less or equal to the travel time of B.
For more examples how to apply relaxed dominance, see [20].
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5.3 Normalization Approaches

In this approach, a utility function is introduced that translates (in a linear or
non-linear way) the different criteria into a common cost (utility) measure. For
instance, when traveling in a traffic network one typically wishes to minimize
travel distance and time; both criteria can be translated into a common cost
measure (e.g., money), where the former is linearly translated, while the lat-
ter non-linearly (small amounts of time have relatively low value, while large
amounts of time are very valuable). Under the normalization approach, we seek
for a single optimum in the Pareto set (a feasible solution that optimizes the
utility function). We distinguish between the case where all criteria are linearly
translated to the common cost measure and to the case where some (or all) of
the criteria are non-linearly translated.

The Linear Case — Weighted Sum of Criteria

The straightforward (and simplest) approach could be to express the relative
importance of optimization criteria by weights and then to optimize a weighted
sum of the criteria. This approach reduces the multi-criteria problem to a single-
criterion optimization which can be solved by the standard Dijkstra algorithm
provided we use a graph model where each criterion is non-negative and additive
on the edges. Setting all but one weight to zero, we get the single-criterion
optimization as a special case.

Such an approach has two serious drawbacks. First, it will inevitably miss
many attractive connections as it will find just one single solution (and not all
Pareto optima). The second drawback of such an approach lies in the choice
of suitable weight parameters. Each potential customer has its own preference
system, but typically this preference system is not given explicitly in terms of
weight parameters. The user (customer or salesperson of a train company) of a
traffic information system and/or the system itself might set the parameters in-
correctly as neither of them will typically know the customer’s preference system
to its full extent.

The Non-linear Case

The case of non-linear utility function is the most interesting one, since it reflects
realistic scenaria in traffic optimization. Experience shows that users of traffic
networks value certain attributes (e.g., time) non-linearly [I5]: small amounts
have relatively low value, while large amounts are very valuable. Also, the vast
majority of transit systems have a non-additive (non-linear) fare structure [12].
Consequently, the most interesting theoretical models for traffic equilibria involve
minimizing a monotonic non-linear utility function. In this case, the problem
of computing optimal connections reduces to the so-called non-additive short-
est path (NASP) problem: given a digraph whose edges are associated with
d-dimensional cost vectors, the task is to find a path that minimizes a certain
d-attribute non-linear cost function.
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Very recently, Tsaggouris and Zaroliagis [36] presented the first FPTAS for
NASP. In particular, they showed how the FPTAS for multiobjective shortest
paths can provide a FPTAS for NASP for any number of objectives and for a
rather general form of a utility function that includes all polynomials of bounded
degree with non-negative coefficients. For the bicriteria case, a FPTAS for NASP
was independently presented in [I].

5.4 Lexicographical Ordering

One other possibility is to settle for only one specific Pareto-optimal solution: the
lexicographically first one. Dijkstra’s algorithm works not only for non-negative
real edge weights, but in general for semi-rings [31]. In our case, edge weights
and node labels are d-tuples, with lexicographical ordering and element-wise
addition.

With the simplified version of the time-expanded approach the lexicograph-
ically first solution can be computed for any d-tuples as edge weights. For ex-
ample, if d = 2, the first element being the travel time and the second one the
number of transfers, among all fastest connections the one with the minimum
number of transfers is computed. With the realistic version of the time-expanded
approach only tuples can be used where the first criterion is travel time. This
restriction is due to the 24-hour cycles induced by the stay-edges belonging to
each station. A special case are pairs as edge weights with travel time as first
criterion. In this case all Pareto-optimal solutions can be computed by Dijkstra’s
algorithm (cf. the last paragraph of Section [B.T]).

In the time-dependent approach the edge weights are required to be non-
decreasing (cf. Section B.2). This is not necessarily true for arbitrary d-tuples
as edge weights, but it can be shown that for the case d = 2, where the first
element is the number of transfers and the second one is the travel time, the
time-dependent version of Dijkstra’s algorithm can be extended to find the lex-
icographically first solution. See [28129032] for further details.

6 Performance

As mentioned in the introduction, the performance of the core algorithms is
crucial for a timetable information system. The average performance is partic-
ularly important in a scenario of a central server that has to answer several
hundreds of (on-line) queries which are issued, for example, through the Inter-
net or through terminals at train stations. We review the results of experimental
studies involving the approaches introduced in the previous sections.

6.1 Simplified Earliest Arrival Problem

The approaches introduced in Section [3] for solving the simplified earliest arrival
problem have been extensively studied, both in the time-expanded and the time-
dependent approach.



86 M. Miiller-Hannemann et al.

Time-Expanded Approach

Schulz, Wagner, and Weihe [33] conducted an experimental study based on the
time-expanded graph (cf. Section B]) with realistic timetable data of the Ger-
man railway company Deutsche Bahn and a sample of half a million of real-world
customer queries. Using a single 336 MHz Ultra-SPARC-II processor, the aver-
age running time per query of Dijkstra’s algorithm was 0.103 seconds. The main
contribution of the study is that it demonstrates that the average running time of
Dijkstra’s algorithm can be drastically improved by applying distance-preserving
speed-up techniques (which still guarantee optimal solutions): a speed-up of a
factor of 34 could be observed, yielding an average running time of 0.003 sec-
onds. More precisely, they used a geometric speed-up technique based on angular
sectors limiting the reachable nodes through an edge, and a graph decomposi-
tion technique based on a small “backbone graph” for finding the shortest path.
Both techniques reduce the search space of the algorithm and rely on a pre-
processing step in which the additional information is pre-computed. Wagner
and Willhalm [40] have shown that other geometric containers are better suited
and yield even higher speed-up factors, in particular bounding boxes around the
reachable nodes through an edge show good results.

The second technique has been generalized by Schulz, Wagner, and Zaroliagis
in [34). They demonstrated, also conducting experiments with the same time-
expanded graph as in [33], that several hierarchical levels (3 or 4 levels for the
data used) of backbone graphs yield better running times than only one addi-
tional level (by a factor of roughly 3). See also [39] for a survey on speed-up
techniques for shortest path algorithms.

Time-Dependent Approach

Brodal and Jacob proved in [4] by a detailed theoretical analysis of operation
counts in both approaches that the time-dependent approach is more efficient
than the time-expanded approach. This was also the starting point of an experi-
mental comparison of the two approaches conducted by Pyrga, Schulz, Wagner,
and Zaroliagis [30/28]. They revealed that indeed the time-dependent approach is
faster than the time-expanded approach by factors in the range 12 to 40 depend-
ing on the data set (timetables consisting of French and German long-distance
traffic as well as two timetables consisting of local traffic have been used).

Basically, the preprocessing speed-up techniques mentioned above for the
time-expanded case can also be applied in the time-dependent approach; how-
ever, we are not aware of experimental studies dealing with this issue.

6.2 Realistic Single-Criterion Problems

In the experiments mentioned above [28], also the realistic specifications have
been considered. Solving the minimum number of transfers problem is clearly
faster (by a factor of roughly 4) in the train-route graph than in the realistic
time-expanded graph. This is due to the fact that in this case the train-route
graph is also static and smaller than the time-expanded graph.
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Concerning the realistic earliest arrival problem, the picture looks different: The
average running times of the time-expanded and the time-dependent approach are
almost equal, only a speed-up factor of 1.5 was observed. Comparing the aver-
age running time for solving the simplified earliest arrival problem to the realistic
earliest arrival problem, the time-expanded implementations solved the simplified
version only slightly faster (by a factor of less than 2), while the simplified time-
dependent implementation was faster by a factor of 5.

6.3 Multi-criteria Optimization

Finding all attractive connections with respect to travel time, fare, and number
of interchanges is of course more expensive than just searching for a fastest
connection. In the implementation of [20], such a search needs about 10 times
as long as the search with a single criterion. For the multi-criteria case, we still
need more effective speed-up techniques.

7 Conclusion

We have discussed time-expanded and time-dependent models for several kinds
of single- and multi-criteria optimization problems for timetable information
systems that provide optimal solutions via shortest paths. Extensions that model
realistic requirements (like train transfers) can be integrated in both approaches.
The time-dependent approach is clearly superior with respect to performance
when the simplified earliest arrival problem is considered, and speed-up factors
in the range from 10 to 40 were observed. When considering extensions of the
models for the solution of realistic versions of optimization problems in the single-
criterion case, the performance of the two approaches is almost equal. Speed-up
techniques yield running times indicating that these approaches are applicable
in practice. The main open question is how these speed-up techniques—relying
on additional information computed beforchand—can be extended to deal with
dynamic changes of the timetable; such a change of the timetable invalidates the
preprocessed information. Possibly, the additional information can be adapted
by small updates to cope with both “off-line” changes like the treatment of
different traffic days and “on-line” changes caused for example by accidents.
For other optimization criteria, it is more likely that the integration can be
modeled directly by edge lengths in the time-expanded model than in the time-
dependent model: In case the criterion can be expressed as additive costs for
elementary connections, these costs induce edge lengths in the time-expanded
graph. In contrast, in the time-dependent approach it is not clear if the costs can
be mapped to feasible edge lengths, since only the first elementary connection
per edge is considered. Because of this most studies concerning multi-criteria
optimization have focused on the time-expanded approach. In that, (relaxed)
Pareto-optimal solutions are desirable, and it turns out that in practice the size
of the Pareto frontier is quite small, such that labeling approaches are feasible.
For practical application, the multi-criteria optimization techniques provide the
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most satisfactory solutions. However, further speed-up techniques are required
(the techniques for the single-criterion problems cannot be directly applied for
the general multi-criteria algorithms) in order to yield a performance that is
acceptable for a real-world timetable information system.
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Abstract. Reliable evaluation of the efficiency of timetables is very im-
portant for transportation companies today, because of increased com-
petition on the market in Europe. Two major contributions to the cost
of a timetable are the rolling stock (RS) and crew. Especially when the
service level is increased, it is necessary to evaluate the need for new RS
and hiring of crew in advance. In this paper we describe two models, one
for evaluating the amount of RS, and one for evaluating the crew needed
for a given timetable. The decision makers use the models as tools to
choose between different timetables, to dimension the workforce, and to
decide on the optimal fleet composition before buying new RS.

1 Introduction

DSB S-tog a/s (S-tog) is the Danish train company responsible for the trains
in the greater Copenhagen area. S-tog is owned by DSB which runs most of
the trains in Denmark. The railway was established in Denmark in 1847, and
the S-tog part was founded in 1934. Since then the network has grown and the
complexity of the planning process has grown as well. The timetable for 2007 is
currently under preparation in S-tog. The discussion is based on a questionnaire
among the customers to evaluate the trade-off between decreased travel time and
more frequent trains. Based on the answers, a number of possible timetables
have been produced and these must be evaluated regarding functionality and
cost. Since the major part of the cost of a timetable comes from investments and
daily use of RS and crew, it is important to have reliable models for evaluating
the cost of these two factors at the tactical and strategic levels. The present flow
in this process is that, based on the timetable, an RS plan is made. Based on
the RS plan, a crew plan for drivers is constructed. The process is lengthy and
currently performed manually.

This paper describes two models based on Integer Programming (IP) to eval-
uate the need for RS and crew. Both models are based entirely on data from the
timetable and experiences from the past, i.e. the models can be run in parallel
without the need of the usual workflow where the crew planning cannot start
before the RS plan is finished.
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These models solve a number of problems common to many companies: Com-
paring the budget for different suggested brands (e.g. timetables), increasing
service level without increasing the current budget, and increasing satisfaction
among employees (i.e. drivers) by evaluating possible changes in labor rules, still
within a reasonable budget.

The RS model for the Capacity Assignment Problem (CAP) has been used
both at the strategic level to decide on the composition of the fleet and at the
tactical level to decide on the distribution of the fleet during rush hours. The
Crew model solving the Manpower Planning Problem (MPP) has been used at
the tactical level to estimate the number of drivers necessary for three day types.
Previously, the cost per train kilometer was calculated based on timetables, and
this factor was used to evaluate the total cost for drivers in new timetables.
Recently it was discussed in S-tog to change the “shape” of the production from
one peak (morning rush hour) to two peaks (morning and evening rush hour).
Here the old method is expected to be not sufficiently precise. In relation to
special plans, the model is also used to estimate the number of drivers as a goal
for the daily crew planners and as a quality measure for their work.

Finally, both models have been used to compare timetables where different
objectives have been incorporated, e.g. the trade-off between higher frequency
and faster travel times.

The paper is organized as follows: Sect. 2 gives background information about
S-tog and terminology. Sect. 3 describes our solution for the CAP, and Sect. 4
presents our solution for the MPP. Finally, Sect. 5 contains conclusions.

2 Background and Terminology

2.1 The S-tog System

The timetable for S-tog is cyclic with a twenty minutes period. Departures are
divided into lines. Each line has a fixed stopping pattern and two termini. The
network consists of a central segment where most lines stop at every station and
six rays emerging from the central segment. A timetable has a certain format.
That is, it has predetermined cyclic periods and its lines cover predetermined
rays. An example of a timetable format is high frequency. A line typically runs
on two rays, but a special set of lines, called “The Ring”, connects several rays.
Each ray is covered by more than one line, implying that large stations have
a higher frequency than twenty minutes. Since most passengers and trains pass
through the central segment, this is often the main focus for strategic and tactical
questions. The lines running along the rays are either stop lines, stopping at all
stations, or quick lines stopping only at a subset of stations. A train set is a train
following the timetable and consists of train units. A round for a train set is the
time it takes to run from one terminus to the other terminus and back again. A
closed circuit is the set of train sets required to cover a round. That is, the first
train set in a round succeeds the last train set in the previous round.

The frequency is decisive to the number of train sets necessary for making an
entire closed circuit on each line, e.g. line H driving between the stations of Farum
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and Frederikssund needs ten train sets to ensure the steady frequency of twenty
minutes as it, including turn around at the termini, takes three hours and twenty
minutes to drive from Farum to Frederikssund and back again. Fig. [dlillustrates
the infrastructure for S-tog, i.e. the network composed of stations, lines, and
rays. The RS types at S-tog is named 2g and 4g, where ¢ is an abbreviation for
generation. Among the 4g units both small and large units exist. For 4g units,
two small units are almost equal to one large unit. The large unit has a slightly
larger capacity than two small units. The current RS quantity consists of 40
units of 2g, 93 units of large 4g, and no small 4g units. In the beginning of 2005,
the first small units of 4g were introduced and in the beginning of 2006 S-tog
expects that 31 units of small 4g are available. The feasible compositions are as
follows: 2g can be combined and 4g can be combined. It is not possible to mix
2g with 4g. At most two 2g units can be combined. Up to four 4g small units
can be combined and two small units can be exchanged for one large.

S-tog has approximately 530 drivers including standby personnel. As in many
other companies, a complex set of rules governs the daily work for drivers. The
daily activities of drivers include driving, having a break, and deadheading, but
no local shunting tasks.

2.2 The Current Planning Process

The first step of the current planning process in S-tog is to determine stopping
patterns of the lines. Then, the timetable is constructed using these lines. The
main objective is to minimize the total number of train sets needed to run the
timetable subject to restrictions on connection times between lines at certain
stations. Given the timetable, the RS is planned. First, waiting times at the
termini are determined. Most often, each line has it own set of RS during the
day, but some times two lines are merged to share RS. This is also determined
in this step. Second, the number of units for each train is determined along with
the shunting moves at the termini. To balance the number of RS at the depots,
empty RS movements are added to the plan. After the RS plan is finished, the
crew plan is worked out. The normal plan for RS and crew is usually valid for
one year, but almost every week special plans are made due to maintenance of
the tracks. In a special plan both the plan for RS and the plan for crew can be
altered.

2.3 The Problems

Input to the CAP model are the trains in the timetable and the passenger de-
mands for each train. The CAP model assigns train units to each train set on
each line according to the best fit to the demand size, given constraints on the
train composition and capacity demands. All demands must be covered with at
least one train unit. To ensure feasibility, the model allows standing passengers.
Standing passengers must not exceed limits of maximum 35 passengers and max-
imum 5% standing passengers in a train set. The objective is to minimize the
total number of train kilometers, minimize the (percent wise) number of stand-
ing passengers, or maximizing either the reserve of RS (available to the repair
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Fig. 1. The S-tog network. 'The Ring’ corresponds to the two lines F and F+. The
main crew centre is Kgbenhavn H.

shop), or to maximize the capacity allocated to peak hours. The CAP focuses on
a closed circuit for all lines at a time, i.e. benefits of coupling and decoupling are
not evaluated. Instead the model calculates the RS need for the different periods
of the day. We run several scenarios of the CAP and compare them, thereby
obtaining information for making strategic decisions.

For the MPP model, the day is divided into time intervals. The inputs to the
model are the RS workload, i.e. the number of train sets running in each time
interval, and a set of duty templates. A duty template is a schedule for a working
day for a driver. A schedule is composed of values between 0 and 1 for a number
of time intervals. These values indicate the fractional amount of the time interval
that a driver following the schedule is able to drive a train.
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Neither the RS workload nor the duty templates say anything about the
particular lines to be driven in the time interval. Each train set requires only
one driver regardless of the number of units. The model covers the RS workload
by the schedules for the duty templates in the solution, while minimizing the
total number of duty templates used.

The main application of a solution to the MPP is to compare timetables
considered by management for future operation. The reason for introducing a
mathematical model for the MPP is to enable a comparison of timetables with
different shapes of the RS workload. Using the previous method, different profiles
with the same total RS workload would require the same number of drivers, but
using the new model we are able to distinguish different profiles by the number
of drivers needed.

2.4 Literature Review

A very similar model for evaluating the need for RS has been suggested by
Abbink et al. [I]. They present an IP model used to assign material types and
subtypes to the eight o’clock cross section (the busiest time). Otherwise, the liter-
ature has mainly focused on the operational problems. The RS problem has been
investigated in a number of papers. Schrijver [I4] developed a network model for
minimizing the number of train units during the week for Dutch Railways on the
Amsterdam-Vlissingen line. CPLEX is used to solve the instances and speedup
is suggested by finding convex hulls of constraints and first branching on vari-
ables corresponding to rush hours. The model does not include maintenance and
shunting, and no standing passengers are allowed in the trains. Brucker et al.
[3] investigated a local search approach (simulated annealing). The model takes
empty RS movements into account, but no maintenance. Shunting moves are
partly solved by allowing a minimum time for shunting operations in the model.
The model is tested on data from Wiirttenberg (Germany). Ben-Khedher et al.
[2] study the problem of allocating train units to the French High Speed Trains.
Cordeau et al. [4] present a Benders decomposition approach for the locomotive
and car assignment problem. The model is extended to include maintenance con-
straints in Cordeau et al. [5]. Lingaya et al. [I1] study the problem of allocating
carriages to trains at VIA Rail in Canada. Coupling and decoupling of carriages
and the order of the carriages are considered. Finally, Peeters et al. [12] present
a branch and price approach outperforming a CPLEX run of the same model
with similar branching.

The literature on crew planning is very large and the following list of references
is not complete. The problem has been studied in the context of bus drivers [6I13],

airline crew [7/15] and railway crew [S[9JI0].

3 The Capacity Assignment Problem

The CAP is the problem of allocating train units to train sets. In this section the
model is described in the three different versions mentioned above; Minimizing
driven kilometers, Maximizing reserves, and Maximizing capacity in peak hours.
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The CAP is, when taken out of a context, an allocation of RS units to trains.
At S-tog we have used the CAP for especially the morning peak, which is the
most constrained time of the day with respect to the number of RS units in use.
Using a forecast of the demand of the morning peak estimating two, five or ten
years ahead enables us to predict the maximum load in the future and hence
enables strategic choices with respect to, for example, the timetable format. The
results of the CAP are integrated with other informations as e.g. the expected
possibility of resizing trains during the day and expected transports of trains to
the workshop and cleaning facilities to give the total cost of driving a timetable
of a certain format. Often, if the results of the CAP for a certain timetable are
poor with respect to utilizing RS units expediently, the evaluation process is
aborted.

3.1 Describing the CAP Model

The model is described by the lines, I € L, where L = {1,...,|L|} and |L| is the
number of lines, and the train sets on each line, s € S, where S; = {1,...,|S|}
and |S;| is the number of train sets in each line I. Also described by indices are
the train type, t € {2¢,4g}, and the number of train units, a, = n € Ny, where
Ny ={1,...,|N¢|} and |N| is the maximum number of units coupled in a train
set for train type t. The length of train units is in the presented model 2 for
both types of train units. It is denoted length; = {2,2}. The maximum length
of a train is MaxLength = 4.

The decision variables of the model are binary and describe whether a given
number of train units of a certain type are put on a train set on a given line.
The variables can be described by the expression below:

Ll,s,t,n =

1 if there are n trains of type ¢ on train set s of line [
0 otherwise.

For every train set on each line we also include a decision variable giving the
number of standing passengers, v; ;. Also decision variables, p; s, of percent wise
standing passengers are included in the model. The mathematical model for the
CAP has been set up with three different objective functions, namely Minimizing
driven kilometers, Mazximizing reserves, and Maximizing capacity in peak hours.
The constraints are the same for the three versions except for a few adjustments
or additional constraints.

The objective functions consist of two terms. One term referring to ;s
and one referring to v s and p; . All solutions are evaluated subjectively and
this creates the need for being able to tune the weights in order to affect the
variables. The weights in the last term, W5 and W3, are besides being weighted
according to Wi, also normalized in relation to each other. That is, the weight
W3 reflects that p; s is measured in percent compared to vy .

To keep the sum of standing and percent wise standing passengers down, both
sets of variables are included in all three objectives.

Each ray in the timetable is assigned its length in kilometers and the number of
trips the train makes during the considered time period of the run. The objective
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when Minimizing driven kilometers is to cover the demand on trains by assigning
train units to trains such that the sum of driven kilometers is minimized while
satisfying the constraints.

min [W; - Z kmy + Z(Wz “vl,s + Wa e prs)] (1)
l l,s

The number of kilometers driven on each ray is calculated from the binary
variables:

395l

km; = Z trainK M - a,, - lengthy - xp s 4., VI E L (2)

s,t,n

In the version Mazimizing reserves, the train units are allocated to the train sets
only according to the size of demand. The model still allows standing passengers
but the driven kilometers are not included in the objective. Since the number of
train units are minimized, the reserves are maximized.

min [Wl : Z (Capt,n . xl,s,t,n) + Z(W2 *Uls + W3 'pl,s)} (3)
l,s,t,n l,s

The version Maximizing capacity in peak hours differs from the other versions
as it seeks the best use of the entire fleet in the peak hours, i.e. all the fleet is
allocated in the best possible way according to demand. This is interesting when
evaluating the ability to cover future demands in the different timetables. The
capacity allocated to predefined peak hour trains is maximized, i.e. the model
maximizes the total number of seats in peak hours, P.

max [Wl . Z Z(Capt,n : xl,s,t,n) - Z(WQ *Uls + W3 . pl,s)] (4)
lit,n seP l,s

For all feasible solutions the total sum of used train units for each train type is
bounded by the maximum capacity of units of each type.

Z an - T stn < TrainCapacity, YVt € {2g,4g} (5)
l,s,n
Each train must be covered by at least one train unit.
le,s,t,n Z 1 Vs S Sl (6)
l,t,n
The upper bound on the length of each train must be less than two, which is
the maximum train length, cf. Sect. 2.1}
Zlengtht “n Tstn < MaxLength Vle L,s €S (7)
t,n
The seat capacity allocated to a train plus the amount of standing passengers

must cover the demand for that specific train.

Z(seatst’n ‘Tl stn) +Us > Demand; s Vi€ L,se€ S (8)

t,n
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Politically it has been decided that S-tog, if possible, should offer seats to all
passengers. This restriction is formulated in the model partly by bounds on
the standing passengers and partly by bounds on the percent wise number of
standing passengers. Both sets of variables are included as both are formal re-
quirements in the company defining the softly formulated political demand. The
number of standing passengers on each train must be less than a minimized
percentage of the capacity on a train. As this is non-linear, we allow the approx-
imation below, i.e. the number of standing passengers on a train must be less
than a minimized percentage of the demand. This is acceptable as the capacity
often lies very close to the demand.

vs < Demand; s -ps VleL,selsS (9)

The model also contains restrictions on preventing the allocation of certain train
type units to certain rays. These restrictions are kept by fixing a subset of the
decision variables x; s, at zero, where [ is a given ray in the network and ¢ is
a given type.

3.2 Complexity

Even though the model is a mixed integer programming model, it is in its present
form easy to solve — CPLEX 8.0 has a running time of a fraction of seconds.
Adding one or more train types will increase the complexity of the problem.
Also the S-tog network contains only a limited number of rays of small length.
Therefore, the number of RS to which units are assigned is small. It is important
to mention that the standing passengers are characterized by real variables in-
stead of integers. Due to the structure of the model, the solutions will be integer
regarding the standing passenger variables.

3.3 Calculating Demands

The CAP model has three major inputs; a timetable, a set of preference-constants
and a set of passenger demands. First the information from the timetable is used
to determine the number of lines and the operating time of each of these lines.
The operating time varies across lines. As the model considers a limited period of
a day, the lines included are those with operating hours in the time interval of the
model. Passengers have certain preferences for stop versus quick lines and these
vary over the rays in the network. In the CAP we assume these preferences
constant for each ray and we will refer to them as preference-constants. The
preference-constants depend on the structure of the timetable and they should
be adjusted for each timetable evaluated in the CAP. The preference-constants
are used when the passenger demands are calculated for each train set in the
model. They are multiplied with the demands for an entire ray giving demands
for each line on that ray. For each line there are again demands for each train
set on that line. It is adequate to model the CAP in this way without stations
because we are able to characterize all train sets by defining a closed circuit. All
train sets are included exactly once in the model.
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3.4 The Problem Core of the CAP

The CAP model is used to evaluate timetables against each other. The CAP
is used in three different versions to evaluate the effect of changing to other
timetables than the current. Each version evaluates the timetables individually,
i.e. for each timetable the versions are solved and the results are compared to
corresponding results on other timetables. The CAP model is run for differ-
ent periods during the day and comparisons are then made within each period.
The time periods considered are “morning peak”, “day”, “afternoon peak”, and
“late evening”. Due to the construction of our demand during the day, we as-
sume that “early morning” resembles “late evening” and “day” resembles “late
afternoon” / “early evening”. Therefore, the analysis covers a complete day. The
over-all effect for a timetable is calculated as the sum of all effects on the versions
calculated over all periods of a day. Both weekdays, Saturdays and Sundays have
been considered.

3.5 Results

We have generated a substantial amount of results using the CAP. However,
most of these are confidential and cannot be published in detail. Below, we give
a flavor of the results on a more general level of detail.

We have compared a 10 minutes frequency timetable (10TT) with a 20 minutes
frequency timetable (20TT). The comparison was made as a part of a larger series
of tests aiming to clarify which of two train types, small or large, are preferable
in future production. The solution for the 10TT showed a distribution between
allocated small and large units of 37.5%/62.5% whereas the solution for the
20TT showed a distribution of 4.2%/95.8%. The results confirmed very clearly
that smaller train units are far more important in the 10TT.

When comparing the two timetables, 10TT and 20TT, with respect to the
number of train units used and the higher number of departures offered for the
passengers, the 10T T is clearly preferable as it employs a relatively lower number
of train units. The 20TT uses 21.75% of the total fleet. Using this allocation of
units to trains on a timetable of 10 minutes frequency would mean doubling the
use of train units to 43.5% of the fleet. Compared to this the CAP run of 10TT
gives a solution using 36.1% of the fleet. The 10TT is, as expected, preferable
with respect to offering an expanded product to the customer and minimizing
the train units allocated in the solution. The relatively low utilization of the RS
is a result of the less strained time period considered. The number of drivers
necessary for driving the 10TT is much higher than the need for drivers in the
20TT as the number of departures is doubled. The exact number of necessary
drivers depends on the solution in the MPP as this is where the driver efficiency
is found. Note that the cost of RS per unit is much higher than the cost of a
driver. Therefore the result of CAP will often be decisive with respect to the
expansion of the production.

In the transition phase of exchanging all RS with new ones, the aim is to offer
the new 4g train units to as many passengers as possible. This objective must
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be combined with the objective of covering the demand with as few train units
as possible. A solution was found with the CAP fulfilling both objectives. It
showed a distribution of passengers on 4g and 2g of 68.3%/31.7%. The present
solution, at that time, had a distribution of 20.3%/79.7%. Also the CAP solution
decreased the utilized number of train units in use by 22.6%. Part of this high
decrease must be seen relative to the fact that the seat capacity on 4g is higher
than on 2g. That is, a passenger demand may be covered by two 2g train units
or alternatively a single 4g train unit. In practice, the results initiated a two
step manual process of first changing the distribution of 4g and 2g to offer 4g to
more passengers and secondly reducing the number of train units used to cover
the demand. This manual improvement did not reach the level of the optimal
solution found with the CAP, mostly due to the manual planner’s distrust in the
level of estimated demand.

3.6 Related and Future Work

We have focused on comparing proposed timetables and on the economical eval-
uation of new timetables regarding RS and drivers. It is however possible to
use the CAP in other contexts. Several of the problems mentioned below have
already been addressed and one of them is in progress.

Capability to Handle Increase in Demand

Given the present timetable, it is interesting to see how large an increase in
demand we can handle. The timetable is fixed and different levels of increase
in demand are investigated. It is relevant to investigate each of the versions of
minimizing kilometers, maximizing reserves and maximizing capacity allocated
to peak hours.

Locating Potential Areas of Savings

The CAP has been used to evaluate the saving potentials in different areas in
the network. Presently the RS plans are constructed manually and therefore the
automated search for potential saving areas becomes an important tool. The
model allocates train units to lines while minimizing the driven kilometres.

Evaluating a Possible Other Formation of the Fleet

Another core problem considered is the prospect of having more of the shorter
units of 4g material. Given a possibility to change the composition of the order-
contract of short and long train units of the new RS type, it is interesting to
compare different possible scenarios of different fleet formations.

Assuring the Best Possible Phase Out of the 2g RS

New material will soon eliminate the need for the old type of RS. The new train
units are received over a long time period and it is necessary to start using the
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new RSs before all units have been delivered. This implies a need for a phase
out plan for the old RS type. S-tog is receiving one type of new RS, which can
have two different lengths. There have been considerations of how to exploit
the shorter one of the new RS type. Because of difficulties in shunting and the
possible need for more shunting personnel, the savings of letting the new train
units drive in combinations of a short and a long unit had to be clarified. That
is, if the savings of combining the short and long units are high, the increased
complexity and time needed for shunting is ignored. Also earlier experiences on
driving short units alone have not been good for other types of RS. Therefore
there has been a need to document any saved cost of driving trains with only
one short unit assigned. The estimate of the savings was found by looking for
the solution with the fewest possible driven kilometres and allowing all possible
combinations of the new RS type.

4 The Manpower Planning Problem

The MPP is the combinatorial problem of covering an RS workload profile for a
day with duty templates of certain structures. An optimal solution to an instance
of MPP is a schedule of a minimum number of duty templates located during
the day. In other words the model seeks to minimize the number of drivers by
finding the best pattern of check-ins. The detail of the time intervals in the
model implies a solution to be too crude for the actual allocation of the drivers
but useful for planning the number of drivers needed for the timetable related
to the instance.

4.1 Workload Profiles and Duty Templates

The input to our model is the workload profile for the RS and a set of duty
templates resembling real duties.

It is possible to determine the exact start- and end times for each train set in
the RS plan. Subsequently, the number of running train sets in the network is
determined, where each of these needs a driver. We have chosen to consider time
intervals of fifteen minutes where the driver can check-in, cf. Fig. 2(a). Thereby,
the coarse intervals make the location of the exact time for the workload for each
train set uncertain within the particular interval.

According to collective agreements a duty template must be constructed fol-
lowing specific rules. Considering the structure of a duty, the following rules
must be respected:

1. The duty time must be between six and nine hours;

2. There may be one break with a minimum length of 30 minutes, or two breaks
with one break at least 20 minutes and the sum of two breaks at least 45
minutes;

3. The working day starts with fifteen minutes check-in and ends with ten
minutes check-out.



102 M. Folkmann, J. Jespersen, and M.N. Nielsen

80
70
B0
&0
H
S 40
£
<
a0
20
10
. I H
= 5 85 5 s 5 5 8 5 8 5 8 =2 5 85 8 858 5 8 58 8 8 8 35
B 8 8 5 8 8 8 8 8 8 8 8 8 8B 8 8 B 8 8 B8 8 8 8 8
B S 2 2 ° 83 58 2 & 2 S 8 & :f 2 8 5 - R oA %oa 8
8 € ¢ ¢ £ = 98 2 & 2 2 8 & & 8 % 4 §
Time
. ]
(a) Workload Profile for RS
120 12
100 4
080 —{HH H— HA—— o —{HHHHN L O
E
E
£
g 080 1 ninienini min EU‘E—————— HHHH FHHHHE———
= <
040 HHH —H——HHH HH—— .. HUHHN HHHU EE R
020 == H - —HH—H HH 02 L LI L
I | I i
29888 g2g88¢88388058¢88% e s s T e e e g m e w g
= =] = = A & =] ful o 3 i i =3 i [ [ =3 Q =3 = = - - - - ™ oL o o o
ES2s58888 2828888353 g2 88s55:z5888¢88
Time Time
(b) Template real-life (c) Template 1
1.2 1.2
1 1
o0& —HHHHHH HEHHH HHHHHHF— o HHHHHHHH—HHH A HH—HHHHHHH—
E E
06 —HHHHHH HHHH HHHHHH— 8 %6 HHHHHHA—HHH AR A ——HHHHAAR——
g §
04 +—HHHHHH HHHH A H— 0 4HHHHHHH—HHHHH A ——HHHHHHH —
o2 +HHHHHH H HHHHHH— sz A HHHHHH A HHH A A A —HHHH A A A
o o
T == =3 35 == 8388 S 3 = =5 = = = 5 = 5 5 8 & & = & &
58 2 52 88 8¢2 83082848 8 = 5 5 8 8 8 8 8 8 8 8 8 8 8 8
g 8 5 5 8 8 2 B & &2 £ & & 8 5 2 28 = 5 8 8 8 8 &8 &2 8 8 8 8 5
Time Time
(d) Template 2 (e) Template 3

Fig. 2. Workload and duty templates

The templates in the model are based upon a historical set of duties. It is
assumed that these duties satisfy union rules. Distinction will be made between
driving time and other time. Driving time is characterized by the time the driver
is at hand for driving or handling the RS and with exclusion of e.g. waiting time
at the termini where no option for a break is possible. A graphical representation
of a template is shown in Fig. 2(b). The x-axis shows time during the duty in
fifteen minutes’ intervals and the y-axis shows the percentage of driving time
in each quarter. For each template the first and last quarters are always check-in
and check-out time, hence having zero driving time.
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We include waiting time at the termini as driving time in the template, i.e.
time associated with RS and round up the driving, cf. Fig. 2(e). Not all minutes
according to the rules are multiples of fifteen minutes and rounding up the
driving time implies that the efficiency of Fig. 2(e) is larger than in practice. A
template where no rounding up the driving time in the time intervals is done
gives a more detailed template. Caused by the mentioned rules with different
types of time off we constructed two templates showing these details; Fig. 2(d)
illustrates details handled for the breaks only, and Fig. 2(c) also considers details
in relation to check-in and check-out.

Along with the rules for each duty, the following rules across duties need to be
fulfilled in order to make a set of duties acceptable to the collective agreement:

4. Average duty time for a person is at most seven hours, and therefore we
restrict the entire plan to have an average duty time of at most seven hours;

5. The number of duties with one break must be less than the number of duties
with two breaks. This rule is managed by the average number of breaks over
all duties which is a value between 1.5 and 2.

Rule 4 clearly affects the solution and the feasibility, given the different duty
templates. If none of the possible duty templates considered has a length below
seven hours, the problem is infeasible.

Some rules, even though demanded by the collective agreement, are not con-
sidered in the model. One example is the 11-hours rule, stating that each driver
should have at least 11 hours off in between two consecutive duties. Experience
shows that this is well handled during the roster planning.

4.2 Description of the Model

As mentioned previously, the model considers a period of one day in time in-
tervals of fifteen minutes: Time = {1,...,T}; where T is 96. The set Timecn,
is the set of possible check-in times of a driver, where Time.;, C Time. Let
D ={1,...,|D|} be a set of duty templates. We define T; to be the length of
duty template d € D measured in time units.

With reference to Sect. Il a duty template is characterized for every time
unit in the template, denoted d(l) with [ € {1,...,T}. The value for d(I) is the
availability for driving in the time slot, that is d() € [0;1].

The number of drivers to be checked in at cin with a duty template d is
described by Zcin,q. Let N = Timecy, X D be the set of all combinations of
check-in times and all duty templates. The constraint of covering the workload
b; in time interval i is expressed by the multi cover inequalities:

y; > b; for i € Time, with (10)

Yi = Z Z Lein,d * d(l) (11)

deD cin€li—Tyq+1;i]
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for | =i — cin + 1, i.e. the corresponding time interval in the duty template. In
other words, y; denotes the number of drivers that are available in the ith time
slot.

The rule of a maximum average time of maxTime over all duties is enforced

by:
Z Z Zein,d - (Ty — maxTime) <0 (12)
deD cin€Timecin

In order to satisfy the rule of an average for the breaks we implement this with
bounds by:

LB - (Z Z Tein,d) < Z Z Tein,d - breaks(d)

deD cin€Timecin deD cin€Timecin

UB - (Z Z Teind) > Z Z Tein.d - breaks(d)

deD cin€Timecin deD cin€Timecin

(13)

where, breaks(d) equals the number of breaks in the duty template d; LB/UB
define the lower/upper bound for the average number of breaks over all duties,
according to rule 5 in Sect. €11

The objective is to minimize the total number of selected duty templates:

min Z Z Wein,d * Lein,d (14)

deD cineTimecin

Adding a specific weight to each duty template according to e.g. the time of the
day allows us to implement cost for early versus late working hours.
The complete model then consists of the objective function in (I4), the book-

keeping variable y; in ([dl), and the inequalities in ([I0), (I2)) and (I3).

4.3 The Test Setup

To validate the model, we created instances of the MPP for which we have a
manually produced feasible solution. The data are from a day in the spring of
2004.

Demand for drivers must include the need for deadheading trips necessary at
any given time interval. This is included in the model simply by adding the need
for deadheading trips at any given time interval to the workload.

Considering the workload illustrated in Fig. 2(a), only 82 of the 96 quarters of
a day actually refer to operating RS. From approximately 1:30 to 5:00 there is no
demand for drivers. Because of the structure in the workload, the combination
of the breaks has significant impact on the solution. To ensure the most general
model, we allow a duty to start at any point in time.

We define three sets P1, P2, and P3 of duty templates containing six templates
with the same level of detail. The three different levels of detail are illustrated
by the three templates, Fig. 2(c)— 2(e). The six templates in each set are derived
from six duties used on the particular day in 2004. The average efficiency of the
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sets of duties is respectively 71%, 73% and 77%, the difference implied by the
level of detail regarding the utilization of each quarter.

The average duty time for the manually produced solution was 6:55, which is
the value for mazTime in equation ([I2). The solution for the problem instance
has 67 duties with one break and 174 duties with two breaks, a total of 241. This
gives an average number of breaks of 1.722. The bounds for the average number
of breaks are chosen as +1%, +5% and +10%. We have chosen the most tight
as 1% due to the fact that the break average is an approximation itself. The
+10% value seems to be too large, but it is interesting to see the effect of this.
For a solution to instances with +10% considered, the number of duties with
one break lies in between 26 and 108.

The runs have been made on a DELL Latitude D600 with a Genuinelntel
Pentium M 1700 MHz processor with 2GB RAM. The software was GAMS IDE
2.0.23.10 on a Windows 2000 SP4 environment using ILOG CPLEX 8.1.0. All
instances have been run for six hours with zero tolerance for the gap.

4.4 Results

We ran two types of experiments, one minimizing the number of duties and
one minimizing the total duty time. This is implemented by the weights in the
objective function, cf. ([I4)). For the first type, the weights are ones and the
results are presented in Table [[(a). For the latter, the weights equal the duty
times corresponding to the duty templates and Table [[[(b) contains the results.

The LB column is the value of the LB in the last iteration before CPLEX
termination; UB is the best solution found, the gap % column is the gap from
the LB to the UB, but the absolute gap is practically constant through each
profile. For P3 in Table [[[b) the solutions found were optimal. The templates
show the importance in the degree of realism in the duties, where the most

Table 1. Different bounds on average breaks with different sets of duty templates

(a) Minimizing the number of duties (b) Minimizing the total duty time
[Sets|+ %] LB]UB|gap%|Duty time] [Sets|+%]| LB| UB|gap%|Duties]
P1]  1{|238|241| 1.24 1665 P1| 1| 1647|1664| 1.02 241
P1| 5([236]|239| 1.26 1652 P1] 5|[1632({1648| 0.97| 239
P1| 10(|233]|236| 1.27 1631 P1| 10 1614({1631| 1.04 236
P1] o0]|228|231| 1.30 1596 P1| oof| 1581|1596 0.94 231
P2|  1(229|232| 1.29 1603 P2] 1| 1583(1598| 0.94| 233
P2|  5(|227|230| 1.30 1588 P2| 5| 1571({1583| 0.76 231
P2] 10(|225|228| 1.32 1574 P2| 10| 1558|1572| 0.89 229
P2| o0l|223]|225| 0.89 1554 P2| oof| 1544(1555| 0.71 226
P3| 1{219]|220| 0.45 1521 P3| 1{|OPT|1518| 0.00 221
P3| 5{|219|220| 0.45 1520 P3| 5]|OPT|1513| 0.00 220
P3| 10(|218|219| 0.46 1513 P3| 10{|OPT|1508| 0.00 220
P3| oo|217]|218| 0.46 1508 P3| oof|OPT|1503| 0.00 220
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realistic templates (P1) have a smaller percentage of work and more duties in
the solution. The results for P1 and P3 for the experiments without restriction
on the average number of breaks (co) increase the solution by 6.0% from 218 to
231, while the efficiency decreases by 7.8% from 77% to 71%. This indicate that
the more realistic and detailed P1 templates combine the duties in the solution
in a better way than the solutions found using the P3 templates. Therefore we
expect that using smaller time intervals will increase the reliability of the solution
significantly.

As one might expect, the bounds for the average number of breaks is important
for the result but, as the tables show, the bounds are not important for the gap.
The two tables show no significant difference in the solution depending on types
of the objective function.

We see that the result found for P1 with bound +1% in the average number
of breaks, 241, equals the value found by the manual solution, cf. Sect. The
tests for the MPP have showed that the selection of templates and the average
number of breaks is crucial for the quality of the solution. The MPP provides
a good tool to investigate the effect of the additional rules and the benefits of
adjusting them.

4.5 Related and Future Work

To make the model more usable to management, the weight in the objective
function needs further exploration to estimate the total cost of a solution more
precisely. The labor rules often use small time units, e.g. two or five minutes,
and in order to make the estimation more precise we need to refine the time
units for the workload. This will increase the number of variables and thereby
increase the complexity of the model.

5 Conclusion

We have presented two IP models for evaluating the need for RS and crew used
when comparing timetables. Both models have been used for strategic decisions
in S-tog. The RS model was used to evaluate the need for small vs. large 4g
units on different timetables. The crew model was used as a daily tool for crew
planners when changing the plans due to for instance track works and to evaluate
the size of the work force needed on different timetables in the year 2006.
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Abstract. One of the bottlenecks in the logistic planning process at
Netherlands Railways is the capacity of the infrastructure at the larger
railway stations. To provide passenger trains with the right composition
of rolling stock, many shunting movements between platform tracks and
shunting areas are necessary, especially just before and after the peak
hours. These shunting movements use the same infrastructure as the
timetabled passenger and cargo trains.

In this paper we describe a capacity test that has been developed to
test at any moment during the planning process, whether the capacity
of the infrastructure between the platform tracks and the shunting areas
is sufficient for facilitating all the shunting movements that have to be
planned in between the already timetabled train movements. With this
test it is not necessary anymore to plan every detail of the shunting
movements far before the actual operations.

The capacity test is based on a mixed integer programming model.
The running time of the Branch-and-Bound algorithm of CPLEX 9.0 is
sufficiently small, as was observed in computational experiments related
to three stations in the Netherlands.

1 Introduction

In this paper we focus on shunting processes related to passenger trains. Shunting
processes belong to the backstage processes in a railway system. They are carried
out in and around the large stations in a railway network in order to provide
passenger trains with the right composition of rolling stock, and to facilitate the
inside and outside cleaning and the short term maintenance of the rolling stock.
During the rush hours, passenger trains are usually operated at full capacity.
However, outside the rush hours, an operator of passenger trains usually has a
surplus of rolling stock. This surplus has to be parked at a shunting area in order
to be able to fully exploit the main railway infrastructure.

F. Geraets et al. (Eds.): Railway Optimization 2004, LNCS 4359, pp. 10825 2007.
© Springer-Verlag Berlin Heidelberg 2007
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At the larger railway stations, timetable related shunting movements between
platform tracks and shunting areas are necessary in the following cases:

1. Extending a train. Rolling stock is added to a passenger train in order to
increase the train’s capacity. A shunting movement is necessary to bring the
rolling stock from a shunting area to a platform track.

2. Shortening a train. Rolling stock is uncoupled from an arriving passenger
train. A shunting movement is necessary to bring the uncoupled rolling stock
from a platform track to a shunting area.

3. Starting trains. These are the first trains in the morning that have to de-
part from a station. To provide these trains with rolling stock, a shunting
movement from a shunting area to a platform track is necessary.

4. Ending trains. These are trains which arrive at a station and, after arrival,
the rolling stock of these trains is not used anymore on the same day. The
rolling stock has to be brought from a platform track to a shunting area.

Besides the timetable related shunting movements, also many shunting move-
ments related to the cleaning and maintenance of the rolling stock have to be car-
ried out. However, these shunting movements usually take place at the shunting
areas themselves, without too much interaction with the timetabled trains. We
only have to consider these shunting movements if they use infrastructure outside
the shunting areas.

Shunting processes involve highly complex routing and scheduling problems
with capacity restrictions on time, space, and personnel. Especially the limited
capacity of time and space (routing and storage) leads to several bottlenecks in
the railway process. The routing and scheduling aspects of the shunting processes
are strongly interrelated. Usually, the capacity of the required shunting crew is
less a bottleneck, since personnel is a relatively cheap resource.

For each shunting movement, an appropriate route over the railway infrastruc-
ture and an appropriate time instant have to be determined. This is particularly
relevant for the shunting movements between the shunting area and the plat-
form area of a station. These shunting movements have to take place between
the timetabled passenger and cargo trains. They should not disturb these trains.
From a robustness point of view, it is desirable that the shunting movements are
scheduled as far (in time and space) as possible from the train movements of the
passenger and cargo trains.

Shunting processes are highly dependent on the timetable and on the rolling
stock circulation of a railway operator. First, as was indicated already, the
shunting movements share the capacity of the railway infrastructure with the
timetabled passenger and cargo trains. Moreover, as soon as the planned
timetable or the planned rolling stock circulation is modified, the number, the
order, and the compositions of the shunting movements usually change as well.
Therefore also the shunting plans have to be modified in such cases. Currently
this requires a lot of manual planning work.

In the current planning process, every detail of the shunting movements is
planned as soon as possible, sometimes months before the actual operations.
Adding one train to a plan or a small change in the rolling stock circulation may
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result in many changes in the original shunting plans of a number of railway
stations, which means a lot of replanning. The time spent on detail planning has
to be reduced by postponing the detail planning. The only reason to plan every
detail of the shunting movements far before actual operations, is to be certain
that the capacity of the infrastructure is sufficient.

Our first contribution is the recognition that in practice it is useful to make
a distinction between a capacity test to be carried out a relatively long time
before the operations, and a planning tool to be used for finalizing the detailed
plans briefly before the operations. The main contribution is the capacity test.
It verifies whether the capacity of the infrastructure between the shunting areas
and platform tracks is sufficient. Two mixed integer programming models have
been developed which both minimize the number of shunting movements that
can not be planned because of lack of capacity of the infrastructure. In the first
model the routes of the trains are fixed beforehand and in the second model the
routes are determined by the model. The disadvantage of the last model is the
larger computation time. If our models indicate that there is sufficient capacity,
then it is rather sure that there is sufficient capacity in practice. If our models
indicate that the capacity is insufficient for some shunting movements, a detailed
plan has to be made at that moment in time and it could be that the rolling
stock circulation has to be adjusted.

The rest of the paper is structured in the following way. In Section 2] we give
a literature review of research related to shunting processes. Section [ contains
a detailed description of the problem and the goal is explained in more detail.
The problem is formulated as a mixed integer program which is described in
Section [l Section Bl contains computational results for a few railway stations in
the Netherlands. Some conclusions are given in Section [6

2 Literature Review

A prototype model for a capacity test as described in the previous section has
been developed in earlier research by Van den Broek [I]. This model assumes
that the routes for all the shunting movements are fixed beforehand and verifies
that each shunting movement can be scheduled at such a time instant that each
element of the infrastructure is occupied by at most one movement at the same
time. The model is a mixed integer program that is solved by CPLEX.

Research that was carried out by Duinkerken [§] deals with the storage capac-
ity of a shunting area. This research provided a prototype of a tool to determine
whether the storage capacity of a shunting area is sufficient for storing a certain
set of train units. Duinkerken describes an integer linear program that is solved
by CPLEX. This model does not only take into account the total number of
rolling stock units that have to be stored concurrently at the shunting area, but
also the arrival and departure times of these rolling stock units.

Other research related to shunting processes was carried out by Freling et al.
[10]. Their research aims at the development of planning tools that support
planners to generate detailed shunting plans from scratch. This is in contrast
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with our model, which focuses on the development of a global capacity test for
the mid term planning. Freling et al. take into account many small details. They
split the shunting problem into a matching problem for arriving and departing
train units, a routing problem for routing train units to the shunting tracks, and
a parking problem for storing the train units at the shunting tracks. The first
step is solved by CPLEX, the second step by applying column generation to a
set covering model, and the last step by applying A* search.

Also Di Stefano and Koci [9] did research related to shunting processes. They
looked at how to order trains on the available shunting tracks in order to min-
imize the number of required shunting movements on the next morning. They
assume that each track is long enough to host the trains assigned to it. Their
main objective is minimizing the number of required shunting tracks. They con-
sider several variants of their shunting problems, distinguished from each other
by the ends of the shunting tracks that can be used for entering or leaving
these tracks. For example, in the SISO-variant (Single Input Single Output), all
trains enter the shunting area from one end of the tracks and all trains leave the
shunting area into one end of the tracks. For several variants of their problem
they provide computational complexity results.

Next, Tomii et al. [I2] and Tomii and Zhou [I3] describe a genetic algorithm
that handles both storage of train units and several related processes, such as
cleaning and maintenance. However, the shunting part of their problem is of a
less complex nature than the general shunting problem, since in their context at
most one train unit can be parked on each shunting track at the same time.

Papers on shunting trams and buses in their storage depots have been writ-
ten by Winter and Zimmermann [I4], Blasum et al. [3], Di Miele and Gallo [7],
and Hamdouni et al. [IT]. Winter and Zimmermann [I4] focus on storage areas
in which the trams are stored one behind the other in dead-end sidings. They
assume that the earliest departure takes place after the last arrival. They also
describe real-time dispatch strategies. Their model assigns trams to depot posi-
tions, thereby minimizing the number of necessary shunting movements. Blasum
et al. [3] study similar problems, especially focusing on a smooth start-up pro-
cess of the tram system in the early morning. Gallo and Di Miele [7] describe
a model for parking buses in a storage area based on Minimal Non-Crossing
Matching and Generalized Assignment. This model also takes into account the
fact that the vehicles have different lengths. Moreover, they present an approach
for dealing with mixed arrivals and departures. That is, the earliest departure
takes place before the last arrival. Another application of bus dispatching is de-
scribed by Hamdouni et al. [T1]. Here robust solutions are emphasized by having
as little different bus types as possible in each lane of the depot, and by grouping
in each lane the buses of the same type as much as possible together.

The shunting problem has some similarity with the problem of routing trains
through railway stations that is described by Zwaneveld et al. [15], [16]. In this
problem, the arrival and departure times of a set of trains at a certain railway
station are given, and the question is whether the trains can be routed through
the railway station in such a way that trains do not conflict with each other.
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Zwaneveld et al. try to assign trains to platforms and to minimize the number
of necessary shunting movements. The routing problem is proved to be NP-hard
and modeled as a weighted node packing problem. A Branch-and-Cut algorithm
has been developed to solve the problem. Main difference with our capacity
test is that they don’t verify whether the capacity of the infrastructure between
the shunting area and the platform area is sufficient to carry out the shunting
movements. A similar problem is studied by Billionnet [2].

Cornelsen and Di Stefano [0] also look at assigning trains to platforms given
a timetable. They model the platform assignment problem as a graph coloring
problem on a conflict graph. The vertices of the graph represent the trains and
two vertices are adjacent if the corresponding trains cannot be assigned to the
same platform due to their arrival and departure times. Cornelsen and Di Ste-
fano consider the platform assignment problem both on a linear time axis and
on a cyclic time axis. The main difference with the capacity test and the model
of Zwaneveld et al. [16] is that Cornelsen and Di Stefano don’t take into account
any shunting movement nor the capacity of the switch zone. They distinguish be-
tween variants with and without the so-called midnight constraint. The midnight
constraint means that the earliest departure takes place after the last arrival.
They present several complexity results and approximation methods.

Note that, apart from research on shunting processes for vehicles for pas-
senger transport (trains, trams, and buses), there is a lot of research going on
related to shunting processes for cargo trains. Since shunting processes for cargo
trains are usually carried out at dedicated locations, they fall outside the scope
of the current paper. A recent overview of the use of Operations Research in
railway systems focusing on train routing and scheduling problems is provided
by Cordeau et al [5], also focusing on shunting problems related to cargo trains.
Bussieck, Winter and Zimmermann [4] give a survey of the application of discrete
optimization techniques in public rail transport.

3 Problem Description

To verify whether the capacity of the infrastructure is sufficient to facilitate all
the shunting movements between the platform area of a certain station and the
corresponding shunting area, a global capacity test is needed. The capacity of
the infrastructure between those areas has to be shared by passenger trains,
cargo trains and shunting movements. The test has to check whether it is still
possible to schedule and route the shunting movements between the passenger
and cargo trains. This section gives a formal description of this capacity test.
In the planning process, each train movement has a unique time instant which
corresponds with an event on the platform tracks, and which is called the plan
time of the movement. The plan time of an arriving passenger train corresponds
with the arrival time and the plan time of a departing passenger train is equal
to the departure time of that train. For a cargo train, the plan time is the time
instant at which the train passes a platform track. The plan time of a shunting
movement corresponds with the arrival or departure on a platform track.
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In the planning process, each shunting movement has a given departure and
arrival track as input. These tracks can be a shunting area, a shunting track or a
platform track. Depending on the infrastructure of a railway station, a shunting
movement can be routed along several possible routes to get from its departure
track to its arrival track. These routes differ in the used tracks, switches and
crosses. The possible routes between a pair of tracks consist of one priority route
and a maximum of nine possible alternative routes.

Moreover, each shunting movement has a feasible time window which contains
the allowed plan times of the shunting movement. This time window is given by
an earliest and a latest possible plan time which are based on the availability
of railway tracks, platform tracks, and shunting tracks. For example, a shunting
movement bringing empty rolling stock from a platform track to a shunting area
cannot start before the passengers got out after the arrival of the rolling stock
on the platform track and has to be completed before the next train arrives at
the same platform track.

Passenger and cargo trains are planned in detail far before the operations.
Planned in detail means that the arrival- and departure tracks, the route and
the plan time of a movement are fixed. Shunting movements are train movements
with a relatively low priority. Therefore they are preferably planned in detail only
briefly before the operations. Indeed, otherwise there is the risk that they have
to be replanned several times, e.g. due to a modified rolling stock circulation or
due to the fact that additional passenger or cargo trains have to be facilitated on
the infrastructure. However, the current practice is that the shunting movements
are also planned far before the operations. In fact, the shunting plans themselves
serve as a capacity check for the capacity of the infrastructure of the stations.
This current practice is due to the fact that creating shunting plans is a difficult
problem, and that intelligent support is currently lacking.

Planners build some robustness into the plans by taking into account a certain
headway time between each pair of train movements. Therefore at least a certain
minimum number of minutes has to be scheduled between the plan times of two
consecutive movements that use a common element of the infrastructure. This
minimum amount of time is given by the planning norms. These norms depend
for example on whether trains are cargo trains or passenger trains, or whether
trains are arriving or departing trains.

Saw movements are movements that arise when the arrival track of a shunting
movement can not be reached from the departure track by one forward movement,
see Figure 1. Most of these saw movements arise when the arrival and departure
track are parallel to each other or when at least one of the two tracks is a track
which can only be approached from one side. Rolling stock that carries out a saw
movement has to change direction on a track in between. In Figure 1 such a track
can be found at @. Such a track is called a saw track. At a saw track the driver
has to walk from one side of the train to the other side. This means that the plan
times of the two parts of a saw movement have to be separated in time to give
the driver the opportunity to walk to the other side of the train and results in the
occupation of the saw track for a number of minutes. Usually, there are several
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saw tracks to choose from. Which saw track is chosen depends on the other train
movements that use the possible saw tracks. However, in the current paper it is
assumed that for every saw movement, the saw track is given a priori.
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Fig. 1. Example of a saw movement

As was indicated before, shunting movements depend on the timetable and on
the rolling stock circulation. So the timetable and the rolling stock circulation
are assumed to be known when the capacity test is applied. This means also that
the length of each train is known, which makes it possible to verify whether the
rolling stock fits on a certain platform track. This is done before applying the
capacity test. The minimum amount of time between the plan times of the two
parts of a saw movement depends on the length of the train. Since the length of
each train is assumed to be known, also this minimum amount of time between
those plan times can be determined a priori.

The global capacity test has to indicate whether it is still possible to find for
each shunting movement an appropriate route from its given departure track
to its given arrival track within its given time window which does not conflict
with the train movements which are already planned in detail nor with each
other. The test is not allowed to change the arrival tracks, the departure tracks,
and the plan times of the passenger and cargo trains. The test has to be used
at the moment that the shunting movements between the platform area and the
shunting area of the station still have to be scheduled and routed, which is after
the timetabled trains have been scheduled and routed through the station.

During day time a large part of the rolling stock serves as a passenger train
and will not be parked at a shunting area. This means that the capacity of the
shunting areas will be sufficient during day time and only has to be verified
during night. Therefore, it is assumed that the capacity and the detailed layout
of a shunting area are not relevant for the capacity test. The capacity test focuses
on the capacity of the infrastructure between the platform area of a station and
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the shunting area, not on the shunting area itself. Because the rolling stock
circulation is known, it has been verified already whether the capacity of the
shunting area is sufficient. This can be done e.g. by applying the model described
by Duinkerken [§]. As a consequence, when our capacity test is applied, the
shunting area can be seen as a set of tracks with sufficient capacity.

It is also not necessary to take into account the crew planning. In comparison
with the infrastructure, crew is a relatively cheap resource and there is usually a
sufficient number of train drivers available to carry out the shunting movements.
Therefore, the details of the crew planning are skipped in this paper.

Note that the capacity test is not intended to be a detailed planning tool. As
will be explained later, the constraints taken into account by the capacity test
are somewhat stricter than the constraints taken into account in practice. As a
consequence, if the result of the test is that the capacity of the infrastructure
is sufficient, then it can be expected that the capacity is indeed sufficient in
practice. If there is still a sufficient amount of time and space for each shunting
movement, then no specific action of the planners is required: detailed planning
of the shunting movements can be postponed. On the other hand, if the capacity
test gives as a result that the capacity is not sufficient, then appropriate actions
of the planners are required. In such cases, some shunting movements are critical
and have to be planned in detail.

4 The Mathematical Programming Model

In this section we describe two mixed integer programming models that have
been developed for the global capacity test. The models check whether it is
possible to plan all the shunting movements, which have not been planned in
detail yet, between the movements already planned in detail. In the first model,
the route of each shunting movement is given and the plantime is to be selected.
The second model is an extension of the first one. In the second model it is also
allowed to select the route of each train movement from a pre-specified set.

4.1 Parameters of Model with Fixed Routes (MFR)

In both models, a train movement has to arrive at or depart from a platform
track or a track parallel to the platform tracks. For example, a cargo train that
doesn’t stop at a station is split into two movements. The first movement arrives
at a platform track and the second movement departs from this track and has
an arrival track that is equal to the arrival track of the original movement. The
set of movements is described by S.

At the moment of testing, some movements have been planned in detail and
some have not been planned in detail. As a consequence, a set S, of planned
movements and a set S, of not yet planned movements is introduced. The set
Sp contains all the timetabled trains, the cargo trains and possibly the already
planned shunting movements. The set .S;, contains the shunting movements which
have not been planned in detail yet.
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Trains can arrive and depart from more than one track. For example: a long
passenger train can arrive at platform tracks 7A, 7B and 7C. Also, several move-
ments use more tracks than just their arrival and departure tracks. These other
tracks are part of the route and have to be empty when the movement is carried
out. The set Tj is defined as the set of tracks which are used by movement j
along the given route of movement j. This set contains at least the arrival and
departure tracks of movement j.

The plan time of a movement is defined as the number of minutes after the
starting time of the planning horizon, thereby assuming that time zero corre-
sponds with this starting time. For every movement j, the release date r; is the
first possible time instant that is allowed to be the plan time of movement j.
The due date d; of movement j is the last possible time instant that is allowed
to be the plan time of movement j. For a movement j € S, the release date and
the due date are equal to the already determined plan time. Movement j € S,
has a time window [r;, d;], which contains all the possible time instants that are
allowed to be the plan time of movement j.

To check that all tracks on the route of a certain movement are not occupied,
the concept of the successor of a movement is introduced as follows:

Definition 1. The successor of movement j with respect to track t is the next
movement after movement j that must use track t after movement j has arrived
at track t or after it has left track t.

Every other movement that uses track ¢ has to be carried out before movement
j or after the successor of movement j. Therefore no other movement is allowed
to use track ¢ after movement j as long as the successor of j has not been carried
out. For example: if an ending train arrives at a platform, the arriving movement
has as its successor the shunting movement that brings the rolling stock to a
shunting area. As long as the shunting movement has not been carried out, no
other movement is allowed to use the platform track. If a track is a shunting
area or empty after movement j, then movement j has no successor with respect
to this track. The set s; of successors of movement j can be deduced from the
input data. Set s§ is defined as the set of successors of movement j with respect
to track ¢.

Trains that do not stop at a station are separated in an arriving movement
and a departing movement. The departing movement is the successor of the
arriving movement with respect to an appropriate track.

In the model, saw movements are split into two or even more movements. The
first movement is the movement from the departure track to the saw track, and
the second one departs from the saw track and arrives at the arrival track of the
original movement. The second part is the successor of the first part.

Two movements are defined to be route dependent if they have an element
of the infrastructure in common in their routes. Such an infra-element can be a
track, a switch or a crossing. If two movements have no infra-element in common,
then they do not directly influence each other’s plan time. The plan times of
two route dependent movements have to be separated by the headway time of
which the value is given by the planning norms. The parameter bj;; is defined
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as the minimum amount of time between the plan times of the route dependent
movements j and k if movement j is carried out before movement k. The transfer
time of a driver and reversing the direction of the rolling stock are also covered
by this parameter if movements j and k together form a saw movement.

Obviously, a movement which has a time window around 6:00 am does not
influence a shunting movement which has a time window around 9:00 pm. If two
movements have time windows that are in time far from each other, then the
order of operation of the movements is known a priori. On the other hand, two
movements are time dependent if their time windows differ less than the norm
between those two movements. This means that movements j and k are time
dependent if and only if r; < dj + by; and dj > rp — bj. If two movements are
route dependent and time dependent, then they are dependent. Summarizing,
the definition of dependency of two movements is as follows:

Definition 2. Two movements are dependent if they have an element of the
infrastructure in common in their routes and the order of operation of the two
movements is unknown a priori. Two movements are independent if one of the
two conditions is not satisfied.

Now assume that movement k is the successor of movement j and that movement
m uses their common track. To avoid that movement m is scheduled over their
common track between movements j and k, movement m is dependent of the
movements j and k if dy, +by,j > 7j and 7y, < di +bgp, . If movements j, k and m
are not fulfilling these constraints, then it is known a priori whether m is carried
out before j or after k. Hence, the order of operation of the three movements is
known a priori and hence the movements are independent.

In the model the following parameter is used to indicate whether two move-
ments j and k are dependent:

. J 1 if movements j and k are dependent
@ik 0 if movements j and k are independent

If two train units have to be combined, then they arrive at the track where
they are combined from the same direction or from different directions. If they
arrive from the same direction, then the order in which they enter the track
is known and the train unit that arrives last is the successor of the one that
arrives first. If the train units arrive from different directions and at least one of
them has not yet been planned in detail, then they may arrive in either order.
Because of technical and safety reasons they can not arrive at the same time,
so the movements are dependent. By giving each movement the combined train
as its successor, the order of operation with the combined train is known and
hence both movements are independent of that train. Now each movement can
arrive at the track after the other one has arrived.

If a train arrives on a track and is split into two parts, then we have a similar
situation. If both parts leave the track into the same direction, then the order
in which they leave the track is known and the train unit that leaves last is the
successor of the other. If they leave the track in different directions and at least
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one of them has not yet been planned in detail, then they may leave the track
in either order. Again, because of technical and safety reasons, they can not
leave the track at the same time, so the departing movements are dependent. By
giving the arriving train both departing movements as its successor with respect
to the arrival track, the departing movements are independent of the arriving
train. Now the departing movements can leave the track in either order.

4.2 Model with Fixed Routes (MFR)

The goal of the capacity test is to verify if it is possible to plan all the move-
ments not yet planned in detail within their time windows. Therefore, the model
minimizes the number of movements not yet planned in detail which can not be
planned within their time window. If the objective value is zero, then it can be
concluded that the capacity of the infrastructure is still sufficient. If the objec-
tive value is strictly positive, then not all the shunting movements of S, can be
planned within their time window.

The decision variables used in the model with fixed routes are the following:

e y; = the plan time of movement j in minutes

o U — { 1 if movement j can not be planned within its time window
J 0 if movement j can be planned within its time window

o 1o — { 1 if movement j has to be operated before movement k
Ik 0 if movement j has to be operated after movement k

The decision variable y; is a real variable which gives the plan time of
movement j as the number of minutes after the starting time of testing. The
decision variable U; can be derived from the decision variable y;. If r; < y; < d;,
then the variable Uj is zero, else it is one. No conflicts between planned move-
ments gives y; = r; = d; for every movement j € S, which gives U; = 0.
The decision variable xj;, is only defined if movements j and k£ are dependent.
The variable gives the order in which the movements j and k& have to be oper-
ated. It would be sufficient to define xj; only for movements j < k, but then
the model becomes hard to read and the computation time is not influenced,
because CPLEX eliminates the ’extra’ variables.

The problem with fixed routes is described with the following mixed integer
programming model:

minimize >jes, Ui
subject to:
Yi =T Vj €Sy (1)
U;j=0 VjesS, (2)
Yj =T Vj e S, (3)
yj <dj +U;M Vj € Sn (4)
Tjk +xp; =1 Vj, k € S with ajr =1 (5)
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i +bie <yr+Q+Uj —xj)M Vi, k€S with aj, =1 (6)
Y; +bjx < Yk Vi, k € S, with k € s (7)
Tjm = Thm Vi k,m e S, with ajm = agm =1, (8)
dteT,,: sﬁ =k
2k € {0,1} Vi, k € S with aj, = 1 (9)
y; € RY VjesS (10)
U; € {0,1} Vjes (11)

The meaning of the first three constraints is obvious. Constraint (4) handles
the fact that the plan time of a movement not yet planned in detail preferably
does not exceed the movement’s due date. Constraints (5) and (6) take care that
there is enough time between the plan times of two dependent movements. Con-
straints (4) and (6) contain a big-M, a large constant integer value. Due to these
constraints, there always exists a feasible solution for the model. Constraint (6)
is binding only if U; = 0 and zj;, = 1. If movement k is a successor of movement
j, then its plan time has to be larger than the plan time of movement j plus
the required minimum amount of time between movements j and k. Constraint
(7) handles this. If movement & is a successor of movement j with respect to
track ¢, then constraint (8) takes care that movement m, which uses track ¢
and is dependent of movements j and k, is operated before movement j or after
movement k.

4.3 Model with Variable Routes (MVR)

In order to increase the flexibility of the model (MFR), an extension (MVR) has
been developed in which it is possible to select the routes for all train movements,
not only for the shunting movements, but also for the passenger and cargo trains.
In order to facilitate the additional flexibility, a few parameters and decision
variables have been added. The added parameters are the following:

e R; = the set of possible routes of movement j.

e T}, = is the set of tracks used by movement j if route » € R; is chosen.

o 4 — { 1 if movements j by route r and k by route s are dependent
grks 0 if movements j by route r and k by route s are independent

The definition of dependency is the same as in the model (MFR). The route of
every movement has to be determined by the model. So a new decision variable
is introduced, namely:

- 1 if movement j has to be routed along route r
77771 0 otherwise

The model minimizes the weighted number of not yet planned movements which
can not be planned within their time window. The parameter w,, represents the
penalty if a not yet planned movement can not be planned.
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A second term has been added to the objective function. The goal of this term
is to prevent that a lot of alternative routes are chosen, especially for the already
planned movements. Alternative routes are less comfortable for the passengers,
since they usually use more switches. The parameter wj, represents the penalty
if alternative route r € R; is chosen for movement j. These penalties have to be
much smaller than the penalty w,,, because the most important objective is to
find a solution such that all movements can be planned. Parameter wjo is the
weighting factor if the priority route of a movement is chosen. Now the mixed
integer programming model (MVR) can be described as follows:

minimize W, Zjesn U; + ZjeS ZTeRj Wi Zjr
subject to:
v =, vje s, (12)
U;=0 Vies, (13)
Yi 27 Vj € Sn (14)
y; <d; +U;M Vje S, (15)
yi + bk <y Vi, k€S, with k € s, (16)
ZreRj zjr =1 vjies (17)
Tjp +ap; =1 Vi, ke S:3dre R, (18)
ds € Ry with Qjrks = 1
Yi +bje <y +MB+U; —xji — zjr — 21s) Vi, k € S,Vr € R, (19)
Vs € Ry with ajrps =1
Zmg — 1 < Tjm — Thom < 1 — Zimg, Vi, k,m €S, with (20)

dpm —|—bmj > Tm < di. + bgm,
VqERmEItequ:sézk

z;, € {0,1} Vi, k € S with Ir € R;, (21)
ds € Ry : Ajrks = 1

zjr € {0,1} Vj e S,Vr € R; (22)

Yj € RT VjeS (23)

U; € {0,1} VjieS (24)

Also for this model defining 3, only for j < k would be sufficient, but for
sake of readability 7 > k is included into the model. This doesn’t influence the
computation time of CPLEX. Several constraints of (MVR) are the same as those
in (MFR). Therefore, we only describe the differences. For every movement only
one route can be chosen. Constraint (17) looks after this. Constraints (18) and
(19) take care that, if there are routes r and s for movements j and k such that
these movements along these routes are dependent, then there will be sufficient
time between the plan times of these movements if routes r» and s are selected.
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Obviously, constraint (19) has an effect on the plan times of movements j and
k only if U; = 0 and x;;, = zj = zxs = 1. If track t of route ¢ for movement
m is occupied by successive movements j and k during part of the time window
of movement m, then m is not allowed to use track ¢ as long as this track is
occupied. If route ¢ is chosen for movement m, then m has to be carried out
before movement j or after movement k. Constraint (20) handle this.

5 Application to Railway Stations in the Netherlands

To check whether the models can be solved quickly and effectively, they have been
tested for three railway stations in the Netherlands. These stations are Gronin-
gen, Utrecht and Zwolle. A description of the stations is given in Section Bl
Thereafter the results are presented in Sections 5.2 and 5.3.

5.1 Introduction Railway Stations Groningen, Utrecht and Zwolle

Railway station Groningen is a relatively small station in the northern part of the
Netherlands with one shunting area (see Figure[l]). Because the shunting area is
located parallel to the platform tracks, many saw movements are required. There
are even many saw movements which have to be split into three parts, because
the shunting area can only be reached from one side. A typical 24-hour weekday
for station Groningen has about 575 train movements where the saw movements
have been split already into separate movements. Approximately 175 of these
575 movements are shunting movements.

A second railway station which is used to test the model is station Utrecht.
This is the largest railway station in the Netherlands. Trains from this station
depart to all directions of the Netherlands. Utrecht has two shunting areas,
a large one at the southern part of the station (OZ) and a small one at the
northern part of the station (Landstraat). The shunting area Landstraat can
only be reached from a few platform tracks and can only be entered from one
direction. The shunting area OZ is a large shunting area which is always entered
or left via the same track. To get to this shunting area, a shunting movement
needs to use the same infrastructure as a lot of trains that arrive from or depart
to the southern and eastern part of the Netherlands.

Not much trains start or end at railway station Utrecht, so there is a relatively
small number of shunting movements. A typical weekday for station Utrecht has
approximately 1800 movements including 150 shunting movements. Saw move-
ments only take place twice or three times a day. But if a saw movement takes
place, then planners take a transfer time for the driver of at least 10 minutes.
As a consequence, each saw movement is a serious bottleneck.

The third railway station that is used for testing the model is station Zwolle
in the north-eastern part of the Netherlands. This station is chosen because
it is known as one of the hardest stations of the Netherlands with respect to
shunting. This is caused by the fact that it has several smaller shunting areas
and because many shunting movements are related to the internal and external
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cleaning of rolling stock. A typical weekday at station Zwolle has approximately
900 movements including 175 shunting movements.

5.2 Results of MFR

The model introduced in Section is solved by the standard MIP solver
CPLEX 9.0. The computations were carried out on an Intel Pentium M, 1.8 GHz
processor with 512 MB internal memory. The model is tested on the stations in-
troduced in the previous section and with a time interval of testing from Tuesday
2:00 am to Wednesday 2:00 am during a normal week. The CPU times CPLEX
needs to solve the model for the different stations are given in Table [l For the
three railway stations the model is solved quickly.

Table 1. Running times of CPLEX on MFR

All preferred routes Real plan
Objective|CPU Time (sec)|Objective| CPU Time (sec)
Groningen 9 2.81 0 2.79
Utrecht 1 1.09 1 1.14
Zwolle 5 4.58 3 4.72

The used data were derived from real shunting plans. The plan times of the
already planned passenger and cargo trains were kept the same as in the real plans
and for the shunting movements a time window was derived. In the first data set
of each station, it was assumed that all movements use their priority route and in
the second data set their routes were taken equal to the ones in the real plan.

Because real data should be conflict free, the model should not find movements
that could not be planned. But for railway stations Utrecht and Zwolle the model
found shunting movements that could not be planned. This can be explained by
the fact that planners have the opportunity to violate the norms.

A first impression may be that it is a bit strange that Utrecht has the smallest
CPU time. This can be explained by the fact that Utrecht has less shunting
movements in comparison with the number of passenger and cargo trains and
by the fact that it only has two or three saw movements a day. Especially saw
movements are responsible for many dependent movements. The latter require a
lot of variables and constraints. That the CPU time for railway station Utrecht
is small can also be explained by the fact that the capacity of the infrastructure
is so scarce that there is not much to decide for the model.

5.3 Results of MVR

The model introduced in Section[L3is also solved with the standard MIP solver
CPLEX 9.0 and the computations were also carried out on an Intel Pentium M,
1.8 GHz processor with 512 MB internal memory. The model is tested with the
same data sets as used for testing the model MFR.
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Solving the model MFR with the routes as given in the real plans results in
plan times for all the movements not yet planned in detail. The resulting solution
can be used as a starting solution for the model MVR. This results in a good
upper bound and a smaller running time. The values of the weighting factors are
taken 1000 for w,, and r for wj,. The latter implies that lower numbered routes
are preferred, which represents the current practice.

The CPU times CPLEX needs to solve the model for the different stations
and for varying numbers of allowed alternative routes are given in Table[2l The
CPU times are given in seconds. Table [ shows the results for the case that an
objective difference of five is used. This means that CPLEX terminates as soon
as the absolute difference between the lower bound and the upper bound is less
than five. Especially for station Zwolle this reduces the running time of CPLEX
on most instances significantly.

Table 2. Running times of CPLEX without objective difference on MVR

Number of Groningen Utrecht Zwolle
alternative routes|Objective|CPU time|Objective| CPU time|Objective| CPU time

0 9000 0.54 1000 0.29 5000 4.55

1 1008 31.53 1 15.76 1004 142.70
2 10 49.74 1 43.29 6 280.20
3 10 29.14 1 59.48 6 323.19
4 10 31.34 1 105.85 6 492.26
5 10 33.42 1 184.56 6 647.00
6 10 33.39 1 237.71 6 646.00
7 10 33.60 1 154.12 6 957.68
8 10 33.36 1 200.93 6 1127.91
9 10 33.38 1 146.63 6 1357.99

If for all movements only the priority route is allowed, then the number of
shunting movements that can not be planned is obviously the same as in the pre-
vious section. For station Groningen already eight of the nine infeasible shunting
movements can be planned if one alternative route is allowed. Allowing two or
more routes for every movement makes it possible to plan all the movements.
The objective value of 10 can be explained by the fact that eight shunting move-
ments get a first alternative route and one movement gets its second alternative
route. The running times for station Groningen are very small.

If only the priority route of the movements is allowed, then station Utrecht has
only one shunting movement that can not be planned. This movement is part of
the only saw movement in the data set. If one alternative route is allowed, then
all movements can be planned. For station Utrecht the running time for solving
the model becomes larger than for station Groningen if two or more alternative
routes are allowed. This can be explained by the fact that the number of possible
alternative routes in Utrecht is much larger, which results in much more possible
solutions for station Utrecht in comparison with station Groningen. But the
running time of CPLEX is still very small for station Utrecht.
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Table 3. Running times of CPLEX with objective difference 5 on MVR

Number of Groningen Utrecht Zwolle
alternative routes| LB | UB |[CPU time| LB | UB |[CPU time| LB | UB |[CPU time

0 9000({9000| 0.53 1000{1000| 0.22 5000|5000 4.97

1 1008{1011| 10.80 1 1 15.00 [1003|1004| 119.04
2 10 | 10 57.23 1 1 40.26 6 7 233.41
3 10 | 10 36.25 1 1 58.89 5 6 264.03
4 10 | 10 32.55 1 1 88.07 6 6 426.19
5 10 | 10 39.67 1 1 179.75 5 6 597.23
6 10 | 10 39.36 1 1 223.72 6 6 573.88
7 10 | 10 39.18 1 1 153.10 4 6 804.32
8 10 | 10 38.97 1 1 198.34 5 6 1022.56
9 10 | 10 37.83 1 1 133.50 4 6 | 1208.04

For station Zwolle there are five shunting movements which can not be planned
if all movements have to take their priority route. Allowing one alternative route
gives only one shunting movement which can not be planned. If two alternative
routes are allowed, then all movements can be planned. Allowing an extra pos-
sible route for a movement gives a large increase in the running time for station
Zwolle. But also in these cases, the running times of CPLEX are still less than
half an hour.

6 Conclusions and Future Research

In this paper a global capacity test for the infrastructure between shunting areas
and platform areas of railway stations is described. Two mixed integer program-
ming models are introduced. Both models verify whether there is still enough
capacity of the infrastructure to plan all the not yet planned shunting move-
ments in between the already planned train movements. In the first model the
routes of the movements are given and can not be changed. This model can be
solved very quickly by the MIP solver CPLEX 9.0. The second model allows se-
lecting the route of a movement, which results in much more feasible solutions.
Nevertheless, for stations Groningen and Utrecht, the model can be solved very
quickly. For station Zwolle, the solution process takes somewhat more time. It
can be concluded that the computation times are small enough for practical use.

Currently, the capacity test is being implemented in practice. This will fa-
cilitate the postponement of planning the details of the non-critical shunting
movements until briefly before the operations. The latter will result in a reduc-
tion of the amount of replanning of the shunting movements. In the end, this will
also lead to a reduction of the throughput time of the complete logistic planning
process.

In our future research we will focus on relaxing the assumption that the saw
track of each saw movement is known a priori. This makes the problem more
complex. However, we intend to enable this increased complexity by using the
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model on a rolling horizon with shorter time horizons of at most a couple of
hours per run. Note that the experiments so far covered a time horizon of a
complete day.
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Abstract. The use of automatic crew planning tools within the railway
industry is now becoming wide-spread, thanks to new algorithm devel-
opment and faster computers. An example is the large European railway
Deutsche Bahn, which is using a commercial crew planning system de-
veloped by Jeppesen (formerly Carmen Systems). This paper focuses on
the crew pairing problem that arises at major railways. Even though it
is similar to the well-studied airline crew pairing problem, the size and
complexity of the railway operation necessitates tailored optimization
techniques. We show that a column generation approach to the pairing
problem, which combines resource constraints, k-shortest path enumer-
ation and label merging techniques, is able to heuristically solve a 7,000
leg pairing problem in less than a day.

1 Introduction

The process of crew planning at large transportation companies, such as railway
and airline companies, is often very complex. Feasible work schedules have to
comply with a large set of company rules and union agreements, and might also
take into account preferences of individual crew members. The schedules should
also take into consideration the available number of crew in each crew depot.

In order to manage the complexity and reduce the crew costs, some railways
and most airlines have started to use automated crew planning tools. The Car-
men crew scheduling system is successfully implemented and used by many of the
world’s largest transportation companies. Railway customers include the Ger-
man state railways Deutsche Bahn, the Swedish State Railways and the freight
operator Green Cargo. In the airline sector, the system is used by all major
European airlines, as well as several operators in North America and Asia.

Compared to manual planning, automated planning tools have a number of
advantages. As already mentioned, sophisticated optimization techniques can be
used to reduce the crew costs. It is also possible for the planning department to
produce crew schedules for several scenarios in parallel, and then pick the most
suitable one for production. The ability to evaluate “what-if” scenarios can be
used for strategic planning and timetable changes etc.

A challenge when going from manual planning to automatic, is to model the
many rules which are soft in the sense that “they should not be broken unless it’s
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necessary” . Especially for railways, in manual planning there are frequently cases
where the planner violates rules based on experience and “common sense”. In
an automated system, this means that we have to model and express the many
“common sense” trade-offs with penalties, and end up with a highly complex
cost-function for the optimizer.

A trend in the industry is a drive for incorporating timetable changes very late
in the planning process. In addition, one would like to be able to better adjust
the number of conductors on a train to the daily or weekly passenger demand.
Altogether, this means that the turn-around time and flexibility of the automatic
tool is very important and the performance of the optimizer is essential.

In the following we will focus on the railway crew pairing problem. The tech-
niques described have been successfully applied to planning problems from sev-
eral rail operators. We exemplify our approach with data from Deutsche Bahn
(DB), which in our experience has been the most challenging with respect to
both size and modeling complexity. DB, which is one of the world’s largest
transportation companies, consists of a number of partly independent compa-
nies which operate regional and commuter traffic, together with the long-distance
operator DB Fernverkehr. The total number of crew (train drivers and conduc-
tors) is around 30,000, distributed across more than 100 crew bases. A train is
operated by one train driver and from zero to seven conductors depending on
the type of train, the expected number of passengers, and a number of other
factors.

1.1 The Railway Planning Process

The operation of a passenger railway is defined by the timetable, the allocation of
infrastructure such as tracks and platforms to the timetable and the allocation
of rolling stock to the timetable. Timetable, infrastructure and rolling stock
are typically planned well in advance before the actual operation and often a
plan is valid for an entire timetable period of six months or more. However,
modifications, often due to maintenance work or special events, must occasionally
be introduced in to the plan.

The timetable and the rolling stock schedule together define the basic crew
need to operate the trains. Basic crew need includes the locomotive driver and,
for passenger trains, the minimum number of conductors required. In addition
to the basic crew need, extra crew might be required, depending on factors such
as the type and quantity of rolling stock, the type of service offered on the
train and the expected number of passengers. These factors also determine the
qualifications required by the crew members assigned to the train.

Because a train might depart early in the morning and arrive at its destination
late in the evening, it is necessary to divide the trains into legs (pieces of work
the cannot be divided). Legs start and end at stations where it is possible to
change crew. The goal of railway scheduling is to assign the legs to qualified
named individuals such that rules and regulations with respect to working time,
rest time etc. are satisfied, and such that costs and other quality aspects of the
solution are optimized. The problem naturally decomposes into the crew pairing
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problem, in which pairings, i.e. sequences of legs, starting and ending at a crew
base are constructed, and the crew rostering problem, where the anonymous
pairings are assigned to named individuals. Furthermore, the pairing problem
can be decomposed into a daily problem, in which pairings that cover all legs
that are operated more or less on a daily basis are constructed, and a roll-out
process, in which the daily solution is “rolled out” over a larger planning period,
followed by a second planning phase that takes care of any irregularities in the
timetable.

On the level of detail introduced so far, the airline and the railway crew
scheduling problems are very similar. This is especially true for the rostering
problems, which mainly have to deal with rostering rules and crew qualifica-
tions, and are less exposed to the underlying transportation network. A more
detailed comparison of the pairing problems reveals a lot of similarities, but also
important differences.

1.2 Outline of This Paper

After briefly reviewing existing literature on crew scheduling problems in Sect. 2]
we present a mathematical model of the general crew pairing problem in Sect.
This model applies to both airline and railway problems. In Sect. @ we describe
how the general pairing problem can be solved with a column generation ap-
proach. A more detailed description of a typical railway crew pairing problem
can be found in Sect. [l In order to successfully solve railway pairing problems,
Jeppesen has introduced some modifications in the general column generation
scheme; these are presented in Sect. [fl along with some illustrative results. Then
we round off the paper with large-scale railway planning results in Sect. [ and
some conclusions in Sect.

2 Previous Work — Literature Review

Among the crew scheduling problems within the transportation industry, the
airline crew pairing problem has got a lot of attention in the operations research
literature. Finding an optimal set of pairings can be formulated as an integer
programming problem, in which each column represents a feasible pairing. Unfor-
tunately, the number of columns is immense. Snowdon et al. ([I2]) report that a
daily problem for a large American carrier has roughly 10'* columns. Therefore,
delayed column generation is frequently used. An early application of this is due
to Minoux ([I1]), in which it is shown that columns can be priced by solving a
shortest path problem on a network with arcs representing flights and overnight
connections. A limitation of the flight network approach is that the network only
captures flight connection rules, so rules that affect working days as a whole, or
the entire pairing, are ignored. Therefore only a small fraction of the paths in the
flight network form legal pairings. In the airline business, the sequence of flights
flown in a typical working day is known as a duty period, and for many rules the
legality of a single duty period is independent of preceding or succeeding duties.
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Lavoie et al. ([9]) take advantage of the structure and form a duty period network
where nodes are duty periods with state information, and arcs represent legal
overnights. A similar approach was later used by Desaulniers et al. ([5]) to solve
crew pairing problems at Air France. Vance et al. ([I3]) present results for both
flight and duty based implementations. Resources are added to each node in the
networks to track additional legality conditions, and resource constrained short-
est path problems are solved. Comparisons between the two versions are difficult
to make since they implement different variants of the rules, but in general the
flight based version spends a larger portion of time in the pricing routine than
does the duty based version. However, the duty version cannot solve as large
problems as the flight version due to memory limitations. Storage of the duty
periods and the duty period connections is prohibitive for large problems (there
is one arc for each legal duty period connection).

The excessive memory usage of the duty network is addressed in Hjorring
and Hansen ([7]) by creating an initially relaxed network where duty-duty con-
nections are replaced by flight-flight connections. Portions of the network are
dynamically refined when required, in order to capture additional cost and le-
gality information. The method also uses a k-shortest path approach, instead of
resource constraints. This allows rules and costs to be implemented in a separate
module that presents a black box interface to the pricing subproblem. The rules
module can then be implemented using a modeling language that allows the user
to easily write their own rules and cost function.

Until recently, the existing literature on railway optimization problems was
mainly focused on vehicle scheduling problems, see for example the review by
Cordeau et al. ([4]). The large size and the complexity of the crew scheduling
problems that arise in the railway business made it difficult to apply optimiza-
tion methods for crew planning. This has now changed, thanks to new algorithm
development and faster computers. An example is the project “Destination: Cus-
tomer” at the Dutch railway operator NS Reizigers, which aims at increasing the
quality and punctuality of passenger trains, see Kroon and Fischetti ([§]). The
authors present two approaches for solving the crew pairing problem: a greedy
approach based on constraint programming, and a column generation approach
based on reduced cost generation of duties combined with a subgradient opti-
mizer and a variable fixing scheme. Another example is the development of a
combined crew pairing and rostering system for the Italian state railways, see
Caprara et al. ([23]). The scheduling process is divided into three phases: enu-
meration of all feasible pairings, solution of a large set covering problem using
Lagrangian heuristics and variable fixing, and the production of cyclic rosters (se-
quences of pairings and weekly rest periods) which are subsequently distributed
among the crew members.

Wren et al. ([I5]) focuses on the problem of scheduling drivers for short-distance
trains and buses. They stay away from the column generation approach, because
they believe that the cost function is not sufficiently decomposable. Instead they
enumerate feasible duty days explicitly, and apply filtering heuristics to limit the



130 L. Bengtsson et al.

number of duties that need to be sent to the optimizer. The planning system, called
TRACS II, appears to be in use at a number of British bus and railway companies.

3 General Problem Definition and Terminology

In this section we will introduce some terminology and give a mathematical
formulation of the general crew pairing problem.

Let £ denote the set of (leg, function)-combinations. A leg may require sev-
eral crew members, but each will be assigned in a unique function, so for each
function-leg [, I € L, exactly one crew member should be assigned. In the lit-
erature function-legs are sometimes called “trips” or “increments of work”. P
denotes the set of legal pairings. A pairing p, p € P, is an ordered set of function-
legs, which can legally be operated by a crew member. A pairing will also contain
other activities, such as preparation and closing activities, and may contain so
called deadheads. A deadhead is a passive transport, either on a leg on which
other crew work, or by some other means of transportation. A pairing must start
and end at the same crew base and must comply with all rules and regulations
regarding work time, rest, qualifications, etc. The coefficient a;, is 1 if pairing p
contains function-leg I and 0 otherwise. The cost of a pairing is denoted by ¢,
and may be the sum of real costs associated with the operation of the pairing
and penalties capturing robustness and social aspects.

The main constraint of the crew pairing problem requires all function-legs to
be covered by exactly one pairing, but the solution space will also be limited by
other constraints. For this purpose we introduce the set H of hard constraints
and the set S of soft constraints. The contribution of pairing p towards a hard
constraint h, h € H, and a soft constraint s, s € &, is denoted by, and by,
respectively. The sum of constraint contributions over pairings in a solution is
bounded by dj, and d; for hard and soft constraints respectively. A soft constraint
s can be violated at the cost of ¢s. These types of constraints are often used to
ensure a distribution of the pairings corresponding to the distribution of crew and
to ensure an acceptable portion of pairings with particular unpopular properties
such as night stops.

The decision variables of the model are z,,, which is 1 if pairing p is used in the
solution and 0 otherwise, and y, which determine the violation of soft constraint
s. The problem can now be stated as

min Z CpTp + Z CsYs, S.t. (1)

peEP sES
S apr, =1, VieL @)
pEP
Z bhpl'p < dh7 VYh € H (3)
peEP
Z bsprp —ys < ds, Vs €S (4)
peP

zp, € {0,1}, ys >0 (5)
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The objective function () specifies that we want to minimize the sum of the
cost of selected pairings and the cost of violating soft constraints. Constraint
set (@) requires each function-leg to be covered by exactly one selected pairing.
Constraint set (@) requires all hard constraints to be satisfied and constraint
set (@) ensures that y; is at least equal to the violation, if any, of the soft con-
straint s. Constraint set () requires x variables to be binary and y variables to
be non-negative. The model is a generalization of the well known set partitioning
problem.

The model presented above is not exactly identical to the one solved by the
Carmen Crew Pairing system. The modifications can be summarized as follows:

e In constraint set (2] equality is replaced by greater than equal, i.e. with cov-
ering constraints. This is a relaxation, but typically a covering solution, i.e. a
solution where the left hand side is more than 1 for at least one [, can be
transformed to a partitioning solution, by substituting a function-leg with a
deadhead on the same leg. Generally, the less constrained covering formulation
is easier to solve. In cases when this relaxation is not valid, for instance when
a legal deadhead cannot be found, the penalty for overcovering the active leg
can be gradually increased.

e All constraints are soft. For constraint sets (&) and (B]) a very large penalty for
violation is defined. This is because a solution that violates a hard constraint
is much more useful from a practical point of view than no solution at all.
Typically a solution with hard constraint violations will hint at problems with
the input data.

4 Algorithms for the General Pairing Problem

The problem discussed in Sect. Bl is generic and can be applied to both airline
and railway crew pairing problems. In this section we outline how Carmen Crew
Pairing solves the general problem.

The set covering problem in Sect. B is difficult to solve in practice, for two
reasons. To start with, the number of columns in the constraint matrix A tends
to be huge, so it is not feasible to enumerate all of them. One either has to
limit the enumeration to some cleverly chosen subset of the feasible pairings, or
generate columns “on demand” using optimizer feedback. In addition, large set
covering problems are difficult to solve with standard integer solvers, so one has
to resort to heuristic techniques.

Carmen’s approach to the pairing problem is to generate pairings dynami-
cally using reduced cost feedback from the set covering optimizer, a technique
sometimes referred to as Dantzig-Wolfe decomposition in the literature. The
goal of the decomposition is to separate the “complicating” problem constraints
(the pairing rules) from the “simple” constraints ([2)— (@) above. The “simple”
constraints form the master optimization problem, whereas the “complicating”
constraints are hidden inside a column generation subproblem, usually called
the pricing problem. In this context, the set covering problem in Sect. 3 and the
master problem is the same.
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Fig. 1. Hierarchy of chain levels

4.1 The Pricing Problem

The goal of the pricing problem is to find legal pairings with negative reduced
cost, for addition to the master problem. The reduced cost includes feedback from
the optimizer (the pairing cost is reduced by the sum of the dual variables of the
constraints that the pairing covers.) Because the pricing problem is intimately
connected with the pairing rules and the cost function, we start with describing
the general structure of the pairing rules and the pairing cost function.

The Carmen Crew Pairing system (CCP) contains a rule modelling language
(Rave) that permits planners to easily add and modify the rules and the cost
function. Rave is implemented as a black-box system, which is able to decide
whether a pairing is legal with respect to the rules, and to evaluate the pairing
cost. However, it does not expose the internal details of the evaluation process
to the rest of the system.

For modelling purposes, a sequence of legs is usually grouped into a hierarchy
of levels, as shown in Fig.[Il In the pairing problem there is usually at least one
intermediate level of duties between the atomic level of the legs and the top—most
pairing level. The levels are used when defining rules and costs: certain rules are
leg dependent and need to be evaluated for each leg in the chain, whereas other
rules may be duty- or chain-dependent.

A related concept is the range of objects that evaluated expressions depend
on. For example, a rule that checks the min connection time between two legs
has very short range: only two legs. In the other extreme, an expression counting
the length of the pairing in days has chain range.

The column generator that solves the pricing problem relies on k-shortest-path
enumeration within a network, in which the arcs are of two types: block arcs, which
represent partial pairings, and connection arcs, which connect partial pairings to-
gether, see Fig. Plfor an example. The block is defined by an intermediate level in
the Rave language. Preferably, the majority of the paths in the network should
correspond to legal pairings; otherwise the efficiency of the column generator is
reduced. Therefore the block level needs to be selected carefully. The most con-
straining pairing rules should have a range of at most one or two blocks; they will
then be captured accurately by the network. Often, a suitable block level is equal
to one day of work (a duty), but there are other possibilities.
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Fig. 2. Schematic view of the pricing network. There is a pair of source and sink nodes
for each calendar day and homebase combination. For a given start day, the master
sink node connects all sink nodes that represent legal ending days, assuming that there
is a max calendar length rule in the ruleset.

In a similar fashion, we assume that the majority of the cost terms in the cost
function can be decomposed into block and block-block contributions, which can
be stored on the arcs in the network.

In one iteration of the column generator, paths with negative reduced costs
are enumerated in increasing cost order, using a k-SP algorithm. For each path
found, the Rave system evaluates the true pairing cost, which might differ from
the network estimate, and verifies that the pairing is legal. If the pairing still
looks good, it is added to the master problem. The process continues until no
more attractive (negative cost) paths can be found, or if “sufficiently” many
pairings have already been added. Because there are multiple source nodes in
the network (c.f. Fig. ), each base and starting day combination is treated
separately.

4.2 The Master Problem

After each call to the pricing routine, the newly generated columns need to
be incorporated into the master set covering problem defined in Sect. Bl The
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solution of the LP-relaxed master problem yields a set of dual variables that are
sent to the pricing problem in the next iteration. We iterate over pricing calls
and solutions of the master problem until no more attractive columns can be
found. At that point, we have arrived at the optimal LP solution of the pairing
problem. Typically, the LP solution is fractional, and only yields a lower bound
of the pairing solution cost. Branching schemes or integer heuristics can be used
to find good integer solutions, given the set of columns found so far.

Small set covering problems may be solved successfully by commercial IP
solvers, such as CPLEX or XPRESS, but they tend to become unreasonably
slow for problems of realistic size. The Carmen pairing optimizer relies entirely
on specialized solvers. They are described in more detail in Sections [6.6] and [6.7

5 The Railway Crew Pairing Problem

After the presentation of the general crew pairing problem in the previous sec-
tions, we now consider the railway pairing problem in more detail. This section
focuses on the Deutsche Bahn planning problem, which is an example of the
large and complex planning problems that arises at major railways.

5.1 Modelling of Rules, Regulations and Objectives

It is not possible to give a complete account of all rules, regulations and objectives
of the DB crew pairing planning within the context of this paper. The purpose
of this subsection is just to outline some of the more important rules, regulations
and objectives. It is also the case that the labour agreements change from year
to year, putting very high demands on the flexibility of the system.

In addition to function-legs and deadheads, a pairing will contain a num-
ber of derived preparation and closing activities. The derived activities can be
calculated from the function-legs and deadheads and the rolling stock rotations.

The construction of individual pairings is mainly limited by a number of
work, rest and connection time rules. There are three main different time con-
cepts. There are activities associated with starting and ending a duty, starting
and ending a train and walking times, for example between trains and the rest
facilities. In addition to these times there is a required connection (buffer) time
when crew change from one train to an other.

The duty time is the time from duty start to duty end. Work time is the time
when the crew member carry out activities that according to German legislation
are classified as work. Paid time is the time for which the crew member is paid.
All work time is paid, but some non-work activities, primarily deadheading and
paid rest, are paid without classifying as work time. Work time is generally
limited to 10 hours per duty-day. A duty with at least 6 hours of work time
requires at least 30 minutes of rest time, and a duty with at least 9 hours of
work time requires at least 45 minutes of rest time. Rest must generally be
allotted at a station with rest facilities, but can also be planned on-board a
train en-route. The possibility of using on-board rests is constrained by several
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factors, but especially complicating is the fact that only a limited number of
crew can rest at the same time. Required rest is usually unpaid, whereas any
additional rest while connecting between trains is paid.

A pairing may contain up to two duty days. Nightstops must last for at least
5 hours, and are only permitted at certain stations. If the nightstop is shorter
than 9 hours, the total work time of the pairing is limited to 10 hours.

Not all train products can be operated from all crew bases and certain trains
must be operated from a particular base. This is in particular the case for some
of the international traffic. There are also limitations on to which extent different
function-legs can be mixed in the same pairing. It could otherwise happen that
the rostering problem becomes infeasible, because no crew members at all are
qualified to work on certain pairings.

The objective function contains monetary terms including paid time, hotel
costs and deadheading costs as well as a large number of terms capturing oper-
ational stability and crew preferences. These include

e A train should not change crew too often, so a working period of less than
e.g. two hours on a train is penalized.

e For the same reason, changing crew near the start or end of a train is
penalized.

e Pairings with a long nightstop relative to the total paid time on the pairing
are penalized.

e Pairings where the duty after the nightstop is longer than the duty before the
nightstop are penalized.

e Changes between different functions and different train products are penalized,
in order to reduce the number of different qualifications that are needed to
work on individual pairings in the pairing solutions.

e Legs that only require a team of two conductors should preferably not be
mixed with legs that require three conductors, because then the benefits of
teaming will be reduced, c.f. Sect. 5.4

e There is a fixed cost per duty day. This is to decrease the total number of
duty days and consequently increase the paid time per duty day. Pairings
with much paid time per duty day are easier to roster.

In total the DB ruleset contains about 100 separate rules. All rule and cost
definitions are expressed in the Jeppesen Rave modelling language. Currently,
the DB Rave code consists of ~ 30,000 lines distributed over 50 modules. Thanks
to the black box system, there is a clear separation between the optimizer core
and the Rave code, a fact that greatly simplifies maintenance and allows the
Rave code to be developed independently of the optimizer. Integrating the rules
and costs directly into the optimizer would have been a formidable task, with
little hope of commercial success.

5.2 Base Constraints

Clearly, a solution must consist of legal pairings, but there are additional con-
straints on the total solution. These are modelled with constraints of type (B8]
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or @), c.f. the mathematical model discussed in Sect. Bl The most impor-
tant of these are base constraints and constraints on the number and distribution
of nightstops. The purpose of the base constraints is to ensure a distribution
of pairings, and consequently of the workload, between the bases, which cor-
responds to the actual distribution of crew. In the long and mid-term run the
distribution of crew can be influenced by operational efficiency, but in the short
run the crew distribution is fixed. For each crew base there is a maximum and
possibly a minimum amount of paid time, which can be assigned. There might
also be separate base constraints for crew with special qualifications. Pairings
with nightstops are permitted and economically quite attractive, but are unpop-
ular with crew. Therefore it is necessary to introduce limits on the total number
of pairings with nightstops as well as on the distribution of these between crew
bases and between crew groups with different qualifications.

5.3 Variable Crew Need

In practice, the number of crew members that should work on a leg is not always
given a priori. For service reasons, an additional crew member may be desirable,
but not required. If the number of expected passengers vary substantially be-
tween legs on the same train, the required crew may also go up and down, but
for practical reasons, the staffing is kept at a constant level, if this is not costly.
This could be modelled by partitioning the set £ in Sect. Blinto a required set of
function legs, for which equality in constraint set (2) must be satisfied, and a set
of optional function-legs, where relatively cheap slack variables are introduced.

5.4 Teaming Aspects

From an operational point of view, it is desirable that crew members work in
teams, because then it becomes more likely that all required crew members arrive
at a particular train departure station in time. Teaming is also preferred for
social reasons. It is therefore necessary to take teaming aspects into consideration
when solving the pairing problem. A typical approach is the following. Firstly
team master pairings that cover all trains that require teams are created. For
each pairing in the master solution, the minimum supplementary crew need is
calculated, and then a number of copies of the master pairing, one for each extra
crew member in the team, are added to the pairing solution. Finally, pairings
for supplementary crew are created to cover any remaining crew need.

6 Algorithmic Contributions for the Railway Pairing
Problem

6.1 The Pricing Network of Trains

As we have seen in Sect. [l the pricing problem is transformed into a shortest
path problem within a network of partial pairings (“blocks”). A question that
arises when designing a pricing network for railway pairings is what a “block”



Railway Crew Pairing Optimization 137

in the network should represent. In the airline case the duty day is the natural
candidate. However, it turns out that the number of legal duties in a typical
railway problem is enormous, so it is not feasible to create the full duty network.
Instead we choose to let the blocks in the network represent work periods on
the same train. Whereas this approach leads to a manageable network size, duty
dependent rules are not captured accurately in the network. Consequently, a
large fraction of the paths found by the k-SP routine will violate duty time or
work time constraints. This, in turn, could severely impact the performance of
the column generator and the solution quality. In the following paragraphs we
discuss how the performance degradation can be avoided.

6.2 Resource Dependent Cost Elements

The resource constrained shortest path problem has traditionally been used as
a subproblem in applications of column generation to scheduling problems. The
technique can be extended to model some classes of nonadditive costs as well.

Let us assume that the cost of a pairing can be written in the form c¢(p) =
ca(p) + cn(r(p)), where c,(p) captures the additive parts of the cost function,
and is additive with respect to block and block-block connections. Here ¢, is a,
possibly non-linear, function of the resource vector r(p).

Not every cost function can be modelled using resources. The main limitation
is that the resource vector r(p) must itself be additive, because it needs to be
modelled accurately by the network. Furthermore, the non-additive part of the
cost ¢, is required to be a non-decreasing function with respect the the individual
resource components. The last convezity requirement enables certain short-cuts
in the k-SP enumeration, as described below.

The current network topology also allows ¢,, to depend on some other charac-
teristics of the pairings, such as the starting day of the pairing (determined by
the source node of the path) and the length in calendar days. Some examples of
costs modelled by resources:

e Penalize pairings for which the work time exceeds a limit by a constant value.

e [f the number of short night stops in the path exceeds one, and the total work
time of the pairing is above 10:00, add a very high penalty to the cost of the
pairing.

The latter example illustrates how the rule concerning max work time in pairings
with short night stops (c.f. Sect. 1)) can be modelled using a pair of resources.

6.3 Extension of the k—SP Algorithm

The pricing network, as described in Sect. Tl needs to be modified in order to
handle a resource-dependent non-additive cost function. Instead of storing the
total reduced cost on the arcs, we store the additive part ¢, of the reduced cost,
together with the resource vector r(p).
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The pricing routine enumerates paths in additive cost order. For each path
found, the resource vector r(p) is summed up along the path and the non-additive
part of the path cost is evaluated using a Rave definition. Only if the total path
cost is attractive, will the cost and legality be evaluated by Rave.

Because the k-SP routine only “knows” about the additive part of the cost,
a potentially large fraction of the enumerated paths might turn out to be non-
attractive when the non-additive part has been added. We use the concept of
non-dominated paths to significantly reduce the number of useless paths. Con-
sider the graph in Fig. Bl Two sub-paths can be found from the source node
ns to the intermediate node n;, with (cost, resource) sums (—2,50) and (2, 60),
respectively. Because the second sub-path has both higher cost and higher re-
source consumption than the first sub-path, we can conclude that the total cost
of the second path, extended to the sink node ng, is going to be higher than the
total cost of the first path. Here we have to rely on the assumption that the non-
additive function is non-decreasing. We say that the second path is dominated
by the first path.
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Fig. 3. Impact of the resources on the k—SP algorithm

More generally:

Definition 1. The path p is said to be dominated by path p’, if €,(p) > €. (p’)
and r;(p) > rj(p") for every resource r;.

Definition 2. Let P(ng,n) be the set of all paths from the source node to node
n. A path is called Pareto-optimal, if it is not dominated by any path in P(ns,n).

We modify the k-SP routine so that it skips the dominated paths in the network.
The dominance tests are done at all nodes in the network, and take advantage
of the fact that paths are generated in increasing cost order. A variant of the
algorithm has been described by Azevedo and Martins ([I]).

If the set P(ns,ng) of paths from the source node ns to the sink node ngy
contains at least one attractive path, then it also contains at least one attractive
Pareto-optimal path. This means that the pricing subproblem is guaranteed to
find at least one attractive path, if any at all exist.

6.4 Label Merging

Because the number of arcs in the pricing network can exceed 1,000,000 for
a typical daily DB pairing problem, the number of non-dominated path labels
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created by the k-SP routine might exceed memory limitations. A simple adaptive
technique can be used to regulate the number of generated non-dominated paths
in the network. The underlying idea is that we want to “merge” resource vectors
in the Pareto-optimal set that are almost identical. To be more specific, path p is
said to be dominated by path p’ if ¢,(p)+ra(ns) > €4 (p') and r9) (p)+£U) (n,) >
r)(p') for each resource ), where kq(ns), s (n,) are positive parameters
depending on the current source node ns. The parameters r,(ns) and fi(j)(ns)
are adaptively changed after every pricing iteration, depending on the time spent
in a pricing routine for source node n.

6.5 Impact of Improvements

The extensions to the network model and pricing subproblem solver that were
mentioned in Sect. [0l have been tested on a number of problem instances, and we
observe significant performance improvements. Fig. @] depicts the effect of using
resources to model rules that govern duty time and work time on a DB pairing
problem. The input is a subset of the daily long-haul conductor problem, and
contains 1,361 legs. We see that the k-shortest path approach without resources
is unable to produce acceptable solutions for this problem. The reason is that
the shortest path enumeration frequently times out after finding 10,000 paths,
all of which are illegal. We also note that the resource merging technique not
only reduces the runtime, but also improves the quality of the solution. This
can be explained by the fact that the number of labels created by the resource-
constrained shortest path solver may be limited by memory consumption when
merging is not used.

6.6 Dual Strategy

As discussed in Sect. E2] one of the tasks of the master optimizer is to provide
duals for the column generator. One approach to implementing the master opti-
mizer is to relax the integrality conditions from the integer program, and solve
the resulting LP, either using a simplex solver, or an interior point solver with-
out crossover. A simplex solver returns values corresponding to extreme points
of the optimal face, whereas interior point solutions are in the relative interior
of the optimal face, which is usually a better representative of the possible dual
solutions (Liibbecke and Desrosiers, [10]).

Another approach is to Lagrangian relax all the constraints and solve the
relaxation using a subgradient approach. The details of this, along with a dual
ascent approach to find integer solutions, are presented in Gustafsson ([6]). In
brief, the integer heuristic and subgradient solver is highly integrated, and is
run continuously with every call to the pricing module. A high focus is put on
keeping the computational effort very low, and for example during the early
stages of a complete column generation run, we accept sub-optimal subgradient
duals as long as the integrality gap is reasonable.

Fig. Bl shows a comparison of these three approaches on a 530 leg problem.
Fig. Bl tracks the progress of the lower bound with all integrality restrictions
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Fig. 4. Comparison of column generation runs. The reference run uses both resources
and a label merging technique. None of the runs showed any further significant im-
provements after 40 minutes of runtime on a 2.8 GHz Pentium-4 server with 2 GB of
memory.

removed. As expected, the LP solvers converge to the same lower bound, whereas
the subgradient solver provides a significantly weaker lower bound (in this case
about 0.5% lower). However, the simplex approach has a very long tail, requiring
1,800 iterations to reach convergence, whilst the interior point approach requires
800 iterations, and the subgradient only 500.

In Fig.Bb we also show the upper bounds coming from the dual ascent heuris-
tic. To reduce the gap between the upper and lower bounds, we have implemented
a simple integrality strategy. When no more negative reduced cost columns ex-
ist, a number of leg-leg connections are fixed to one, and the column generation
process continues. The fix-and-regenerate steps continue until the lower bound
to the integer restricted problem is fathomed by the best known solution. The
upper bound converges fastest for the subgradient approach, and slowest for the
simplex case. In fact the graph truncates the simplex run; convergence is reached
after 5,000 major iterations, and then to a poorer quality solution.

Whilst Fig. Bl applies to one particular problem, the results are similar for
other problems. As the size of the pairing problem grows, the difference between
the approaches becomes even more significant. A further advantage of the sub-
gradient approach is that the computations are much quicker. For the 530 leg
problem, a subgradient major iteration is on average twice as fast as an interior
point iteration, and four times faster than a simplex major iteration.
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Fig. 5. The effect of different master optimizers

6.7 Integer Strategy

The dual-ascent heuristic that provides integer solutions to the master problem
was devised by Wedelin ([14]). This solver is fully integrated with the generation
step, and typically finds new solutions every two or three pricing calls. Due to
its probabilistic nature, not every new solution is the globally best so far; still,
it is a very dynamic solver that produces close to optimal solutions throughout
the run. This gives the end-user the ability to stop the run early (before full
convergence), if the solution is deemed “good enough”.

As mentioned in the previous section, a connection fixing strategy aids the
search for high quality integer solutions. Starting with a fractional solution to the
integrality relaxed master problem, we determine fractional leg-leg connections,
and fix the connections that are closest to one. Columns and network arcs that
violate fixed connections are removed, at least temporarily. When solving very
large pairing problems (> 2,000 constraints), the time taken to calculate the
fractional solution can be very large if standard LP solvers are used. Instead
we have implemented an approximate solver, which is similar to the volume
algorithm of Snowdon et al. ([I2]).

We have further improved the connection fixing strategy by implementing
early branching and by unlocking some or all connections when the lower and
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upper bounds meet, and then continuing. In early branching we no longer wait
for LP convergence, but instead fix connections after a certain number of pric-
ing iterations have passed. This has the effect of returning high quality integer
solutions early in the search history, and can even reduce overall run time. If
desired, a valid lower bound can be determined after the early branching by
unlocking all connections, and generating columns until convergence is reached.
Fig. [6l shows the effectiveness of this approach. In both cases an interior point
solver was used as the LP optimizer. Each line shows the primal objective aver-
aged over eight runs, each with a different starting solution produced by a very
simple construction heuristic.

3.5 T T 1

T T
barrier, no unfixing —+—
barrier, early branching —->-- —

3
2.5
2
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1

0.5

Percentage above best known
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Fig. 6. Different integrality strategies

7 Large-Scale Results

We now integrate the new algorithmic contributions, and see how the resulting
pairing optimizer performs on a range of railway problems. As a challenging
test case, we have chosen the DB long distance planning problem, encompassing
close to 7,000 daily legs and many more deadhead possibilities. There are 24 crew
bases, 211 stations, and a number of different types of base constraints (Sect.[5.2),
strongly affecting the nature of the solutions. Fig. [1] shows the results. We are
able to solve the full problem in less than a day on standard PC hardware. The
smaller problems presented in the graph were created by taking the solution
from the full run, and selecting legs operated by a subset of the bases. The bases
in the smaller problems are close geographically, making it non-obvious how the
legs should be distributed across the bases.
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8 Conclusions and Future Work

Our results illustrate that it is possible to solve large and highly complex rail-
way pairing problems in reasonable time using modern OR techniques. We
believe that one of the key factors behind the success of our approach is the
black box rule system, which separates the generic core optimization algorithms
from the very user-specific problem definition, and makes it possible for plan-
ners to express rules and cost components in the tailor-made “Rave” language.
An alternative approach, in which certain standard rules are “hard-coded” in
the optimizer, would probably not have been flexible enough, given the com-
plexity of the DB rule and cost structure. Another key factor is the column
generation approach, which provides near-optimal solutions to the mathemat-
ical formulation of the pairing problem. Compared to manual planning, we
have seen cost savings of 10-15% on large railway problems from several
operators.

There are some aspects of the pairing optimizer that we are currently work-
ing on. Optimization speed is one of them, of course. Another is to improve the
transportation leg search in the pricing problem. It is not feasible to insert all
buses and trains in the whole region into the pricing network, especially not if
the planning period stretches over a month. Finding the “right” set of trans-
portation connections a priori is a non-trivial problem, however. Preferably the
optimizer should find the right deadheads without manual intervention. Various
preprocessing techniques can be used for this purpose.
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the Delay Management Problem
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Abstract. The delay management problem deals with reactions in case
of delays in public transportation. More specifically, the aim is to decide
if connecting vehicles should wait for delayed feeder vehicles or if it is
better to depart on time. As objective we consider the convenience over
all customers, expressed as the average delay of a customer when arriving
at his or her destination.

We present path-based and activity-based integer programming mod-
els for the delay management problem and show the equivalence of these
formulations. Based on these, we present a simplification of the (cubic)
activity-based model which results in an integer linear program. We iden-
tify cases in which this linearization is correct, namely if the so-called
never-meet property holds. We analyze this property using real-world
railway data. Finally, we show how to find an optimal solution in linear
time if the never-meet property holds.

1 Introduction

A major reason for complaints about public transportation is the missing punc-
tuality, which—unfortunately—is a fact in many transportation systems. Since
it seems to be impossible to avoid delays completely, it is a necessary issue in the
operative work of a public transportation company to deal with delayed vehicles.
In this paper we focus on the convenience of the customers and present a model
for minimizing the average delay over all passengers.

Let us consider some vehicle (e.g., a train g) that arrives at a station with
a delay. At the station, there are other vehicles (e.g., buses h and h') ready to
depart, see Figure [l What should each of these connecting vehicles do? There
are two alternatives:

e A connecting vehicle h can wait to allow passengers to change from the delayed
vehicle g to h.
e The connecting vehicle h can depart on time.

Unfortunately, both decisions have negative effects: In the first case, vehicle h
causes a delay for passengers already within h, but also for customers who wish
to board vehicle h later on, and possibly for subsequent other vehicles which

F. Geraets et al. (Eds.): Railway Optimization 2004, LNCS 4359, pp. 145 2007.
© Springer-Verlag Berlin Heidelberg 2007
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Fig. 1. The wait-depart decision at one single station

will have to wait for its delay. In the second case, however, all customers who
planned to change from the delayed vehicle g into h will miss their connection.

In the first case the connecting vehicle i does not depart at its scheduled time,
but with a delay. The new departure time of h is called its perturbed timetable. In
the second case, the perturbed departure time of h at v equals the scheduled one.

In case of some known delays, the delay management problem is to find wait-
depart decisions and a perturbed timetable for all vehicles in the network, such
that the sum of all delays over all customers is minimized. The delay of a cus-
tomer is defined as the delay he has when he reaches his destination. Recently
the NP-completeness of this problem has been shown (see [9]).

Since in the delay management problem new departure times for each vehicle
at each station have to be determined, it is related to finding timetables in public
transportation. In this field, a lot of research has been done for periodic and
non-periodic timetables. An excellent overview on periodic timetabling is given
by [I7]. We also refer to [I5JAT3126] and references therein. However, note the
main difference between timetabling and delay management: In the timetabling
problem the connections are given in advance, while in the delay management
problem we have not only to find a (perturbed) timetable, but also to decide
which connections should be maintained and which can be dropped.

How to react in case of delays has due to the size and complexity of the
problem been mainly tackled by simulation and expert systems. We refer to
[23125] for providing a knowledge-based expert system including a simulation
of wait-depart decisions with a what-if analysis. Simulation has also been used
in [1U24].

In [II] the delay management problem has been formulated as a bicriteria
problem, minimizing the number of missed connections and the delay of the ve-
hicles simultaneously, and solved by methods of project planning. The weighted
sum of these functions has been minimized in [I§] by an enumeration proce-
dure and a by greedy heuristic within a max-plus algebraic model, see also [22].
Dynamic programming has been used in [§ to identify polynomially solvable
cases.

Integer programming formulations so far only exist as first attempts for the
simple case without slack times, assuming that the customers on each edge are
fixed (see the diploma theses of [I4] and [21])). In Section ] we are able to identify
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cases in which such models are correct. A first ezact linear integer model for the
delay management problem is presented in [I9], and will be reviewed in this
paper in a more convenient notation at the beginning of Section [Bl A detailed
description of the delay management problem will be published in [20]. Based
on the formulation (TDM-B) presented in this text, [12] developed two new
formulations reducing the number of variables in the models.

Related also work includes how to reduce delays by investing into new tracks
([76]), how to minimize the sum of waiting times of customers at their starting
stations in a stochastic context ([2]), and a first on-line model of the problem
along a line ([10]).

The aim of this paper is to present a new and more general integer program-
ming formulation of the delay management problem, for which we are still able
to develop solution approaches. Although our model can be applied to many
different objective functions we specialize here on minimizing the sum of all
delays over all customers. After introducing definitions and basic properties in
Section @l we develop a new integer programming formulation for the delay man-
agement problem in Section [Bl In Section Ml we show that this formulation can
be linearized if a special condition, called the never-meet property holds. We
analyze this property in Section [ using real-world data of the largest German
railway company, Deutsche Bahn. In Section [6] we show how to solve the delay
management problem in linear time in this case. The paper is concluded by some
remarks on future research.

2 Notation, Concepts, and Basic Properties

We first introduce a new notation for the delay management problem, based on
its representation as an activity-on-arc project network (see e.g. [15] for using
this concept in timetabling).

We denote an arrival of a vehicle g at a station v as arrival event (g,v,arr),
while a departure event (g,v,dep) describes the departure of some vehicle g at
some station v. The event activity network is a graph N' = (€, A) where

o £ = &4 U&gep is the set of all arrival and all departure events
o A = Auwit U Adrive U Achange is a set of directed arcs, called activities,
defined by

Await = {((g,v,arr), (g,v,dep)) € Earr X Edep}
Adgrive = {((g,v,dep), (9, u, arr)) € Egep X Egrr = vehicle g goes
directly from station v to u},
Achange = {((g,v,arr), (h,v,dep)) € Eurr X Egep : a changing
possibility from vehicle g into h at station v is required}.
The driving and waiting activities are performed by vehicles, while the chang-

ing activities are used by the customers. As an example, a small event-activity
network is depicted in Figure 2l
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driving of vehicle g Grivi £ vehicle h
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driving of vehicle g Wf vehicle h
g.vl.dep

Fig. 2. An event-activity network

Note that A is a special case of a time-expanded network and hence contains
no directed cycles. This means that a precedence relation < between events (or
activities) is canonically given, where 7 < 7 hence indicates that there exists a
path from ¢ to j. We remark that for a given set of events (or of activities) a
minimal element w.r.t. < always exists, but it needs not be unique.

Using the notation of event-activity networks, a timetable Il € %% is given
by assigning a time II; to each event i € & (see [15]). Timetables are usually
given in minutes and hence consist of integer values. The planned duration of
activity a = (1, ) is given by II; — II;. Furthermore, let L, € IN be the minimal
duration needed for performing activity a. We assume that the timetable is
feasible, i.e.,

II; — II; > L, for all a = (1,7) € A.

We further assume that source delays are known at some of the events, where
they might have occurred at the preceding activity or at the event itself. Let
SD C &, denote the set of source-delayed events, and d; > 0 indicate the delay
they have. (For i ¢ SD the source delay d; = 0.)

If source delays occur, some of the subsequent arrival and departure times I7I;
can also not take place punctually, since the minimal durations L, for subsequent
activities have to be taken into account. The outcome IT +y is called a perturbed
timetable, and y; is called the delay of event i. Such a perturbed timetable is
feasible, if

e the source delays are taken into account, i.e., II; + y; > II; 4+ d;, and
e the delay is carried over correctly from one event to the next, i.e.,
II; +y; — (II; + y;) > L, holds for all driving and waiting activities a = (3, j).
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Defining the slack time s, of an activity a € A as the time which can be saved
when performing activity a as fast as possible, i.e.,

Sa:Hi—Hj—La

we can equivalently restate the two above conditions in terms of the delay vector
y as follows.

Definition 1. A set of delays y; for all i € £ is feasible, if

yi > d; for allie & and (1)
Yi —Yj S Sa fO?" all a = (Za.]) S -Await U Adrive~ (2)

Condition () makes sure that the delay at the start of activity a is transferred
to its end, where it can be reduced by the slack time of a.

In the following we only use the slack times s and the delays y instead of the
minimal durations L and the timetable I7.

Definition [[ only takes the driving and waiting activities into account. How-
ever, in the delay management problem the goal is to identify which changing
activities should be maintained and which ones can be dropped. For a changing
activity we analogously require that

Yi —Yj < 8q if a = (4, j) is maintained (3)

We are now in the position to specify feasible solutions of the delay management
problem.

Definition 2. A set of connections A/ C Achange together with a feasible set
of delays y; for all i € £ is a feasible solution of the delay management
problem, if

Yi —yj < sq for all a = (i,j) € AT",

i.e., for all connections a € A’ which are maintained.

Note that a timetable would also be feasible if some vehicles depart or arrive late
without any reason. Such solutions are clearly not optimal. The “most punctual”
solutions are defined below.

Definition 3. Let (A/* y) be a feasible solution of the delay management prob-
lem. The delay vy is called time-minimal with respect to AT if all feasible so-
lutions (A" y') satisfy y < y' (where as usual < is meant component-wise).
We write y(A/™®).

A time minimal solution with respect to each set A/ C Achange can be found
efficiently by using the critical path method (CPM) of project planning.

To this end, we transform the event-activity network into a project network
(as defined, e.g., in [5]) by introducing one super-source s and taking

A(Afm) - Await U Adri'ue U Aflm
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and additional timetable activities {(s,i) : ¢ € £} as set of activities in the
corresponding project network. The duration of an activity is set to L, for a €
A and to the scheduled timetable IT; if a = (s,i). Then the earliest possible
starting time of each activity is a time-minimal solution of the delay management
problem. The following procedure uses the critical path method to determine the
earliest starting times but is applied directly in the notation of slack times s and
delays y according to Definition [

Algorithm 1: Calculating a time-minimal solution for a set A**

Input: N, di, sa, A/

Output: Optimal (time-minimal) solution w.r.t. A/%.

Step 1. Sort &£ = {i1,...,ig|} according to <.

Step 2. For k=1,...,|&|: yi, = max{di,,maX,_(; ;, yea(afiz)Yi — Sa}
Step 3. Output: y;, i €&

By induction it is easy to show that the time-minimal solution y(A/%) with
respect to each set A/ C Achange is unique, and that it has the following two
properties:

LAY C A% C Achange = y(A') < y(A?). ie. the delays get smaller if
connections are dropped, and

2. y = y( A7) satisfies y; < D = max{d; : i € £} for all i € &, i.e. the maximal
delay of a single event in a time-minimal solution is bounded by the largest
given source delay.

Other approaches for calculating time minimal solution sand the details of
the proofs can be found in [20].

As mentioned before, our objective is to minimize the sum of all delays over
all customers. To this end, we first specify the customers’ data.

A customer’s paths is given as a sequence of events, i.e.,

p= (ilain"‘ﬂiiﬂL)

where i, € & are events, and (ix,ix1+1) € A are activities. We will write a =
(i, ik+1) € p in this case. Note that i1 is a departure event, i5 an arrival event,
i3 € Eqep and so on. Furthermore, i(p) denotes the last event on path p and w,
the number of passengers who want to use path p. We denote P as the set of all
customers’ paths.

To calculate the delay of a passenger on path p we need the following two
basic assumptions:

1. There is one (common) time period T for all vehicles.
2. In the next time period all vehicles are on time.

In praxis, both assumptions are usually not satisfied. The first of them can
be relaxed a bit, allowing different periods for each of the activities. Taking the
largest of the periods of all lines overestimates the delay, but seems to be a
reasonable approach. The second assumption is accepted by practitioners since
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the planning period in on-line disposition is usually less than the time period
T (often one hour). It is an open problem to deal with future delays by using
stochastic optimization.

To calculate the delay of a customer using some path p € P, we have to
distinguish the following two cases.

Case 1: If all connections of path p are maintained (i.e., the path is maintained),
the delay of a passenger on path p is the arrival delay y;(,) of his last event
i(p).

Case 2: If at least one connection of path p is missed, the delay of a passenger
on path p is given by T'.

We are finally in the position to define the (total) delay management
problem.

(TDM): Given N = (€, A), slack times s, for all a € A, source delays
di,i € £ and a set of weighted paths P, find a feasible pair AT*® C Achange with
delays y;, i € € such that the sum of all delays over all customers is minimal.

3 Models for Delay Management

As first model we present a path-oriented description of (TDM) (based on the
formulation in [19]) which uses the following variables

- 0 if all connections on path p are maintained
P71 1 otherwise

(TDM-A)
min fron-a = > wp(Yip) (1 = 2p) + Tzp)
pEP
such that
y; > d; for all i € SD (4)
Yi — Yy S Sa for all a = (17]) S Await U -Adrive (5)
_MZP +yi — Yj < s, forall pE P,Cl = (Za.]) epn Achange (6)
y, € IN forallie& (7)
zp € {0,1} forallp e P, (8)

where M > D = max{d; : i € £}.

The first two constraints (@) and (&) are the same as ([l) and (). Constraint
([6) makes sure that all connections on a maintained path (i.e. a path with z, = 0)
satisfy @)). Finally, the objective function sums up the delay according to the
two cases mentioned on page [[51}

As already shown in [T9], this formulation of model (TDM-A) can be linearized
by substituting the quadratic terms y;q,) (1 — 2,) by additional variables g,,
leading to the following model.
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(TDM-B)

min frppM-B = Z wp(qp + TZP)
pEP

such that @) — (8) hold, and such that

— Mz, +yip) —qp <0 forallpeP 9)
gp >0 forallpeP (10)

The linear formulation is significantly weaker than the quadratic formulation
(TDM-A), due to the fact that the feasible set of the linear programming relax-
ation increased. More intuitively, one would like to use variables Z, determining
if a connection a € Acpange should be maintained or not. This yields a stronger
activity-based formulation for (TDM) which is derived next.

In the activity-based model we use variables for each changing activity z,
describing if connection @ € Acpange is missed (Z, = 1) or maintained (Z, = 0).
The idea of the activity-based formulation is to calculate the total delay by
summing up the additional delays over all activities a € A. To this end, let us
first consider some activity a € A\ Achange- We want to calculate the additional
delay customers will get while using this activity. The delay customers already
have at the start of a = (4, j) is y;, and at the end of a their delay is y;. Hence,
y; —¥: is the additional delay gained by the customers while performing activity
a. Note that this additional delay can be negative, meaning that slack times are
used to compensate an already existing delay. For changing activities we have to
be more careful. Let a = (4, j) € Achange and suppose first that a is maintained.
Then the additional delay on a is again the tension y; —y;. On the other hand, if
a is missed, the additional delay for the customers who planned to use activity a
is given by T'— y; = y; — y; + 1 — y;, since they now have to wait the remaining
time period until the next (non-delayed) vehicle arrives for carrying on their
journey.

We further need to extend the event-activity network by defining

g =E&U{s}
AP = AU{(s,1) : 1 € Egep} and
P ={(s,i},...,i}) :pe P}

The additional event s represents the arrival of the customers at their first sta-
tion (by foot or by a means of transport which is not considered in the delay
management problem). The extension makes sure that the delay of a customer
waiting at some station for his first (delayed) vehicle to come, is taken into ac-
count. We always assume that customers reach their first station without any
delay, i.e., ys = 0.
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Now we can present the new model. As before, we assume that T, M > D.
The following additional variables are necessary for (TDM-C).

1 if activity a is reached on path p without any missed
ZP = connection before
0 otherwise

w, = number of customers who really use activity a

We stress that the number of customers w, (really) using activity a € A is a
variable, since it depends on the wait-depart decisions whether customers using
a path p € P? will reach all activities a € p or not.

(TDM-C)
min fron-c = Y waly; — i) + > waZa (T — yj)
a:(i,j)eAS D‘:(ivj)e-Achange
such that
y; > d; for all i € SD (11)
yi —yj < sq forall a=(4,7) € Await U Adrive (12)
—MZzZo+vyi —y; < sq foralla=(i,7) € Achange (13)
ZP 4+ Z Zz>1 forallpe PP andacp (14)
aEpNAchange:
a<a
ZP+z; <1 for all p€ P? and for all a,a € p
with @ € Achange and @ < a (15)
Wy = Z wpzl  for all a € A® (16)
pEPS:a€EP
y; € N forallie& 17

Z, € {0,1} for all @ € A®
zP € {0,1} forallp € P° a € A°
we € IN for all a € A®

In the objective function the additional amount of delay on each activity is
multiplied by the number of customers really using it. Restrictions (II]) and (I2))
again correspond to ([I) and (@), while (I3) models that [B]) has to be satisfied
exactly for maintained connections, i.e. connections a with z, = 0. Restriction
() defines the values of ZP such that they are forced to be 1, if no connection
on path p before a has been missed, and ([IH) makes sure that zZ = 0 for all
activities a after a missed connection @ on path p. Finally, (I6) determines the
number of customers really using activity a.

Note that for technical reasons we need to be able to extend any feasi-
ble solution y;,7 € £ to a feasible solution (y,C(y)) = (y,2(y), 2(Z), w(Z)) of
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(TDM-C), where (y,C(y)) yields the same or a better objective function value
for (TDM-C). This is done as follows.

_ _JOify;—y; < sq o
Za(y) = {1 otherwise for all a = (4,7) € Achange: (21)
ZP(Z) =max{ 1 — Z Za,0 p for all p € P a € p, (22)
a€pNAchange:
a<a
we(2) = Z wpzl  for all a € A°. (23)
pEPS:a€EpP

The main result of this section is the following.

Theorem 1. (TDM-A) and (TDM-C) are equivalent. In particular, both models
lead to the same set of optimal solutions y € RI¢!

The proof can be found in the Appendix.

Using (TDM-C) we are able to derive the following reduction result. Assume
that the slack times are so large that the delay disappears after a few activities.
Then we need not consider events which can not gain any delay in the worst-case
time-minimal solution.

Lemma 1. Let y = y(A°""9¢) be a time-minimal solution w.r.t. A"9¢. Then
there exists an optimal solution (y*,z*,Z*,w*) of (TDM-C) such that

o Foralliec &: If y; =0 then yF = 0.
e For all a = (Z,j) € Achange-' ]fyz =0 then ZZ =0.

The result shows that we need not consider events or activities which cannot
gain a delay in the worst case. The reduced set of events is hence given as

grelevant = {Z SO yi(Achange) > O}

and the subgraph induced by these events & eicvant is denoted by Nreicvant =
(Eretevant s Arelevant ). This kind of reduction leads to significantly smaller net-
works in real-world instances, see Table [I] in Section [l

On a first glance, (TDM-C) does not seem to be useful for solving the de-
lay management problem better than (TDM-B), since (TDM-B) is linear while
(TDM-C) is cubic. Moreover, (TDM-C) is much larger in terms of variables,
constraints, and non-zero entries of the coefficient matrix. However, it has some
advantages. First, it is more general since it allows to replace the common time
period T" by time periods 7T, for each changing activity a € Achange, which is
a step to more realistic models and to relaxing our first assumption on page
Secondly, as the proof in the appendix shows, (TDM-C) is a stronger for-
mulation than (TDM-A) and (TDM-B), since the decision variables z, allow
less freedom than the decision variables z,. Hence, e.g., a classical branch-and-
bound procedure using the variables z, for branching can be easily implemented
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for (TDM-C) while for (TDM-A) other methods, e.g., constraint branching have
to be investigated. Last, in the next section we utilize (TDM-C) to present a
linear-time algorithm which solves the delay management problem exactly for a
special class of problems.

4 Constant Weights and the Never-Meet Property

In order to solve (TDM-C) we fix the weights w, as parameters instead of
calculating them during the optimization. Doing so, we obtain the total delay
management problem with constant weights. Its formulation is given by deleting
constraints ([I4l), (IH), and (I in (TDM-C), and fixing

Wy = Z wy for all a € A® (24)

pEPS:a€P

as parameters, i.e., setting w, as the planned “traffic load” on activity a. We
obtain:

min fTDMfconst’ = Z wa(yj - yz) + Z waéa(T - y])
a:(ivj)EAS a:(ivj)EAchange

such that (), (T2),T3),TD), and (I hold.

We can further rewrite frpm—const’ as follows. For i € £ let

w; = Z wp (25)

pEP:i(p)=i

be the number of customers with final destination 4. Since

Yooowayi—w) =D wy D Y

a=(i,j)€.A® peP? a=(i,j)€p

= wp(Yip) — s)

peEP

= Z Z WpYi = Zwiyi (26)

i€€ peP: icE
i(p)=i

we rewrite

fTDMfconst’ = Zwiyi + Z U)aga(T — y])

(= a:(ivj)e-Achange

First, we show that in general, we make a mistake by fixing the weights as
above, which has not been realized in several previous attempts or simulation
approaches for the delay management problem.

We assume there are three vehicles 1, 2, and 3, where vehicle 1 and vehicle 3
reach the stations vy and vs with a delay, see Figure[3l We consider a customers’
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OO

vehicle 1 vehicle 3
vehicle 2

(D ()

vehicle 2

Fig. 3. An example in which fixing the weights is not correct

path p = (v1,va,vs,vs4) using vehicle 1 until station ve, changing to vehicle 2
and passing via v to its destination vy. Suppose that vehicle 2 is not waiting for
vehicle 1 at station vo, such that the path p is not maintained. Assume further
that vehicle 2 waits for the delayed vehicle 3 at station vs. If we have not adapted
the weights, the customers on path p are counted twice in the objective function:
First, since they missed their connection at station vy, and secondly, since they
reach their final destination v4 with a delay. This double counting can in general
lead to wrong decisions. Another example, depicted in Figure Bl will be further
analyzed in Section

Fortunately, there are problem instances for which the model with constant
weights is correct, apart from the trivial case in which no customer changes at
all. For example, it can be shown that the model with constant weights is correct,
if we only allow paths of the form p = (i1,142,...,i_92,i5—1,%1) where p contains
at most one changing activity (i7,—2,i5,—1) followed by not more than one driving
activity, see [20]. A more interesting case, in which we make no mistake by using
the constant weights will be described next.

Since frpm—const’ Still is no linear function we further simplify the model. In
the following we simply forget about subtracting ¥; in the second part of the
objective, to obtain the linear program (TDM-const).

min fTDM—const - § w;Y; + E waTza

1€E a€Achange
such that
yi > d; forallie SD (27)
yi —Yy; < sq forall a=(i,7) € Await U Adrive (28)
—MZzZ,+vyi —y; < sq foralla=(i,5) € Achange (29)

yy € N Viel&
Zo € {0,1} for all a € Achange
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Each feasible solution of (TDM-const) yields an upper bound on (TDM). But
the main advantage of (TDM-const) is due to the surprising fact that (TDM-
const) is equivalent to (TDM) in a large class of practical instances. We denote

E(i) ={j € £ : there exists a (directed) path from i to j}

as the set of all events that can be reached from 4, and N (i) as the subgraph
induced by the events in £(i). Note that for all j € £(i) we have ¢ < j. Fur-
thermore, let £(SD) = U, cgp £(i) and N(SD) be the subgraph containing the
subgraphs A/ (i) for all i € SD, i.e. the graph consisting of all events and activi-
ties that can be reached by a path starting at a source-delayed event. Obviously,

grelevant g S(SD)

Definition 4. The delay management problem has the never-meet property
if the following two conditions hold.

1. N(3) N Nyetevant 18 a forest for all i € SD, and
2. ()N EG) N Eretevant = O for all i,j € SD with i # j.

Note that N'(SD) NNy eievant is a forest, whenever the never-meet property holds,
i.e. it is not allowed to contain cycles (neither directed nor undirected cycles).

The interpretation of the never-meet property is the following: By calculating
the time-minimal solution (w.r.t. A’ = A.pange), but without using slack-
times, we can find out how far the effects of the source delays can spread out in
the worst case. The never-meet property requires that in no feasible solution of
(TDM) the paths of two delayed customers will meet. Note that the formulation
includes that source delays can only occur after non-delayed events.

If the never-meet property holds, however, we will show the following: In
every time-minimal solution all events following a non-maintained connection
are punctual, and all changing activities following a non-maintained connection
are maintained. This property will be important for proving Theorem

Lemma 2. Let (TDM) have the never-meet property and let (y, C(y)) be a fea-
sible (time-minimal) solution of (TDM-C). Let a = (i,)) € Achange- If Za =1
(i.e. @ is not maintained) we have the following.

1. y; =0 for alli € £(j), i.e. all eventsjollowingj are on time, and )
2. Zo = 0 for all a = (i,j) with i € £(j), i.e., all connections following j are
maintained.

Proof. From z; = 1 we know from (21]) that y; > 0. Hence there exists a source-
delayed event i; € SD such that 7 € £(i1). Now suppose there exists i € £(j) C
E(i1) with y; > 0. Since z; = 1 the delay of i is not transferred from i, to i via
a. Hence

e cither there is another path from i; to 7, meaning that N (i1) N Nyeievant 18
not a tree, or

e the delay of y; is caused by another source-delayed event i € £, meaning that
(RS 5(21) N 5(22) N g’relevant~
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In both cases we have a contradiction to the never-meet property. Finally, con-
sider a = (i,7) with 4,5 € £(j). From part 1 we know that y; = y; = 0, hence
1)) yields z, = 0. O

We can now present our main result.
Theorem 2. Model (TDM-const) is correct if the never-meet property holds.

Proof. We show that (TDM-C) and (TDM-const) are equivalent if the never-
meet property holds. Clearly, a feasible solution (y, z) of (TDM-const) can be
extended to a feasible solution (y,C(y)) of (TDM-C) with equal or better ob-
jective value, see (2I), 22]), and 23]).

The other direction is the interesting one: We show that each feasible solution
of (TDM-C) corresponds to a feasible solution of (TDM-const) with the same
or better objective value. More precisely, given some feasible solution of (TDM-
C) with delay ¥, let (y,C(y)) = (y, %, Z,w"**) denote a (maybe better) feasible
solution of (TDM-C). We show that (y, Z) is a feasible solution of (TDM-const)
with the same objective value as (y, C(y)). Feasibility of y, z for (TDM-const) is
trivially satisfied. It remains to show that

Jrom—c(¥, Z, Z,w) = froM—const (Y, 2)-

To this end, suppose that for some @ = (4, ) € A we made a mistake by fixing
the weights, i.e., the number of customers w; who planned to use a does not
equal the number of customers wZ®® really using a. To compare the objective
functions of (TDM-const) and (TDM-C) we replace the first term of (TDM-
const) by equation (20) and see that in this case it suffices to show that

yi — ¥ =0,
and that, if @ € Achange
Zg = 0,

This means that the error we make by using the wrong weights does not influence
the value of the objective function. From wg # w?*® we get (by comparing (23]

and (24))), that
Z w, = wg # whe = Z wpzk.

pEPs:a€p pePs:aep

Hence there exists some path p € P containing @ such that z£ = 0. Due to
@2)) there exists a € p with a < a and zz = 1. Without loss of generality let
us take a = (E,}) minimal with this property, i.e., we choose the first changing
activity on path p that is marked as missed. For an illustration, see Figure [l

Since 7, j € £(j) we derive from Lemma [ that

* y; =y; =0, and
o if a € Achange then z, = 0.

Hence, y; —y; = 0, and if @ € Achange We have that zz = 0, which completes the
proof. a
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Fig. 4. The path p in the proof of Theorem [@ The grey events belong to £(7).

5 The Never-Meet Property in Practice

To investigate the never-meet property in practice, we used real-world data of
a part of the German railway network, namely around the region of Harz in
Germany. The data we used consists of 158 railway stations, and 1101 different
trains running at one particular day.

Since the never-meet property does not depend on the set of paths P, we used
two different sets Usp, and Uy to generate potential connections. The set Usg
contains reasonable connections within a scheduled waiting time between 3 and
30 minutes, while we allow a waiting time between 3 and 60 minutes in Ugg.
By “reasonable” we mean that we do not consider connections where a transfer
results in going directly back to the previous station. The size of Usg is 5567,
while Ugy contains 11229 connections. The resulting event-activity network of
the public transportation network on our particular day has a size of 10492
events. The number of activities on this day depends on the allowed transfer
time and varies between 13359 and 17616. In our numerical study we generated
500 example sets of delays with up to 5 source delays.

As shown in Table [Il the event-activity network can be drastically reduced
if we delete all events that can never gain a delay. The table demonstrates the
results of the reduction for different numbers of source delays. Each row contains
the average number of events for 100 different delay scenarios. In column |E(SD))|
the number of events that can be reached by a path from one of the source delays
is given, while column |E(SD) N &, cievant| shows how many of these events can
gain a delay and hence have to be considered in the optimization. The percentage
of reduction is given in the last column.

The never-meet property cannot be sharpened by further reducing the sets
E(1) N Eretevant and only looking at the smaller sets £'(i) C E(i) N Eretevant

Table 1. Reduction of the original set of 10492 events for different delay scenarios in
the case of a transfer time up to 30 minutes

no. of source delays||E(SD)|||E(SD) N Eretevant||reduction to

1 2668 228 8.5%
2 4172 460 11.0%
3 5029 599 11.9%
4 5344 801 15.0%
5 5495 948 17.3%
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containing only those events that can gain a delay originating at ¢ € SD. This
is demonstrated in the following example with two source delays at events vy
and vy. Source delay 1 spreads out to the dashed nodes £'(v1), while the grey
nodes (denoted by £’(v2)) show which events can gain a delay from source delay
2. Suppose that — due to sufficiently large slack times — no other events can
be affected. Although the dashed and the grey nodes form trees, and their in-
tersection is empty, the example does not have the never-meet property (since
vg € E(v1) N E(V2) N Erelevant)) But this is what we want, since Theorem 2] does
also not hold in this example: Consider path P from vs to v4. Assume that a
is a changing activity and it is missed. Then customers traveling along P never
reach node vy and would be (wrongly) counted there.

Q undelayed event
Q events to which delay 1
source L \ spreads
@ delay 1
O events to which delay 2
spreads

@)
§/ @\ o\ /32?;;3
§ / Q
v O | Q/

Fig. 5. Although source delay 1 disappeared before reaching an event which has a delay
coming from source delay 2, this example does not have the never-meet property. In
particular, Theorem [2]is not true in this example.

We tested the never-meet property in practice, which can be done efficiently
by the forward phase of the critical path method (with zero slack times and
Al — Achange). To analyze the results, let us call an event ¢ in conflict with
the never-meet property, if it can be reached by more than one path originating
in a source-delayed event. The number of all events which are in conflict with the
never-meet property is called the number of node conflicts of the problem. The
events which are in conflict with the never-meet property can be determined by
looking at their in-degrees within the graph N (SD). More precisely,

e an event i € Erelevant \ SD is in conflict with the never-meet property, if its
in-degree in the graph N'(SD) is at least 2. The in-degree minus 1 is called its
degree of conflicts.

e Event ¢ € SD is in conflict with the never-meet property, if its in-degree in
the graph A(SD) is at least 1. In this case, its in-degree equals its degree of
conflicts.
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Fig. 6. The number of node conflicts (left) and edge conflicts (right) as a function of
the number of source delays

The sum of all degrees of conflict will be called the number of edge conflicts with
the never-meet property. It equals the number of edges which have to be deleted
to ensure that the never-meet property holds.

In Figure [6 the number of conflicts with the never-meet property (node and
edge conflicts) is depicted as a function of the number of delayed vehicles. Note
that we considered scenarios with 1,2,3,4, and 5 source delays and generated 100
examples for each of these scenarios, with different amounts of source delay. Each
example is given by a “+” in the figure. The average values for each amount of
source delay are given by circles. As expected, the average number of conflicts
with the never-meet property is relatively small for only one source delay, while
it increases when more than one source delay is considered. Furthermore, the
variance increases with the number of source delays: There are still many ex-
amples with 5 source delays which lead to very few conflicts, but there are also
examples with many conflicts.

Figure [0 shows the same data, but here we graph the number of edge and
node conflicts with the never-meet property as a function of the amount of the
source delays. We observe that the number of conflicts increases if the source
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Fig. 7. The number of node conflicts (left) and edge conflicts (right) as a function of
the amount of delay
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delays increase, and that small source delays are very likely to generate nearly
no conflicts with the never-meet property.

The reason for the relatively small number of conflicts in practice is in par-
ticular due to the fact that we only consider events in Eejevant, i-€. only events
that can gain a delay. As expected, most conflicts with the never-meet property
arise at the larger stations, while the never-meet property is more likely to hold
for smaller stations in a rural environment. But all this is only helpful if we
can draw advantage of the simplified model with constant weights in terms of
efficiently solving it. This will be investigated in the next section.

6 Solving (TDM-const)

The main goal of this section is to solve (TDM) in case of the never-meet prop-
erty. Using Theorem [Z] it is enough in this case to develop an algorithm for
(TDM-const).

The first approach is to just use an integer programming solver. We solved
our example problems using GLPK (GNU linear programming kit). The results
for the examples with one source delay are illustrated in Figure B As before,
each “+” refers to one example. The first coordinate shows the the number of
conflicts with the never-meet property (node and edge conflicts, respectively),
while the second coordinate represents the number of pivot operations needed
for solving the corresponding program (TDM-const) to optimality. We observe
that the number of pivot operations for solving (TDM-const) increases with the
number of conflicts with the never-meet property, but not as badly as one could
have expected.

To understand the reason for this behavior we first look at the following special
case of (TDM) with the never-meet property, in which

e all source delays have the same amount, i.e., d; € {0, D} for all i € £, and
e all slack times are equal to zero, i.e., s, = 0 for all a € A.

Let y be a time-minimal solution of this problem. Then y; € {0, D} for all i € £.
This means that we can use binary variables y; instead of integer ones, with

~_ J 1 ifevent i is delayed by D
Y= 0 if event i is not delayed.

Consequently, M = 1 is large enough and (TDM-const), even with the first
objective frpmMm—const’ introduced on page 155, simplifies to the following linear

program.
(TDM-const-zero)

min Z weD(y; —yi) + Z WeZa(T — D)

a=(i,j)€A® a=(i,j)€EAchange
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Fig. 8. The number of pivot operations needed for solving (TDM-const) versus the
number of node conflicts (left) and edge conflicts (right)

such that
—y; <—1 forallieSD (30)
yi —y; <0 forall a=(i,j) € Await U Adgrive (31)
Zo+yi —y; <0 forall a=(i,7) € Achange (32)

y; €{0,1} Vie&
Zo € {0,1} Va € Achange,
where wo = 3 po.,e,wp foralla € A° are given parameters as before (see,

e.g., 24)). The following result explains the good behavior of mixed integer
programming for (TDM-const).

Theorem 3. The coefficient matriz of (TDM-const-zero) is totally unimodular.

Proof. Let C = |Achange|, C = [Adrive U Await| and D = |SD|. Moreover, let I
denote the unit matrix of size K’ x K and Ok ; the zero matrix of size K x L.
Then the coefficient matrix of (TDM-const-zero) is

—15|0p.¢
b= or OC’ c |

where the |A| x |€]-matrix ©T is the transposed of the node-arc-incidence ma-
trix © of A, and hence totally unimodular. Consequently, @ is also totally
unimodular. 0O

We remark that (TDM-const-zero) is equivalent to the models developed inde-
pendently in diploma theses by Kliewer [I4] and Scholl [2I], where the latter
author also recognized the total unimodularity of the model.

The lemma gives the explanation for the graphics of Figure 8l In case of zero
slack times the LP-relaxation of (TDM-const-zero) yields an integer solution (see
e.g., [16]), which makes the problem efficiently solvable in this case. Since the
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structure of the problem does not change by introducing slack times, one can
hope for an efficient algorithm also in the general case. We therefore turn our
attention back to the case of non-zero slack times and will develop an efficient
algorithm (running in O(|.A]) time) for solving (TDM-const). In contrast to the
case with zero slack times, this approach relies on the never-meet property. In
particular we will utilize the two facts listed below.

e First, if we fix Z, = 1 for some a = (i, ), we can set y; = 0 for all i’ € £(j)
and know that all subsequent connections are maintained (Lemma [2]).

e Secondly, the problem can be decomposed into at most |.Achange\ independent
subproblems due to the following lemma, which also follows directly from the
never-meet property.

Lemma 3. Let i,j € £, i # j, and let (y,z) be a feasible solution of (TDM-
const) with y; > 0,y; > 0. If the never-meet property holds, exactly one of the
following three cases occurs.

E() CE(F) or E(H) CE®E) or EE)NEY) N Eretevant = 0.

The idea of the algorithm is to decompose the problem iteratively into subprob-
lems, and solve them bottom-up. A subproblem P, is identified by a changing
activity a = (4,7) and represents the delay management problem on the sub-
graph N (i) (recall the notation on page[I57) with a single source delay at event
1. P, might be decomposable into subproblems itself. Formally, we define

SP(a) = {d’ € Achange : there exists a directed path from a to @’ not containing

any other changing activity}

The subproblems of the problem itself are collected in SP(ag), and can be
derived by taking all changing activities reachable directly from one of the source-
delayed events.

We remark that all subproblems within the same set SP(a) are independent
of each other due to the never-meet property.

In Algorithm 2, subproblems that might further be decomposed are stored
in “Decompose”, and if a subproblem cannot be decomposed any more it is
collected in “Compose”. Moreover, at the end of Step 2 of the algorithm, for
each subproblem identified by some changing activity a,

e maintain(a) contains the value of the objective function of the subproblem if
a is maintained, and

e miss(a) contains the objective value if a is missed.

e f(a) contains the minimum of maintain(a) and miss(a).

To compute maintain(a) we need to calculate the minimum delay which occurs
if @ is maintained. In contrast to £(7) which is the set of events that can be
reached from ¢, if all a € Acphange can be used we now define

G(i)={je€ & : there exists a path from 7 to j with activities in Ayqit U Adrive }
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as the set of events that can be reached from ¢ without passing any changing
activity. Furthermore, assume that ¢ € £ has a delay d; > 0, and let y be a time-
minimal solution. The minimum delay that will be caused by d; independent of
any wait-depart decision is then given by

G(’L,dz)z Z w;yYj-
)

JjeG(i
The algorithm can now be stated.

Algorithm 2: Enumeration for (TDM-const)

Input: N,P,wy,di,Sq,T.
Output: Optimal solution of (TDM), if the never-meet property holds.
Step O.
1. Calculate the time-minimal solution y(Ac;mnge) if all connections
are maintained by Algorithm 1.
2. (Initializations) Let ao denote (TDM-comst), set SP(ao)=0, f(ao)=0,
Decompose = (), Compose =0, z, =0 for all a € Achange-
3. (Calculate SP(ag)) For all i€ SD:
(@) f(ao) = f(ao) + G(i,di)
(b) For all a = (j1,j2) € Achange With j1 € G(i): If y;; > O then
SP(ao) = SP(ao) U {a}, and Decompose = Decompose U {a}
4. (Optimality test) If SP(ag) = 0 stop: f is the optimal objective
value, z, =0 for all a € Achange
Step 1. While Decompose # ()
1. Choose a = (i1,i2) € Decompose
2. SP(a) =0, miss(a) = w,T, maintain(a) = G(i2,yi,)
3. (Calculate SP(a)) For all a’ = (j1,j2) € Achange with j1 € G(i2): If
y;j; >0 then SP(a) = SP(a)U {a’}, Decompose = Decompose U {a'}
4. (Update Compose) If SP(a) = then Compose = Compose U {a}.
5. (Update Decompose) Decompose = Decompose \ {a}.
Step 2. While Compose # (.
1. Choose a € Compose. Let @ be parent of a, i.e. a € SP(a)
(Solve subproblem P,) f(a)= min{maintain(a), miss(a)},

- 0 if maintain(a) < miss(a)
“7 11 if maintain(a) > miss(a)

3. (Update values for parent problem a)
SP(a) = SP(a) \ {a}, maintain(a) = maintain(a) + f(a)

4. (Update Compose)
Compose = Compose \ {a}
If SP(a) =0 and a # ap then Compose = Compose U {a}

Step 3.

1. (Correct values for Z,) For all a € Achange: If Zo = 1 then set
Zy =0 for all a’ #a with a<a'.

2. Output: f(aop) := maintain(ao), Z
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Theorem 4. Algorithm 2 is correct and runs in time O(|A]).

Proof. We show by induction over all a € Acpange U {ao} that f(a) contains the
objective value for the subproblem P, at the end of Algorithm 2.

Start: Let a = (7,7) be a maximal element of Acpange (With respect to <).
The subproblem with respect to a is (TDM-const) in the small network
N (i), which does not contain any changing activity except a itself, hence
SP(a) = 0 in step 2 of the algorithm. Furthermore,

maintain(a) = Z yirwy, and
i'€G(7)
miss(a) = Tw,

give the objective values of this small network when maintaining or not

maintaining activity a. To see the correctness of miss(a) we note that due

to Lemma Ry, = 0 for all ¢/ € £(j) (which equals G(j) in this case).

Since a € Compose we compare both values maintain(a) and miss(a) in
step 2, and choose the better as (correct) objective value, which is then
stored in f(a).

Conclusion: Now take any a = (7, j) and let the induction hypothesis be true for

all @’ with a < d'.

e If a is not maintained, we know from Lemma ] that all connections a’ €
N (j) are maintained and all i’ € £(j) satisfy y; = 0, i.e., the objective
value is given by miss(a) as calculated in step 2.

e If o is maintained, the algorithm calculates in step 2 the delay which
will be gained in any case, i.e., the delay of all events i’ € G(i) that
can be reached without passing any changing activity, and store it in
maintain(a). All changing activities a’ that can be reached from j without
passing any other changing activity are stored in SP(a). Due to Lemma [
the corresponding subproblems P,/ for ¢’ € SP(a) are independent and
have objective value f(a’) due to the induction hypothesis, such that
maintain(a) + >, cgp(q) f(a') calculated in step 2.3 finally is the correct
value of maintain.

Comparing maintain(a) with miss(a) and choosing the smaller of both gives

the best possible choice for activity a assuming the delay y; as given.

Finally, in step 0, the problem with the given source delays is decomposed
into a set of subproblems SP(ag). All these subproblems are independent due to
Lemma [3] and they are all solved optimally due to the claim above. Adding up
these optimal values and adding the delay of all events which are reached before
entering one of the subproblems gives the optimal objective function value f(ag).

For the time complexity we note that the number of subproblems equals the
number of changing activities, which in a tree is the same as the number of
events. For the decomposition steps we have to process each activity and each
event exactly once, and in the composition step we need one comparison and
one summation for each subproblem, and again a visit of all events. The overall
time complexity is hence linear in |.A]. 0
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7 Future Research

Algorithm 2 relies on the fact that each activity a € Achange appears in exactly
one list, i.e., for each a € Acpange there exists a unique & such that a € SP(a),
or a € SP(ap). If the never-meet property is not satisfied, this needs not be the
case, and hence Algorithm 2 cannot be applied to (TDM) for general problems.
To resolve this problem (and to obtain a heuristic by applying Algorithm 2) one
can either allow that the same element is added more than once to Compose in
step 2 (this would mean to duplicate activities until the never-meet property is
satisfied), or to update the values of maintain to the larger one, if an element
which is already contained is added.

(TDM-const) and (TDM) can both be solved by branch and bound, taking z,
as branching variables and reducing the number of conflicts with the never-meet
property in each node. Lower bounds are derived in [20]. Details and implemen-
tations are under research.

Two other directions of future research in delay management should be men-
tioned. First, it is a challenging task to apply delay management approaches in
railway transportation. The drawback here is that capacity constraints have to
be taken into account on the tracks. Different possibilities how such constraints
can be included in the models are under research, see [3]. Second, it is an open
field to deal with the stochastic nature of the delays instead of assuming that
the source delays are fixed.
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Appendix

Proof of Theorem [} (TDM-A) and (TDM-C) lead to the same set of optimal
solutions y € R,

Proof. First, using (6] the objective function of (TDM-C) can be reformulated
to

from-c = Y waly; —vi) + > waZa(T = yj5)

a=(i,j)€A" a=(i,j)€Achange
= Z Z wpZg (y; — yi) + Z Z wpZPz, (T — y;)
a=(ij)€A* pEP=aEp a=(i,) € Achange PEP*aED

> wp > 2y — i) + > 2hza(T — y5)

peP*® a=(i,j)€EA:a€p a=(%4,j)€EAchange
acp
=: E wy,Cp.
peEPS

For the objective of (TDM-A), we define
Ap = Yip) (1 — 2p) + T2

(TDM-C) = (TDM-A): Let (y,Zz,z,w) be feasible for (TDM-C). Define
zp = 2p(Z) as follows:

_ {0 if Z, =0 for all @ € pN Achange (33)

zp(7) = 1 otherwise

Then @) holds due to (), (@) holds due to [I2), and (@) is trivially satisfied,

if z, = 1, and for z, = 0 we know that Z, = 0 for all a € p and hence ({)

holds because of (I3)). This means (y, z) is feasible for (TDM-A). It remains

to show that A, < C,. To this end, let p = (s,41,...,ir) € P° be a path with

i(p) =ir.

Case 1: z, = 0 for all @ € pN Achange. Then, we define z, = 0. From (I4) we
get that zP =1 for all a € p. Since y; = 0 we conclude that

Co= > Yi—ti=ti —Ys = A4
a=(1,j)EAs:a€p

Case 2: There exists a € p N Achange With Z, = 1. Choose a minimal with
respect to < with this property, say @ = (ij_1, ). Then, since Z,, Z? satisfy

(@) and (I3 we obtain

ZP=0foralla epwitha <a
zP =1 for all a € p with a < a.
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Hence, for all a € Achange N p we get

ws 1 ifa=a
a”® ™ 10 otherwise

This yields

Cp = Z yi —vi + (T —yi;)
a=(i,j)€A’:a€p
and a=a

:yifc_ys—'_T_yi;:T:Apv

and consequently, from—c(y, Z, 2, w) = from—a (v, 2(2)).

(TDM-A) — (TDM-C): Now let a feasible solution (g,z) of (TDM-A) be
given. Using Algorithm 1 we may replace § by a time-minimal solution y
which satisfies y; < T for all 7 € £, and has equal or better objective value.
Since y satisfies (@) and (Bl we can construct a feasible solution for (TDM-C)
according to (ZI1),[22), and 23]).

For the objective value of this solution we again compare C}, and A, for a

path p = (s,41,...,i1) € P° and get:

Case 1: If z, = 0, we get from (@) that y;—y; < s, for alla = (7, j) € p. Hence,
due to the definition of z, we conclude that z, = 0 for all @ € p N Achange,
yielding C}, = y;) = Ap analogously to Case 1 of the first part of the
proof.

Case 2: Now consider the case z, = 1.

Case 2a: y; — y; < s, for all a = (i,j) € p, yielding that z, = 0 for all
a € p and hence Cp = ;) <T = A,.

Case 2b: There exists a = (7,j) € p such that y; — y; > s,. This gives
us Z, = 1. Choose a = (ij_y, i) minimal with respect to < with this
property. Then, from the definition of zZ2 we get

ZP=0forallaepwitha<a
ZP=1foralla €pwitha=<a

and analogously to Case 2 of the first part of the proof C, =T = A,,.
Together, frpm—a(7,2) > from—a(y, 2) > from—c(y, C(y)).
Combining both directions yields that there exists an optimal solution for

(TDM-A) with delays y if and only if there exists an an optimal solution for
(TDM-C) with the same delays y. O
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Abstract. Unavoidable disturbances induce the necessity of operations
control and dispatching tasks in the timetable-driven rail traffic. There-
fore, dispatching becomes one of the most relevant challenges for the
economic success, since it directly affects the timeliness of passengers,
which is a core indicator of customer satisfaction. Thus, the integration
of passenger preferences into dispatching strategies is a reasonable ex-
tension of conventional dispatching algorithms. In this paper we discuss
decision support tools to be used by dispatchers in order to achieve cus-
tomer orientation. The tools are based on an agent-based simulation sys-
tem modelling the complete German railway network with about 30000
trains and millions of passengers per day. We report tests of various
dispatching strategies considering passenger information and aiming to
reduce passenger waiting times. We show that even simple heuristics pro-
duce better results than the rule based dispatching strategies currently
1 use.

1 Ideas and Basics of Customer-Oriented Dispatching

Unavoidable disturbances induce the necessity of operations control and dis-
patching tasks in timetable-driven rail traffic. Dispatchers of a railway have to
make decisions about changes to the original train schedule often in a matter of
minutes.

Traditionally, railways often emphasise timeliness of trains and cost minimi-
sation within the dispatching process. However, this tends to be suboptimal
from the customer point of view. We argue that timeliness of customers is more
important for the long-term economic success of a railway than timeliness of
trains.

With customer-oriented dispatching we mean dispatching strategies that give
customer timeliness a higher priority than train timeliness. Obviously, we first
have to determine measures how to judge customer timeliness, which certainly
means different things to different people, thus being an extremely multi-faceted
and complex aspect.

Mainly, there are two different aspects of customer oriented dispatching: a)
regarding wishes of passengers in the dispatching process through usage of pas-
senger information, and b) proactive and individualised information of pas-
sengers using modern communication networks and mobile technology like cell

F. Geraets et al. (Eds.): Railway Optimization 2004, LNCS 4359, pp. 171|183} 2007.
© Springer-Verlag Berlin Heidelberg 2007
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phones, personalised digital assistants (PDA) or so called “smartphones” which
are widely spread within industrialised countries.

Both aspects can be implemented and established independently, but obvi-
ously they are closely related: The more information there is available, the better
the quality of dispatching that can be achieved. In this paper, we focus on as-
pect a), because it seems to us that there is a lot of room to improve dispatching
quality even with little information about passengers.

Although customer orientation is getting more and more important in the
competitive passenger traffic market, little is known about how to reliably mea-
sure customer satisfaction in railways and how to design dispatching strategies
that maximise customer satisfaction. There are several established simulation
tools available for railway traffic (cf. [12], as an example), however, they are
usually technology-oriented aiming at optimal dispatching of trains and other
equipment. In this paper, we show how simulating railway traffic in a complex
network using intelligent software agents results in real-time decision support
tools significantly enhancing the on-trip support for passengers thus reducing
unscheduled waiting times during their trips. Furthermore, we show how the
simulation system can be used to figure out good online-dispatching strategies
in order to maximise customer satisfaction.

With “dispatching strategy” we mean every algorithm capable of calculat-
ing dispatching decisions consisting of waiting instructions for single connecting
trains waiting for late feeder trains in case of a connection conflict. In other
words, a train — the feeder — is delayed by a disturbance and could not reach
its scheduled connectors in time. If a connector does not wait for the corre-
sponding feeder, all transit passengers of this specific connection will be delayed,
if it waits, all passengers in the connector get into the risk of missing their
connections.

The implementation and test described in this paper were carried out with
data from Deutsche Bahn AG. The complete German railway network with about
30000 trains and about five million passengers daily was implemented within our
simulator. With this system, we were able to test various dispatching strategies
considering passenger information and aiming in reduction of passenger waiting
times.

Topics related to railway dispatching and reliability have been discussed in
literature during recent years (see [2, 5, 6, 7], for example), however, in this paper
we take a more explicit view considering customer satisfaction as the main goal
of disposition activities.

The paper is outlined as follows: In the second section we describe our agent-
based simulation test bed for simulating large railway networks, which leads to a
simple architecture of co-operating decision support components for dispatchers.
Section [3] describes the enhanced dispatching process and the components nec-
essary for this; Section [] presents some numerical results. In Section Bl the new
information process is described, and in Section [f] we close with some conclusions
drawn from extensive experimentation with this system.
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2 Intelligent Software Agents for Simulation of Large
Railway Networks

A railway as a system consists of autonomous mobile actors, such as passengers,
trains, and personnel. The system components act on a stable infrastructure,
such as tracks, stations, and so on. A simulator of railway traffic needs to model
all relevant groups of actors.

A natural way to describe mobile autonomous components is to use intelli-
gent software agents. Software agents are (broadly speaking) computer programs
which are able to behave autonomously in a certain sense, interact with other
software agents, thus building communities, and move within a digital network
[12]. Because there are usually several interacting agents, we often speak about
multi-agent systems. It is conceptually appropriate to use software agents to im-
plement a microscopic view of the railway system, because an agent is usually
configured to represent a microscopic item like one certain train or station, even
one certain customer.

From the computer science point of view, multi-agent technology can be
understood as an advancement of object-oriented programming, thus present-
ing a new programming paradigm. Especially, the concepts of autonomous be-
haviour and intentionality provide new dimensions to model objects with control
functionality; this is not possible with traditional object-oriented programming
techniques.

We generally distinguish between two basic variants of architecture models
for multi-agent systems: deliberative and reactive architecture. Agents in the
deliberative model behave analogously to expert systems as they are known in
artificial intelligence. They possess an explicit symbolic model of their environ-
ment, together with logical inference mechanisms in order to be able to derive
conclusions and evaluate possible actions. A well-known deliberative agent ar-
chitecture model is the “Belief, Desire, Intention” model of [1]. Reactive agents
react on certain stimuli from their environment with executing specified actions.
The easiest ways of implementation are if-then rules, e.g., if obstacle ahead
then go left. Agent goals are not given explicitly, intelligence arises incremen-
tally a non-centralised way, leading to a new modelling paradigm for distributed
systems.

In our opinion, the agent concept is very well suited for modelling parallel
and distributed simulation systems running on low-cost hardware. Furthermore,
the agent concept enables us to integrate (autonomous) real world players, such
as customers and dispatchers, trains and stations, and more specialised agents,
into the simulation, thus supporting customer information and distributed real-
time dispatching as well.

Using the agent paradigm, the simulation model was divided into several
regions by simply building disjoint subsets of network vertices (e.g. stations)
and arcs (tracks) as described in [4,8,11]. Every region contains one dedicated
central dispatching agent, each of them assisted by several task agents, e.g.,

! The “special agents” will be discussed in forthcoming publications.
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for carrying out more complex strategy calculations or to re-route passengers
missing their connections (cf. Section B]). Then, the size of a (virtual) region
is only limited by the dispatching productivity, i.e., the number of decisions
computed per time unit. Of course, the regions should be chosen in such a
way that communication costs are low within the cluster, and that there are
enough communication resources available for peak demands (many delays in
the network causing much dispatching activity).

To ensure consistency, a central data storage for infrastructure data (especially
the network topology) as well as timetable data (static and dynamic, i.e., with
delays during simulation) were chosen. The system is based on the general system
architecture introduced in [10].

Between regions, only border crossing trains and passengers are exchanged.
Furthermore, dispatchers can receive expected delays and passenger data from
trains in neighbouring regions by asking their “colleagues”. This becomes nec-
essary when a connector waits for a feeder train still located in a neighbouring
region.

In our simulation model, every complex dispatching strategy is implemented
as an agent as well, even when it has no typical agent properties (such as proac-
tiveness or mobility), thus enabling us to use the load balancing mechanisms of
the agent-based simulation environment.

The dispatching process is modelled as follows:

e Trains send disturbances occurring on their route to a central server. If a dis-
patcher has to decide, he will ask this server to receive the latest information.

e A departing train asks the responsible dispatcher for permission.

e The dispatcher computes a decision using different strategies (cf. Section [3))
and assisting agents, e.g., the passenger router (cf. Section Hl). He also de-
termines whether the train has to wait for some other (technical or security)
reason, e.g., congested tracks.

e Resulting decisions will be sent to affected entities in the network, both trains
and passengers.

e Additionally, every train and station performs “passenger administration”. All
passengers are continuously transferred from one administrative unit to the
next one during the course of their trip.

Of course, the dispatcher is the core component of this system. From an
agent technology point of view he could be regarded as a deliberative information
agent. This agent has to watch the state of the network and to act autonomously
in case of present or predictable conflicts. Even if no feasible plan (with no
missed connections) could be found, the dispatcher can use the passenger router
to compute new routes for all affected passengers.

The passenger agents then communicate with their real-world counterparts
enabling on-trip-interaction with passengers. In other words, they are the dis-
tributed user-interface of the system, giving specific information to “their” pas-
sengers on the one hand, and collecting useful data from them to support
dispatching decisions on the other.
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3 Components of Customer-Oriented Dispatching for
Enhancing the Dispatching Process

Each dispatcher in the system is responsible for a disjunctive region of the railway
network, calculating dispatching decisions for each train waiting for departure,
based on the states of all entities within the system. At first, the dispatcher
determines the set of actual and potential, i.e., probably forthcoming, conflicts
in the controlled area. Then, the time window in which a solution has to be found
is determined implying a set of possible decision strategies. The best strategy
builds the recommendation for a human dispatcher if the system is used within
real world. If it runs in simulation mode, the best calculated plan will be executed
without intervention of a dispatcher.

The internal architecture of the dispatching agent is outlined in Figure [ It
is based on the typical architecture of knowledge based systems. The dispatcher
uses the passenger router in two ways:

1) Before a decision is made, alternative routes for affected passengers are deter-
mined. If all those passengers can be re-routed, no further delay is necessary.

2) After a decision, the router can be used by the agents representing passengers
missing their connection to re-route their owners.

Dispatching strategies are of crucial importance, because they have direct im-
pact on customer satisfaction as measured by delays and missed connections.
In order to rate passenger strategies we chose a simple measure which is di-
rectly influenced by dispatching decisions: We measured the individual and to-
tal passenger waiting time. Although there are many criteria defining customer
satisfaction (cf. [9]), we think (passenger) timeliness to be the most important
factor.

To properly weight waiting times of customers we have to consider the circum-
stances under which the waiting takes place. Therefore, we define a parameter
called waiting time quality: Does the customer wait in the train or at the sta-
tion? If the latter, what type of station is it, i.e., is there any pastime, or is he
or she forced to wait at the perhaps cold and windy platform? A second crite-
rion influencing the quality of waiting time is the type of a trip. Waiting a few
minutes longer may not be arduous if the customer is on a holiday trip, while it
could be crucial for reaching a business appointment, while in both cases longer
waiting times lead to disproportionate annoyances. Thus, passengers should not
wait “too long” if dispatching can avoid it. This leads to waiting time costs for
each passenger, which could be represented by utility functions (cf. [9]). Many
other criteria are possible as well. In reality, the final decision has to be made
by the (human) dispatcher: the role of the computer-based system is to provide
optimal decision support.

In general, we may categorise dispatching strategies according to the amount
and quality of input information they require, as well as according to the art and
amount of their running time which may be deterministic or stochastic. Usually,
the amount or information required is closely related to the expected running



176 C. Biederbick and L. Suhl

Real-world
~agents®

Simulation
test bed

Offline benchmark of
decision strategies

GuUI additional
Interview | Explanation | Knowledge Acquisition helping agents

»Inference engine* g Strategy agents |
Rule-based decision making implemented inline

Database
Facts, Models, Rules

Passenger router

Train router

Fig. 1. Internal architecture of a dispatching agent

time. Within the study described in the next section we compared the following
basic dispatching strategies:

General regulations (Do not regard any individualities)

Strategy #1. Do not wait at all (except for security reasons).

Strategy #2. Wait until every feeder train has arrived.

Decisions regarding categories of feeder trains

Strategy #3. Wait ¢ minutes if the feeder train is of higher category than
you. The existing waiting time rules of Deutsche Bahn AG are of this type,
too: Only if ¢ is exceeded, a conflict arises and a dispatcher has to decide what
to do.

Time table dependent decisions

Strategy #4. Wait maximally as long as no connection on the route is en-
dangered considering the scheduled arrivals of your own connectors.
Decisions including passenger information

Strategy #5. Wait, if there are “many” changers in specific feeders. This may
be compared with the total number of waiting passengers in the connector,
e.g., a given rate ¢ is exceeded, where ¢ is (#changers/#waiting passengers).
In real world, this information is usually not available. With simulation, how-
ever, we are able to show how useful it could be.

Strategy #86. Variation of #5: Regard the sum of all changers in all delayed
feeders. If ¢ is exceeded, wait for all feeder trains.
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Strategy #7. Variation of #5, but without individual routes. A certain rate
of the passengers in a feeder is assumed to change, e.g., based on experienced
numbers. This strategy is certainly more easily practicable than the previ-
ous ones, because the total number of passengers in a train is fairly easy to
estimate.
Strategy #8. Variation of #7 similar to #6.
Strategy #9. Extension of #5: All waiting passengers at the following sta-
tions are taken into account additionally.
Strategy #10. Extension of #6 in the same way #16 extended #12.
Strategy #11. Extension of #7, again not regarding individual information.
Strategy #12. Analogous to extension of #8.

e Combined strategies
Strategy #13. Use of passenger router: Wait, if at least one passenger in the
feeder could not reach the target station in a reasonable amount of time. For
every changing passenger alternative routes are computed. If the estimated
new arrival time is close enough to the planned arrival time for all passengers,
the connector leaves.
Strategy #14. Compute the total consequences of both the decision that
the connector waits for the delayed feeder and that it does not wait, using
online passenger re-routing. Choose the alternative with less accumulated total
waiting time along all routes and all passengers.

In order to be able to construct an exact model we would need the specific
route of each individual passenger over one day. Since this information was not
available, we decided to generate “artificial passengers” based on known infor-
mation about average train contacts per day. We believe that the approximation
is good enough to judge effects of various dispatching strategies.

4 Comparison of Dispatching Strategies

The strategies described above were tested within the simulation environment.
The more promising strategies may be suitable for decision support systems for
the human dispatcher in real-life situations as well.

Test Environment

The time horizon of the simulation is six hours, i.e., about one million passengers
and nearly 9000 trains. Within a simulation run, exponentially distributed delays
with expected length of 5 minutes are generated for trains which were chosen
arbitrarily. Inter-arrival time of delays is exponentially distributed as well. The
delays were chosen in such a way that about 10 % of the simulated trains will be
delayed. Note that these are only primary delays; secondary delays could easily
be induced by dispatching strategies: a train waiting for its feeders is of course
delayed, too.

Our experimentation shows that most simulation runs could be executed in
less than two hours on a small cluster of three personal computers (ca. 1.4 GHz
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and 512 MB RAM). When the passenger router is in use, it runs on a dedicated
computer. One single dispatching decision can be computed in a few seconds,
even when more complex strategies are in use. (Of course, run-time is mainly
influenced by the calculations necessary for the used strategy.)

Some strategies demand the specification of additional parameters, especially
those strategies that integrate passenger information comparing numbers of pas-
sengers in trains etc. All simulations were replicated 5 times.

Computational Results

First of all we compared strategies without re-scheduling passengers with missed
connections, but penalising a missed connection with a high value in our passen-
gers’ utility functions, arguing that a missed connection implies not only delays
for affected passengers, but also disproportionately reduces the quality of the
product the customer paid for.

Table 1. Percentage of passengers missing a connection in strategies without the pas-
senger router

RWZ[ 1 2 3 | 4 5 6 7 | 8 9 [ 10 | 11 | 12
0,59 | 0,79 | 6,10 | 1,58 | 3,43 | 0,37 | 0,38 | 1,35 | 0,90 | 0,36 | 0,57 | 0,58 | 0,70

The percentage of passengers missing a connection in our model is compara-
tively small; due to the settings of our delay parameters (see Table [T]). This is
intended, because no valid estimation of this number in reality was available.
In this way, we tend to underestimate the real number which was approved by
experts of Deutsche Bahn. Therefore, it is unlikely that we overestimate the
impact of online passenger re-scheduling.

A comparison of the strategies described above clearly proves our hypothesis,
that the strategies including passenger information in many cases achieve much
better results than waiting time rules of Deutsche Bahn AG do (see Figure [2).
Although the regular waiting time (rwt) of Deutsche Bahn AG performs well,
there are strategies integrating passenger information which reduce the weighted
passenger waiting time down to about 60 %.

Remarkably, our model showed that rwt in general achieves only about 70 %
of passengers reaching their destination on time. Ceteris paribus, passenger-
oriented strategies achieved an average rate of about 90 % (with low variance)
in our simulation runs.

Impact of Passenger Re-routing

Figure Bldemonstrates the effect of using the passenger router (strategies 13 and
14 obviously cannot be simulated without passenger router). It is obvious that
strategies utilising passenger information perform much better than others.
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Weighted passenger waiting time
(without passenger router)
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Fig. 2. Weighted passenger waiting time of strategies without using the passenger
router

The passenger router clearly is an important part of the system as it is, in
a way, the bridge between the two areas of customer-oriented dispatching —
a) on-trip information and re-direction of passengers and b) calculating certain
strategies. The passenger routing agents were developed jointly with T. Mellouli,
J. Goecke, and DB Systems, (system vendor of Deutsche Bahn AG).

The passenger routers carry out the task of computing alternative routes
through the dynamic connection network in case of missed connections. There-
fore, a router has to update its internal network model whenever a delay occurs.

There are two ways to use passenger routers in customer-oriented dispatching:

e To determine an optimal passenger re-routing strategy in case of a distur-
bance taking into account several decision alternatives. Thus, we determine
in real-time whether it is better to let some passengers in feeder trains miss
their connector or to let some passengers in the connector train miss their
connections later on. A dispatching strategy might for example minimise the
induced total waiting time in both cases.

e To compute re-routing proposals for passengers already affected by missed
connections — this might be helpful for passengers standing on a railway
station.

If a disturbance is known before a trip starts, such as the case of a major
construction site within the route, the router can be used already before a trip
starts.

The internal network representation of a passenger router uses topological
sorting and a very efficient update routine. This enables us to include individual
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Weighted waiting time per passenger
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Fig. 3. Comparison of weighted passenger waiting time with and without passenger
router

restrictions during the search for alternative routes, e.g., personalised minimum
transit times for passengers, preferred train categories, or minimum number of
train changes.

5 Information of and Communication with Passengers

An elegant way to communicate and interact with passengers is to make use
of their very own mobile communication devices such as cell-phones (via SMS),
PDAs (via Wireless LAN and internet) or all kinds of mobile computers (dito).

For this work we assume these technologies to be wide-spread in industrialised
countries. Only this enables us to distribute individualised information and in-
teract with every single passenger on trip and in real time, which can not be
achieved using conventional information devices in stations or trains.

We assume furthermore that we are able to track passengers on their routes
since we initially know the scheduled route and the position of all trains the
passengers use. Even if a passenger is re-routed, it can be argued that the systems
advice will be taken thus providing the new position, because he or she wants
to reach his/her destination.

The complex task of collecting data of single passengers and their routes is
not only helpful for customer-oriented dispatching. It is also very important as a
source of information from a strategic point of view, e.g., for facilitating product
planning and timetable optimization. The absence of confirmed data made these
steps very difficult in the past.

One of the most important applications is revenue management (formerly
known as yield management). In [3] yield management is defined as follows:
“yield management is [...| to optimize total revenues at the site where a service
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is provided. This optimization is achieved by adopting techniques to manage the
capacities marketed by a service company”. Deutsche Bahn AG recently tried to
introduce some revenue management instruments, e.g., giving special discounts
on dedicated trains, so demonstrating their huge interest in such applications.

In our system, every agent with real-world counterpart has a communication
interface with its owner, at least on the conceptual layer. This makes it easy
to implement this system in real-world contexts: An earlier version of this part
of our system was already installed in 2001 in co-operation with DB Systems.
Passengers booked the service via World Wide Web and then got information
about train states via SMS.

From a technical point of view, our system simply uses existing protocols
for communication with passengers as it is shown in Figure @l Passenger agents
just monitor the network status in order to determine whether their principals
are affected. If necessary, they just use a conventional web server (farm) as
gateway.

Clients Server

Passenger
interaction
agents

HTML-contents

Browser

WML-contents or SMS

=
/
“

WAP- Webserver
Gateway
HTTP
Central
with
HTML-contents network
-7 ﬂ status

Fig. 4. Technical architecture of the passenger information system

We believe that the huge amount of short messages sent every day proof the
ability of such architectures to handle all communication activities in our system,
even, if millions of passengers use it.
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6 Conclusions

With this paper we show how agent-based simulation under usage of estimated or
exact passenger information could be used to improve the quality of the railway
dispatching process both for the provider and the passengers.

We have chosen a customer oriented approach, emphasising the timeliness of
customers in the connection network: some simple dispatching strategies were
presented, proving that even the use of estimated passenger data could enhance
the process from the customers’ point of view.

However, although the simulation model was validated carefully, it is not
totally sure that the presented “best” strategies would perform in reality as well
as they do in simulation, because all passenger routes are not taken from real-
world data, but generated by an algorithm under certain (plausible) assumptions.
Therefore, tests with more reliable passenger data would be necessary to evaluate
strategies correctly, i.e., we explicitly do not claim to have determined the best
possible strategy, but we provide a system which enhances testing of strategy
candidates.

Therefore, modern proactive information systems pushing individualised in-
formation are an important field of further research in order to maintain com-
petitiveness of rail traffic providers.
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Abstract. The Rapid Transit System Network Design Problem consists
of two intertwined location problems: the determination of alignments
and that of the stations. The underlying space, a network or a region of
the plane, mainly depends on the place in which the system is being con-
structed, at grade or elevated, or underground, respectively. For solving
the problem some relevant criteria, among them cost and future utili-
sation, are applied. Urban planners and engineering consulting usually
select a small number of corridors to be combined and then analysed. The
way of selecting and comparing these alternatives is performed by the
application of the four-stage transit planning model. Due to the complex-
ity of the overall problem, during last ten years some efforts have been
dedicated to modelling some aspects as optimisation problems and to
provide Operations Research methods for solving them. This approach
leads to the consideration of a higher number of candidates than that of
the classic corridor analysis. The main aim of this paper is to integrate
the steps of the transit planning model (trip attraction and generation,
trip distribution, mode choice and traffic equilibrium) into an optimisa-
tion process.

Keywords: Network Design, Rapid Transit Systems.

1 Introduction

Increasing mobility, longer trips caused by the enlargement of the urbanised
areas and the reduction of average ground traffic speed are some of the reasons
why during last 30 years new lines of rapid rail transit systems (metro, light
rail, people mover, monorail, etc.) have opened in some agglomerations, while in
others, systems are being constructed or planned.
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The minimum threshold of population of a city or of a metropolitan area for
needing a rapid rail transit system depends on density, private vehicle avail-
ability, traffic congestion, environmental aspects and other characteristics. This
figure has diminished from about two millions inhabitants during the sixties to
half a million at the end of last century. As a consequence the number of cities
interested in such systems is increasing.

Because of the very large cost of constructing and operating rapid transit
systems, it is important to pay close attention to their efficiency and effectiveness
(Karlaftis, 2004, [7]). A crucial part of the planning process is the underlying
network design, which consists of two intertwined problems: the determination
of alignments and the location of stations.

The methodological support for forecasting the travel demand is a multi-stage
process where different techniques can be used at each stage. Once the area under
consideration has been adequately broken into study zones, the classical four-
stage model is applied in order to finally obtain a prediction of the travel demand
for the proposed transportation system.

1. Trip Generation Analysis: computation of the number of trips starting in
each zone for each particular trip purpose.

2. Trip Distribution Analysis: production of a table containing the number of
trips starting in each zone and ending in each other zone.

3. Modal Choice Analysis: allocation of trips among the currently available
transportation systems (bus, train, pedestrian and private vehicles).

4. Trip Assignment Analysis: assignment of trip flows for the specific routes on
each transportation system that will be selected by the users.

The four-stage process for selecting a network of lines of a mass transit system
leads to the identification of a list of potential rapid transit corridors, which are
assessed on the basis of several factors, among which the expected future rider-
ship, computed by taking into account the modal split, is the most important.
Corridors are then ordered and those that are selected are combined into several
networks giving rise to different scenarios. Note that, since the number of alter-
natives is reduced to a very short list of corridors, this approach does not need
to apply optimisation methods. However, it is probable that good candidates
would be eliminated at an early stage or not considered at all, especially when
the network can be underground.

During the last ten years some aspects of the planning problem have been
modelled by optimisation models and solved by Operations Research techniques,
thus allowing the consideration of a higher number of candidates than for the
classical four-stage corridor analysis. The main efforts in this line of research have
been oriented toward the determination of a single alignment and the location
of stations given an alignment. Examples of the first type of application are the
papers by Dufourd, Gendreau and Laporte (1996, [3]) and Bruno, Gendreau and
Laporte (2002, [2]) when it is desired to maximise the coverage, and those by
Bruno, Ghiani and Improta (1999, [1]) and Laporte, Mesa and Ortega (2005, [11])
which incorporate origin-destination matrix data, thus integrating the second
stage of the classic model. Garcia and Marin (2001, [4]; 2002, [5]) studied the
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transit network design problem using bilevel programming. They considered the
multimodal traffic assignment problem with combined mode at the lower level.

Since an objective of the paper consists of encouraging the introduction of
optimisation methods in the process of designing a rapid transit system, three
stages are going to be identified below:

S1. Selecting key nodes
The network design will be based on the knowledge of the location of the
main sites where trips are generated as origin or as destination.
S2. Designing the core network
A short list of lines, which are supported by the key nodes previously se-
lected, will be determined so that the system effectiveness is maximised.
S3. Locating secondary stations
Once lines are broadly decided new secondary stations will be located, along
the edges determined by pairs of key stations, in order to optimally increase
the total coverage of the line.

This paper primarily addresses the second stage, although some comments
about the first stage are also included in order to present their associated opti-
misation problems. The papers by Laporte, Mesa and Ortega (2002, [I0]) and
Hamacher, Liebers, Schobel, Wagner and Wagner (2001, [6]) deal with the prob-
lem of locating stations on a given alignment; these are useful references for the
study of the third stage.

The paper is organised as follows. In the next section the problem of selecting
the main stations is discussed. Section 3 is dedicated to the problem of deciding
how to connect the selected stations. Section 4 describes some computational
experience based on an example.

2 Selection of Key Station Sites

As above mentioned above, once the area under consideration has been par-
titioned into zones, the number of trips that each zone will produce or attract
must be quantified taking into account land use activities and the socio-economic
characteristics of potential users.

As a general rule, zones are designed to include city blocks relatively homo-
geneous with respect to their urban activities (residential, commercial or indus-
trial) and size. For instance, Figure 1 represents the city of Sevilla (Spain) split
into 47 transportation zones. The two grey bands correspond to the branches of
Guadalquivir river.

Some zones produce a high number of trips since they are densily populated
(e.g., darker zones in Figure 1) and situated far away from the central area of the
city (trip-generator zones). On the other hand, those that provide a large number
of jobs (such as office zones or industrial areas) or contain important facilities
(such as commercial zones, universities and hospitals) must be considered as
trip-attractor zones.
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SEVILLA |

Fig. 1. Transportation zones in Sevilla

Figure 2 illustrates those sites in Sevilla which produce a high number of
trips. Moreover, the most used roads for getting into the city from the towns of
the metropolitan area have been drawn with a triangle indicating an access flow.
Figure 2 also shows one line of the Metro of Sevilla (currently under construction;
more details in http://www.urbanrail.net/eu/sev/sevilla.htm) based on the key
node set which was selected.

Therefore, this simplified scenario with nineteen sites which produce a high
number of trips contains:

- three centroids of zones densely populated (e.g., node WEST);

- four filled triangles point out those roads where the density of trips by pub-
lic bus is higher. The number associated to each triangle is measured in
thousands of users;

- twelve key nodes where the main facilities of the city are located: universities
(nodes labelled by US1, US2, US3, US4 and UPO), hospitals (nodes HOS1
and HOS2), train stations (ST1,ST2), etc;

- an approach to the real drawing of Line 1 based on the earlier nodes.

Often, the trip-producing zones cannot be represented as a point in the
model (as, for instance, a large university campus or a distant and dense area);



An Integrated Methodology for the Rapid Transit Network Design Problem 191

LS P
SEVILLA

® EAST

e ST1

P —

“com1 U

Line 1

7.0
PO
3.2

)
<J <

Fig. 2. Key node set and Line 1 of the Metro of Sevilla
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therefore, some of these connecting centroids will be considered in the model
as candidate sites for locate future stations of the new rapid transit network,
channelling the zone demand total or partially. In order to obtain the most
effective placement of the stations, a location problem on the zone should be
solved.

Hence, let each demand node be denoted by a;, k € K = {1,..., M} in area A.
We assume that each node ay, k € K ={1,..., M} is weighted with an average
number wy, of inhabitants or visitors attracted by the service. Let da(x,y) be
a planar distance measure, which is the best one fitted to the existing urban
structure in zone A with || - ||4 as associated norm: da(x,y) =|| x —y ||a. Let
B4(x,7) denote the set of points in the plane whose distance to the station x is
not greater than r (usually, called ball of radius r).

1. If the attraction model is assumed to be all-or-nothing and the solution set
is continuous (all points in A are candidate sites), then a maximal covering
location problem with fixed capture radius r > 0 must be solved to determine
the best location for concentrating the area demand. For this purpose, let
I(x,r) ={k € K: a, € Ba(x,7)} be the index set necessary to formulate
the maximal covering problem with fixed radius:
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Fig. 3. A solution of the maximal covering problem
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Figure 3 illustrates a solution for the maximal covering problem where build-
ing blocks have been replaced by centroids; the radii of nodes are proportional
to their weights which appear below.

The corresponding method which leads to the solution requires a number
of steps is directly related to set cardinality M. A discussion on the contin-
uous covering location problems can be found in Plastria (2002, [12]). The
distance between the potential users and the station must be mathemati-
cally formulated by accurately fitting a representative sample of real travel
times in the area under study. The distance type used in the approach can
determine the solution to be adopted; see Laporte, Mesa and Ortega (2002,
[10]) for an application arising from the planning of the Sevilla metro.

A more realistic approach to assess the catchment level around each sta-
tion of an alignment, consists of establishing concentric geometrical shapes
with decreasing attraction factors (Figure 4) which can vary following con-
tinuous or discrete models. A discrete version of this approach was developed
by Dufourd, Gendreau and Laporte (1996, [3]) and by Bruno, Gendreau and
Laporte (2002, [2]). On the other hand, a continuous model for the catchment
problem, using a gravity model in order to maximize coverage, was applied
by Laporte, Mesa and Ortega (2002, [I0]) to determine the most effective
pair of sites to locate two stations in a section of the metro of Sevilla.

If the set {s1,82,...,s1} of candidate sites for the station is considered as
discrete, then a discrete version of the covering problem can be used. Namely,
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Alignment

Fig. 4. Catchment area in census tract C' from station S;
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Since the location of candidate sites is previously known, the attractiveness
for the users can be better estimated by taking other additional considera-
tions into account (like the transportation cost along the street network, the
cost of establishing a facility, or the penalty cost for providing poor service to
the users). This requires sophisticated integer linear programming models.
Useful references on this topic are Kolen and Tamir (1990, [8]) and Schilling,
Jayaraman and Barkhy (1993, [13]).

3 Core Network Design

After having located the stations that must belong to some of the lines of the
network, the problem of connecting them with a small number of alignments
A={A : 1 =1,...,L}, with origins o; and destinations d; given, in com-
petition with the private mode PRIV, is tackled. For this purpose and as a
first approach, some geometric models like the Minimum Spanning Tree, the
Minimum-Diameter Spanning Tree and the Steiner Tree problems could be ap-
plied. However, these approaches do not take into account the mode and route
user decisions. For this reason an integer network design formulation considering
the user and location decisions will be developed in this section.

3.1 Data

First of all, we will assume that the data required for the model are known,
namely:

- the set N = {n;,i = 1,2,...,I} of potential locations for key stations.
Typically for a medium size agglomeration, 5 < I < 20;
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- the matrix d = (d;;) of distances between pairs of points of N. Note that
the entries of matrix d could correspond to (almost) Euclidean distances
if the system were designed to be underground; otherwise, i.e. for a grade
or elevated system, the data of matrix d should reflect the street network
distances;

- the travel patterns given by the origin-destination matrix: F' = (fp); p =
(¢,7) € P, where P is the set of ordered pairs of demand points.

3.2 Formulating the Model

Let then F be the set of feasible edges linking the key stations. Therefore, we
have a network N' = (N, E) from which the core network is to be selected. For
each node n; € N denote by N (i) the set of nodes adjacent to n,. Let ¢;; and
¢; denote the costs of constructing a section of an alignment on edge ij and
that of constructing a station at node n;. The generalised routing cost (under
demand point of view) of satisfying the demand of pair p through the private and
the public network are CII,D RIV and cf UB  respectively. The first one is a given
value, but the latter cost depends on the final topology of the public network
and therefore on the edges that are selected; for this reason a generalised cost
i VP is given for each edge. This value is taken equal to the distance between
¢ and j. Depending on the available budget for the total construction cost of
each alignment, bounds cinin, c .., =1,..., L, on the construction cost of each
alignment and bounds cpyin and cpax on the total construction network cost are
known.

The problem we are dealing with consists of choosing a low number L of lines
(typically 1 < L < 5) covering as much as possible the travel demand between
the points of NV, subject to constraints on the construction cost. The model has

four decision variables:

1. the first variable is the binary variable which represents the selection of
stations for each alignment: y! = 1 if n; € A;; y! = 0 otherwise;

2. the second one is the binary variable associated to the selection of the specific
edge used to build the alignment: xéj =1, if edge ij € E is selected for the
alignment [; x}; = 0 otherwise;

3. since edge ij will be included in the design of the public network depending
on if the demand between pairs of origin-destination nodes is satisfied, a
third variable is used for modelling that decision: ufj =1, if the demand of
pair p of origin-destination nodes would use edge ij in the public network;
uj; = 0 otherwise;

4. the objective consists of deciding what particular pair of origin-destination
nodes will be included in the final design. For assessing that decision z, = 1
if the generalised cost for the demand of node pair p, through the public
network A, is less than that of the private mode; z, = 0 otherwise.



An Integrated Methodology for the Rapid Transit Network Design Problem 195

Thus the problem can be stated in the following terms:
e Objective function: Trip covering
max Zpe p oo

e Cost constraintb
Z?EE czﬂx + ZZEN Ci y’L [ mln’ci‘ﬂax}v l= 1a27"~aL [1]
=1 ZijeE Cij T zg + ZiEN Ci Zl:l yﬁ € [Cminacmax] [2}

° Alignment location constraints

Z]EN(O,) lOL] = 17 l:1,2,...,L [3]
Dien) Tig, =1L 1=1,2,...,L 4]
méj :xé»i ZJEE, [=1,2,...,L [5]
y(l)L:yél:]-vl:].,...7L [6}
ZjeN(i) 33% =2, ie N\{o,d}, 1=1,...,L [7]
e Routing demand constraints
ZjeN(q) “5j =1, p=(qr)ePr 8]
ZiEN(q) f =0, p= (q,'f') cP [9}
iengy Uir =1, p=(q¢r)EP [10]
Yjene) Uy = 0 p=(ar)eP [11]
ieNG) Yy~ Zkeng) Uk = 0, JEN, p=(g,r) € P [12]
e Splitting demand constraints
Yijer ¢ Dupy — ¢tV = M(1-2) <0, peP [13]
e Location-Allocation constraints
u +ZP—1<ZZ1££;7PEP,Z]€E [14]
z]7y17 1‘77217 e {0 ].}

3.3 Description of the Constraints

Constraints [1] and [2] impose lower and upper bounds on the cost of each line
and on the overall network, respectively. They could be simplified by considering
only the individual and the total line lengths instead of costs.

e Length constraints
Yiice i xi [lengthmm, length! . ], 1=1,2,...,L (1]

i1 Yijer dij @l € [Tlength,,, Tlength,,,,] (2']

Constraints [3] and [4] guarantee that each line starts and ends at its specified
origin and destination. Note that, although the trip flow is directed, the network
in undirected; therefore, the decision of connecting two nodes must involve flows
in both directions, as constraints [5] express. Constraints [6] ensure that all
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origins and destinations belong to A. Constraints [7] impose that each line must
be a path between the corresponding origin and destination.

Constraints [8], [9], [10], [11] and [12] guarantee demand conservation. Con-
straints [13] were introduced to ensure that z, = 1 when the demand of pair
p goes through the public network and z, = 0 if it uses the private network.
Finally, constraints [14] guarantee that a demand is routed on an edge only if
this edge belongs to the public system.

Note that this formulation does not include the common subtour elimination
constraints, but when a solution contains a cycle, then such a constraint is im-
posed. However well developed networks (e.g. Paris, London, Moscow, Tokyo
and Madrid) often contain circular lines. It has also been proved by Laporte,
Mesa and Ortega (1997, [9]) that the inclusion of a circle line often increases the
effectiveness of the network and thus the inclusion of cycles may be interesting.

4 Computational Experiments and Conclusions

The integer model of the latter section was implemented in GAMS
2.0.27.7, which calls CPLEX 9.0, and tested on the 6-node network N = (N, E)
of Figure 5.

Each node n; has an associated cost ¢; and each edge ij has a pair (c;j, d;;)
of associated weights: the first coordinate is the cost ¢;; of constructing the
edge and the second is the distance d;; (which in the experiments is also the
generalised public cost of using the edge) between nodes n; and n;.

The origin-destination demands f,; p = (¢,7) € P and the private cost ¢V
for each demand pair p € P are given in the following matrices.

— 926191312 ~ 1608 22625

11 — 1426 718 2 —09121525

p_ 3019 3024 8| ppv_ [ 1514 —1309 2
T2t 911 —2216 |’ “ 19 219 —18 2
1414 8 9 —20 315 2 2 —15

26 1222413 — 212722 115 —

Although the levels of congestion are not uniform in a real context (in fact,
they depend on the time of the day, the day of the week, the month, the weather
condition as well as the area of the city), different congestion coefficients (which
are contributing factors to the private costs) have been considered. The following
tables show, for each case, the lines that compose the optimal network and the
corresponding values of the objective function. For Table 1, the total length of
the network is an active constraint, whereas a maximum location cost is the
additional constraint considered for Table 2.

Times spent in the transfers was not taken into account in the model. Location
cost for multiple stations (stations with line transfers) was considered propor-
tional to the location cost of a single station, with a proportionality factor equal
to the number of lines crossing the corresponding station.

The results are quite similar for the two different constraints considered: the
optimal network is composed of a single line when the restriction level is higher,
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3) (3, 1.1) (3)

2
(2.1,0.6)

(1.7, 0.5) (2.4,0.7)

(2 (1.3)

(2.8,0.8)

(2.6,1.1)

(2.7,0.7) (1.9, 0.5)

22)  (1.7,05) (25)
3 5

Fig. 5. Network

or composed of two lines if the constraint is less restrictive. In some cases more
than one configuration reaches the maximum covering for the demand given.
The accuracy of the model can be confirmed by observing that when congestion
increases, the value of the objective function also increases, giving rise to a more
important use of the public transit system.

The experiment was carried out on a Pentium IV laptop computer at 2.56
Mghz. Since all the results were obtained within seconds we hope the model
would be useful for larger instances. In particular, for a 9-node network the
computation time, once the origin and destination nodes have been previously
fixed, is 27.19 seconds, whereas the exploration for all possible solutions for takes
195905.91 seconds (more than five hours).

Further computational experiments should be done for real-world contexts. In
order to obtain valuable results, good data are required and some relaxation on
the 0/1 allocation of the demand should be done. However, there exist several
factors such as security, convenience and availability of private cars, all having
some influence on the potential ridership, which can hardly be taken into account
in models.

On the other hand, an interesting extension of the previous maximal covering
problems with fixed radius, dealt with in Section 2, arises when an attraction
gravity model is combined in the objective:

PWE
ea Z d* (x, a)?

keZ(x,r)
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where parameter p > 0 represents some proportional constant and d*(-,-) is an
hyperbolic approach to the Euclidean distance, in order to avoid the singularities
of the function. As far as the authors are aware, no work on this gravitational
version of the maximal covering problem with fixed radius has been carried out.

Table 1. Maximum total length constraint [2’] active

TABLE I Tlength,, .. = 2 Tlength,, .. =4

Congestion Line(s) | Value Line(s) | Value

0.75 n2 —n3 — N5 — N 168 T e T TG T 319
N2 — N3 —Ns

1 1 — N3 — N5 — Ne 216 N2 T s TG 446
n2 — N4 — N5

1.5 ni—mns —ns —mna 227 T e R T TG 496
N2 — N3 —Ns

Table 2. Maximum location cost [2] active

TABLE II Cmax = 1D Cmax = 30

Congestion Line(s) | Value Line(s) | Value

0.75 n2 —n3 — N5 — N 168 R 327
n3 — N5 — Ne

1 ni —ns —n5 — 1 216 s 430

N4 —N3 — N5 — N
1.5 ni—ns —ns —ng 216 M T e e 496
N1 —n2 — N3 — N5 —Ng
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Abstract. The paper presents a general procedure, supported by a sys-
tem of simulation models, to estimate the effects due to the implementa-
tion of an integrated fare system in regional transit services. The effects
on users (demand level variations) and on transit companies (manage-
ment revenues) are considered. In particular, the demand is assumed to
be elastic with respect to the fare at the modal and path choice dimen-
sions. The general procedure is applied to the transit system of an Italian
regional area.

1 Introduction

In the last years, many regional and metropolitan areas successfully introduced
integrated fare systems in transit services, due to the modifications of Euro-
pean and national legislations. The implementation of an integrated fare system
involves decisional implications concerning the necessity to activate comprehen-
sible and easy usable fares for the user, to identify the management service rev-
enues and their allocation among transit companies. The actual tendency is to
move from non-integrated fare systems, where each transit company has his own
fare structure and levels, towards integrated zone fare systems, where a common
zone fare structure is defined, accepted and adopted by all transit companies
operating in the area. A systematic description of fare integration experiences
in transit services of some European metropolitan and regional areas is reported
in [1], [2], [3].

Methods for designing integrated fare systems for transit services can be clas-
sified according to a “what if” (simulation) approach and a “what to” (opti-
mization) approach (Figure [II).

In the first case, many alternative fare system scenarios (zone partition and
fare structure and levels) are exogenously defined on the basis of experiences
or specific knowledge of the examined area. Such configurations are simulated
through a system of simulation models and compared with the support of some
evaluation indicators. In the second case, fare system scenarios are generated
automatically by means of an optimization model, which is usually composed by
a zone partition model and a fare level model. The solutions of the optimization

F. Geraets et al. (Eds.): Railway Optimization 2004, LNCS 4359, pp. 200 2007.
© Springer-Verlag Berlin Heidelberg 2007
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model are analyzed and evaluated through an iterative procedure. Both ap-
proaches have, in a general case, the minimum fare increment for the users and
the minimum revenue reduction for the transit companies as objectives. The
decision variables are the zone partition of the area and the fare structure and
levels, and the constraints are given by the territorial integrity of the zones,
some thresholds for maximum variations of fare levels and revenues, or fare
monotonicity (increasing fares with trip length).

Objectives:
Min fare increment
Min revenue reduction

Variables:
Zonal partition
Fare structure and levels

Constrains:
Territorial integrity
“what to” Max fares and revenues “what if”
approach Fare monotonicity approach

v Vvyy A 4 A 4

v

Zone partition model

| Alternative fare scenarios |
Fare level model Simulation models
A4

[ Optimality criterion ] Fare scenarios evaluation
|

Fig. 1. “What to” and “what if” approaches for integrated zone fare system design

Some work based on the “what if” approach are proposed in [4] and more
recently in [5], [6] and [7]. In the latter publications a procedure for management
revenues estimation deriving from the definition of alternative fare systems in
a regional area is proposed. Some work based on the “what to” approach are
focused to the optimal definition of a zone fare system, with the objectives to
minimize fare increments for the users and revenue reductions for the operating
companies ([8], [9], [10], [11], [12] and [13]).

In all the above work the effects of the implementation of an integrated zone
fare system are simulated and evaluated, assuming rigid demand.

The paper presents a general procedure, which uses a system of simulation
models to estimate the effects on users (demand level variations) and on transit
companies (management revenues), due to the implementation of an integrated
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fare system in regional transit services. In particular, the demand is assumed to
be elastic with respect to the fare at the modal and path choice dimensions.

The paper is organized in three sections. In the first section, the general pro-
cedure for the simulation of fare systems and the system of simulation models
for the estimation of demand levels and management revenues in a regional area
are presented. The second section describes an application of the procedure to
the Province of Reggio Calabria (Italy); the effects deriving from the definition
of different fare systems have been simulated and compared in terms of demand
levels and management revenues. Finally, the third section reports the conclu-
sions and the research perspectives.

2 General Procedure for Fare Systems Simulation

The proposed procedure, based on the “what if” approach, allows to simulate
the effects of the implementation of an integrated fare system in regional transit
services on users (in terms of demand levels) and on transit companies (in terms
of management revenues).

The procedure is presented according to the scheme shown in Figure 2 and
involves specifications of a supply model, a fare model (it is separated from other
components of the supply model), a demand model, a transit assignment model
and a revenues model.

The starting step concerns the definition of the integrated fare system sce-
nario, simulated through a fare model. Road facilities and transit services are
simulated through a supply model. The demand can be simulated through a
system of models that, from user specific, level-of-service and cost attributes
(fares), provides modal origin-destination (O/D) matrices. At this point, the
modal demand levels are evaluated with reference to prefixed constrains (i.e.,
minimum thresholds given by the demand levels in the current transit system
modes), described in detail below. If such constrains are not satisfied the fare
system scenario can be modified, otherwise modal O/D matrices are assigned
to the network through an assignment model. Cost attributes are taken into ac-
count in the definition of systematic utility (or cost) connected to each path. So,
it is possible to simulate the effects of a fare system scenario on the demand in
the dimensions of mode and path choice. The assignment model (demand-supply
interaction) gives back the flows (or loads) on each element of the network (link),
that represent the input, together with fare matrices, for the revenues model. The
estimated revenues are evaluated with reference to prefixed constrains (i.e., min-
imum thresholds of revenues/cost rates imposed from legislation, as in Italy).
If such constrains are satisfied the procedure ends, otherwise, there is a new
feedback to the starting step.

The decision variables are represented by the fare system (zone partition, fare
structure and levels), assuming the network topology and performances to be
constant. The objectives can be the minimum fare increment for the users and/or
the minimum revenue reduction for the operating companies. The constrains are
given by thresholds for demand levels and fare revenues, for example:
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e estimated demand levels for every existing transit mode for the fare system
scenario (d”°) must be not less (A > 1) than demand levels for the current
fare system (d”¢):

d"% > xd"¢ (1)

e estimated fare revenues for the fare system scenario (R)® must be not less
than prefixed thresholds of the revenues/costs rate (i.e., n > 0.35, as in Italy):

RS >nMC (2)

where: T’ transit system; S, fare system scenario; C', current fare system; R,
fare revenues; M C, operating management costs.

Road facilities .
and transit services Activity system Fare system scenario >

v
Supply model Demand model

Level-of-service
attributes

Modal O/D matrices — Fare matrices

no N

Assigment model

<

v _

o Cormm e e
LEGENDA: no
d, demand; Revenues
T, transit system;

S, fare system scenario;

yes
C, current fare system;
R, fare revenues; END
MC, operating management costs.

Fig. 2. Graphical scheme of the general procedure

2.1 Supply Model (Road Facilities, Transit Services)

Road facilities are modeled through a network model, composed by a topological
graph. Transit low-frequency services (as in regional areas) are represented by
a run-based supply model, where the graph is made up by a service sub-graph
(timetable) and an access/egress sub-graph. Cost functions for links on the two
sub-networks are assumed to be separable and not flow-dependent (not congested
networks).

Different run-based supply models for low-frequency transit services are pre-
sented in [14], [15] and [16]. In this work, the mixed line-based/database supply
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model from [15] is considered. It uses a line-based network model together with
a timetable database; in particular, it uses a line-based approach to describe the
spatial service network topology in terms of routes, lines and stops and data
associated to nodes and links to define runs on the network.

The run-based supply model is able to simulate each mode/service at a run
level. It is also able to simulate a “mixed” mode, which is composed by two (or
more) transit modes, through the explicit representation of intermodal transfer
nodes. Two approaches exist in literature [7] to simulate intermodal transfers.
According to the first one, a supply model is implemented, which is able to
integrate all transport modes in a single network and to represent, through spe-
cific nodes and links, intermodal transfers. The network is quite complex and
needs the definition of some criteria in order to prevent the choice of infeasible
paths. According to the second one, a network is implemented for each trans-
port mode. The connection between these networks is ensured by a fictitious
origin and/or destination node in each of them, which represents the intermodal
transfer nodes. So, the path on the mixed mode is composed from the path on
the first network from the origin node to the intermodal transfer node (fictitious
destination on the first network) and the path on the second network from the
intermodal transfer node (fictitious origin on the second network) to the real
destination (Figure 3). The network is less complex, if intermodal transfer nodes
are not numerous and are explicitly defined. This second approach is adopted in
this work for the representation of the mixed mode.

Mode 1 Mode 2
@) »[] »O
Origin Intermodal transfer node Destination
Mode 1 Mode 2

o »O O >0

. Fictitious Fictitious -
Origin HPY o

9 destination origin Destination

Fig. 3. Intermodal transfer node representation

2.2 Fare Model

The fare model is a component of the supply model, but it is separately treated
here because cost attributes (fare) are the ones that change due to the imple-
mentation of an integrated fare system.

Different fare models can be specified to represent different fare systems. Gen-
erally, fare (p) is composed of an access fare to the service (pg) and a variable
on-board fare (p,), which depends on the use of service. The last one has dif-
ferent specifications which depend on the fare structure. Fare models can be
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linear or non-linear; in the following some models are presented which are able
to simulate different fare systems:

e constant fare model (p, = 0):
P =DPo 3)

e distance (or time) fare model, when p, depends on traveled distance (d) be-
tween origin and destination (or travel time t);

P =po + po(d) (4.a)

P =10+ pu(t) (4.b)

e zone fare model, when p, depends on the number of crossed zone boundaries
(n):
P =po + pu(n) ()

e origin-destination fare model, when fare depends on each origin-destination
(O/D) couple; according to the service provided, distance, specific commercial
strategies:

P =po,p € Po/p (6)

where P /p is a fare matrix, having as elements fare associated to O/D couple.

Fare models (4) and (5) have a linear specification and simulate additive fares
independent from O/D couple and path, while fare model (6) simulate a non-
additive fare which depends on each O/D couple. In this work, only linear fare
models are considered.

2.3 Demand Model

Transport demand can be obtained from a direct estimation, from model esti-
mation, from traffic counts. Model estimation provides parameters estimation
of the sub-models related to different choice dimensions and allows to forecast
demand variations in short, medium and long term.

In this work, in order to simulate the effects deriving from the implementation
of an integrated fare system, mode and path choices are explicitly simulated. To
such purpose, modal and path choice sets and choice models are specified.

Modal choice set includes individual (car) and transit modes available for
users for extra urban trips. Among transit modes, a mixed mode is dealt as
a specific mode and is considered as a specific alternative in the choice set.
Attributes (especially level-of-service attributes) related to mixed mode derive
from the composition of attributes of the first mode from origin to intermodal
transfer node and of attributes of the second mode from intermodal transfer
node to destination. Such attributes are determined through network loading
models with deterministic path choice for both transport modes.

Mode choice model is based on random utility theory ([17] and [18]); it pro-
vides O/D matrices for each transport mode.
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Modal O/D matrices must be segmented into more detailed time-varying ma-
trices, in order to be consistent to run-based supply model. Demand segmenta-
tion is performed according to users desired departure time (DDT) from origin
and desired arrival time (DAT) at destination. Usually, DAT is related to home-
living trips and DDT to returning trips.

In low-frequency transit systems, path choice set can be composed of selected
paths, according to some criteria ([19] and [16]), which lead to the generation of
a reduces set of feasible paths.

Path choice model (determinist or stochastic) is completely pre-trip and de-
pends on the systematic (or perceived) utilities of each path equal to the opposite
of the path costs. Such costs are equal to the sum of two components: additive
costs and non-additive costs. The first ones derive from the sum of costs (gen-
erally time) of links of the path, while the second ones are specific of the path
and/or the origin-destination couple.

Access/egress time, earliness/lateness arrive at stop, waiting time, boarding
time, on-board time, alighting time are additive costs (in not-congested net-
works), while fare can be an additive or not additive cost, depending on the
fare systems (respectively linear or not linear). For linear fare structures (Eq. 4
and 5), it is possible to convert fare monetary cost in temporal cost, assigning
the access fare (p,) to the boarding link and the variable on-board cost (p,) to
the (or some) on-board links. For non-linear fare structures (Eq. 6), fare cost
represents a non-additive path cost that can be considered only after the explicit
enumeration of all paths.

2.4 Transit Assignment Model

In low-frequency transit systems, where all runs must be explicitly simulated,
transit assignment of demand flow to the network must be performed through
a dynamic schedule-based approach, which allows to obtain disaggregate results
in terms of on-board loads on each vehicle. Different transit assignment models
based on schedule-based approach are proposed in literature ([15], [19], [20], [21]
and [16]). For not-congested networks, transit assignment is simulated with a
whit-in day dynamic network loading model which allows to simulate at each
time load on links representing services.

2.5 Revenues Model

Management revenues are estimated through revenues models which differ ac-
cording to the fare system, that can be linear or not and can operate in an
integrated context or not ([5] and [6]).

Table [I] presents revenues models for different fare systems. Models (8) and
(12) are applicable having as input demand flows (do,p), while models (7),
(9), (10) and (11) are applicable after performing the transit assignment and,
generally, need as input demand flows (do/p), flows (f) on some links, the two
components of the fare model (py and p,).
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Model (7) is applicable for revenues calculation for a not integrated constant
fare system, simulated by equation (3). Model (9) is related to a not integrated
distance linear fare system (Equation 4); it needs as input, for every run (r), flows
on boarding links (fi,), flows on on-board links (f;), additive link fare associ-
ated to each on-board link depending on link length (py,). Model (10) is referred
to an integrated distance linear structure and it does not require flows on board-
ing links. Model (11) is applicable for integrated zone linear fare systems and
needs as input flows on on-board link crossing zone boundaries (fy) and additive
variable fare associated to each on-board link crossing zone boundaries (pyw ).

Table 1. Revenues models and required inputs

Fare system Integr. Input Model

Constant No D0, ftr > > pofir )
Yes  po,do/p 0> 6,p do/D (8)

Distance No D0, Pvrs ftr, for Do pofie + 20> forber 9)
Yes  po,Pvr,do/p; for 0> 0,p Ao/ + D, 2oy, forDer (10)

Zone Yes p07pVW7dO/D7fW Po Zo DdO/D +Zw SfwDvw (11)

O-D Yes  po,p,do/p >_o/pPo/pdo/p (12)

t, boarding link; w, on-board link crossing zone boundaries; b, on-board link; r,
run; do,p, demand flow on O/D couple; f, link flow.

3 Application to the Province of Reggio Calabria

The general procedure is applied to the transit system of the Province of Reggio
Calabria, located in the south of Italy. The general objective, in this case, is the
simulation of effects on users and on fare revenues deriving from the modification
of a season-ticket (monthly ticket) for users who travel systematically inside
the Province for work and study purposes. In particular, two fare systems are
simulated:

e the current not integrated distance fare system, where each company sells its
own monthly ticket (the price depends on traveled distance between origin
and destination) to users not valid for services provided for other companies
(users which make modal/service transfers need to buy multiple tickets);

e an integrated zone fare system, where companies sell a monthly ticket (the
price depends on the number of crossed zone boundaries between origin and
destination), valid for all services/modes connecting origin and destination.

The steps for the application of the procedure are: supply representation, through
the network graph (nodes for spatial location of bus stops and rail stations,
links for spatial connection of nodes, intermodal transfer nodes) and the service
timetable (temporal representation of runs: leaving time from the terminus and
arriving/leaving time at stops/stations); fare system definition, through the spec-
ification and calibration of fare models simulating the two fare systems; demand
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estimation for each mode during an average working day and time-varying O/D
demand matrices estimation, transit assignment of time-varying O/D demand
matrices to the run-based network; revenues estimation.

3.1 Supply Representation

In the examined area, the road system is composed by local and regional roads,
while a highway runs along the Thyrrenian coast. The total length of road net-
work is 1097 kilometers. Many transit companies (27) operate in the area with
505 lines/day and 1344 runs/day, providing connections inside the province.
Two transit modes are present: bus and rail, providing mono-class services. No
intra/intermodal integration (fare and timetable) exists, however a small num-
ber of intermodal transfers are present in the major coastal towns. Rail lines run
along the coast connecting all costal towns, while bus lines connect each other
all coastal towns and hilly villages (Figure 4). Some characteristics of the two
transit modes are described in Table

A network graph for each mode provides the spatial representation of transit
services, while timetable provides their temporal representation. Mixed mode
representation is relatively easy, due to the small number of intermodal transfer
nodes and the transit system structure (Figure 4). Therefore, mixed mode is
derived from the composition of the rail mode (running along the coast) and of
the bus mode (running from sea to mountains and vice versa). Four intermodal
transfer nodes are defined (Reggio Calabria, Gioia Tauro, Melito Porto Salvo
and Locri), where it is possible the transfer from bus system to rail one and vice
versa. Intermodal transfer nodes are selected after an empirical evaluation of the
number of bus and train runs stopping at each bus stop and rail station of the
network.

Table 2. Bus and rail characteristics

Bus  Rail
Network length [km)] 1097 203
Number of stops 269 36
Number of lines/day 428 77
Number of runs/day 1132 212
Commercial speed [km/h] 56.5  36.2
Number of operators 26 1

3.2 Definition of Fare Systems

Two different fare systems are simulated. The first is a non-integrated distance
linear fare system. A fare model is specified and calibrated in a previous study
([5] and [6]) and parameters (TableB]) are calibrated for the two existing modes
(bus and train) for a monthly season-ticket:

p=po+xd (13)
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Table 3. Parameters of the non-integrated linear distance fare model

Bus Rail
po (€) X (€ /km) po (€) X(€ /km)
0.147 0.019 0.352 0.028

The second is an integrated zone linear fare system, in which zone fares are
defined according to a previous zone partition. The fare model is specified as
follows:

P =po+ Fn (14)
Three fare levels scenarios are defined assigning different values to parameters
po and 3, as shown in Table @l

Table 4. Parameters for the integrated zone linear fare model

Scenario po(€) B(E€/n)
1 0.35 0.40
2 0.45 0.50
3 0.55 0.60

The Province is divided in 33 fare zones with equal medium diameter of 10 km
(FigureH]). Fare zones are designed in order capture the sea-mountain and coastal
trips. Each zone has a convex shape and encloses one or more municipalities.

Fig. 4. Transit network and zone partition of the Province of Reggio Calabria

The specification and calibration of the fare models (13) and (14) allow to
determine a fare matrix for each fare system, which is necessary in next steps
concerning modal demand O/D matrices estimation and transit assignment of
time-varying demand flows to the run-based network.
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3.3 Demand Estimation

The area, with a population of 580000 inhabitants, has been divided in 97 traffic
zones, corresponding to the municipalities. The city of Reggio Calabria is the
main attraction/emission center and minor towns are located along the coast.
The total daily O/D matrix of systematic extra urban trips in the area for all
modes and two purposes (work and study) is provided by national statistics
institute ISTAT in 1991.

A disaggregate mode choice model is specified and calibrated in order to split
the total daily O/D among transport modes. Modal choice set is composed by
four transport modes: car, bus, rail, mixed. The specified mode choice model is
a multinomial logit:

p(m/Od) = eXp(Vm/od)/ Z eXp(Vm’/od) (15)

with: Vi, /0a = Zj B Xmj, systematic utility function associated to mode m; 3;,
parameters to be calibrated; Xy,;, attributes of mode m.

The systematic utility function is a linear combination of level-of-service at-
tributes, defined in Table

The values of attributes are average daily values for each O/D couple. Car on-
board travel times are determined through a stochastic equilibrium assignment
model. Cost for car mode is fuel cost, assuming a unit fuel consumption of 10
Km/liter and a unit fuel cost of 1 €/liter. Bus and rail on-board travel times
are determined through a network loading model with a determinist choice of
hyper path. Cost for transit modes (fare) is obtained from models (13) and (14)
for each O/D couple (fare matrices). For mixed mode, three more average daily
attributes are estimated: average headway between two runs (Inter), average
daily intermodal transfer time (¢;) in the four transfer nodes, percentage use of
rail mode (%rail).

Table 5. Attributes in the systematic utility function

Symbol Definition

taje hour Access/egress time to/from the bus stop or rail station

ty hour On-board travel time

C €] Cost for the monthly season-ticket (bus, rail) or fuel cost (car)
Inter hour Average daily headway between two runs

te hour Average daily intermodal transfer time

Yorail %) Percentage use of rail mode in the mixed mode

ASA Alternative specific attributes

Observed data are obtained from a survey executed during a working day
at bus stops, rail stations and on-board. A random sample of more than 500
interviews with workers and students performed in a revealed preference way is
available.
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Model calibration is performed through the maximum-likelihood method. The
results of two different specifications related respectively to work and study
purposes are presented in Table

Concerning the model related to work purpose, all parameters are negative
(unless the %rail one), as expected, and statistically significant, as t-student
statistics shows. The positive sign of %rail parameter expresses the users appre-
ciation for the higher reliability and speed of rail services.

On-board and access/egress parameters respect the ratios that it is possible
to find in literature. The value of on-board time is satisfactory, while the value
of access/egress time seems to be slightly high, due to the relative high average
distances of the access terminal to the service from the origin (and of the final
destination from the egress terminal). Finally, the goodness of fit statistic is
acceptable (p? = 0.482).

Table 6. Parameters calibration of modal choice models for work and study purposes

Model
Mode Attributes ~ Work Study
Jé) t-statistics I6] t-statistics

Bus taje —1.437 —12.8 —3.687 —13.5
ty —0.477 —8.0 —1.775 —13.1
C —0.054 —4.9 —0.408 —12.7
Inter —0.030 —8.0 —0.026 —6.6
ASA —0.749 —12.0 --- ---

Rail taje —1.437 —12.8 —3.687 —13.5
ty —0.477 —8.0 —1.775 —13.1
C —0.054 —4.9 —0.408 —12.7
Inter —0.030 —8.0 —0.026 —6.6
ASA —1.147 —16.4 —0.883 —16.7

Mixed taje —1.437 —12.8 —3.687 —13.5
ty —0.477 —8.0 —1.775 —13.1
C —0.054 —4.9 —0.408 —12.7
Inter —0.030 —8.0 —0.026 —6.6
tt —0.922 —-3.4 —0.458 —2.5
Yrail 1.737 2.8 --- ---
ASA —-3.977 7.4 —3.533 —14.2

Car ty —0.477 —8.0 --- ---
C —0.054 —4.9 --- ---

p° 0.482 0.388

V.0.T.(a/e) 25.75 9.04

V.0.T.(b) 7.50 4.35

As far as concern the model for study purpose, the access/egress and cost
parameters are greater than the previous case. The values of the time are lower,
as expected. Finally, the goodness of fit statistic is less than the previous one
(p? = 0.338).
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The two specified and calibrated modal demand models are applied to esti-
mate the daily O/D demand matrices for the three transit modes with the cur-
rent fare system (not integrated linear distance) and for the three fare scenarios
of the integrated zone linear fare system. The results are presented in Table [Tl
The first observation is that mixed mode in all cases attracts an extremely small
number of users; this is due to the lack in the area of any modal/service inte-
gration, that make transfers very burdensome. Transit daily demand for current
distance fare system is equal to 23128 pax/day. Transit daily demand for sce-
nario 1 (po = 0.35€; 8 = 0.40€/n) of zone fare system is 23438 pax/day; while,
for scenarios 2 (pp = 0.45€; 5 = 0.50€/n) and 3 (py = 0.55€; § = 0.60€/n), de-
mand is respectively 23136 pax/day and 22805 pax/day. Table[[ reports also the
demand for each mode and percentage demand variation related to the current
fare distance system.

Table 7. Modal demand for each simulated fare systems

Demand [pax/day]

Fare system Bus Rail Mixed  Total
Distance Abs 15067 7681 380 23128
1 Abs 15262 7780 396 23438
A% +1.29 +1.29 +4.21 +1.34
Abs 15026 7724 386 23136
Zone 2
A% —-0.27 +0.56 +1.58 +0.03
3 Abs 14815 7621 369 22805
A% —1.70 —0.80 —2.90 —1.40

Abs = absolute demand values,
A% = percentage demand variation related to current distance fare system.

In order to obtain time-varying O/D matrices to be assigned to the run-based
network, the simulation period of an average working day (from 4:30 to 20:00)
is discretized into 64 time-slices of 15 minutes. A desired arrival time (DAT) at
destination and a desired departure time (DDT) from the origin are associated to
each time-slice. Then, DAT and DDT distributions for each travel purpose (work
and study), assumed to be rigid to the simulated fare systems, are obtained on
the base of previous researches on the same area [22] and on a similar Ttalian
regional area [23]. DAT and DDT distributions for work and study purposes are
presented respectively in Figures [l and

In Figure B DAT distribution for work purpose has a morning peak value
between 7:00 and 7:30 and has low values after 14:00, while DDT distribution has
two peaks at 14:00 and 18:00. Figure [6] shows that DAT and DDT distributions
for study purpose are very concentrated with peak values respectively at 8:00
and 13:00.

At this point, as home-living and returning trips are executed inside the av-
erage working day, each daily modal O/D matrix is equally divided into two
sub-matrices for home-living trips and for returning trips. At the end, each sub-
matrix is splitted into 64 time-slice O/D matrices for trip purpose, according to
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Fig. 5. DAT and DDT distributions for work purpose

distributions of Figures[Bland [6l For each simulated fare scenario, it is necessary
to obtain totally 256 time-slice O/D matrices.

Concerning path choice simulation, path choice set is composed of paths se-
lected according to some criteria related to DDT from origin, DAT at desti-
nation, maximum earliness and lateness accepted from users [19]. Systematic
utility for each path is a generalized cost given from a weighted sum of time
and monetary additive costs: access and egress times (t,/,), on-board time (t3),
boarding/transfer time (¢;), schedule penalty, fare (p). Generalized cost for path
k (Cy) is specified, for a given DDT from origin, as follows:

Cr(DDT) = Ba/etase + Botox + Bitex + Bepx + PepTEDT) + BLpTrLDTy  (16)
and for a given DAT at destination:

Cr(DDT) = Bajetaje + Botox + Bitex + Bepx + PearEAT, + BraTLATy,  (17)
with schedule penalties given by:

e EDT} and LDTy, Early Departure Time and Late Departure Time (difference
between DDT and the scheduled departure time);

e EAT), and LATy, Early Arrival Time and Late Arrival Time (difference be-
tween DAT and the scheduled arrival time).

Obviously, EDT}, and LDT}, attributes in (16) and EAT, and LAT}, in (17) are
mutually exclusive. Maximum earliness and lateness is 60 minutes for a given
DDT/DAT both for work and study purposes. Fare for each path k (py) depends
on the simulated linear fare systems (Eq. 13 and 14). It is obtained as sum of:

e access fare component (pp), associated to the boarding link;
e variable on-board fare component (p,), associated to the (or some) on-board
links.



214 D. Gattuso and G. Musolino
35,00%
m DAT
30,00% 0 DDT
25,00%
20,00% -
=
15,00% -

10,00%

5,00% 1

0,00%

730

4.30
5.00
5.30
6.00
6.30
7.00 =

Time slices [15 min]
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Fare is, then, converted into generalized cost by means of 3., which is represented
by the inverse of value of time for users.

The values of parameters 3 for path attributes are presented in Table[8 They
are obtained from values presented in [16], relating parameters of different time
attributes to the on-board time parameter (8, = 1.00). In order to penalize the
number of transfers, parameter (3, is equal to 10.00, estimated from an aggregate
calibration. The value of parameter [, is equal to 8.00 (dis/€) for work purpose
and to 13.80 (dis/€) for study purpose.

Path choice model is deterministic and fully pre-trip and provides the min-
imum shortest space-time path on the run-based network from each origin to
each destination.

Table 8. Parameters for path attributes

Parameters Work Study
Base [dis/min] 3.05 0.38

Bb [dis/min] 1.00 1.00

Be [dis/min]  10.00 10.00
BepT,BeAT [dis/min] 164, .70  2.92, 3.60
BLpT,BLaT [dis/min] 1.64, 1.70 2.92, 3.60
Be [dis/€] 8.00 13.80

dis = disutility

3.4 Transit Assignment

Transit assignment is based on a schedule-based approach on not congested
run-based network. It is performed with the support EMME/2@©) software [24],
which considers a minimum cost path algorithm on a space-time network. As
space-time network can become very large, the algorithm generates dynamically
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the part of the network that is actually needed for the computations (instead
of explicitly building the whole network). The algorithm computes paths either
forward (starting from the origin), for trips with a desired departure time, or
backward (starting from the destination) for trips with a desired arrival time, im-
plicitly generating the minimum cost space-time path for each origin-destination
couple ([24] and [19]).

3.5 Revenues Estimation

Revenues are calculated for each simulated fare scenario and each mode (bus,
rail and mixed), considering as inputs loads on runs from transit assignment and
fares from fare models (13) and (14).

Revenues are divided considering the access fare component (pg) and the
variable on-board fare (p,). This last one is calculated according to model (13)
for the not integrated distance fare system (with parameters from Table [3) and
according to model (14) for the integrated zone fare system (with parameters
from Table [ for each simulated scenario).

Table [@ shows the results of revenues estimation. Total daily revenues for the
not integrated distance fare system is equal to 26960 €/day. Total daily revenues
for scenario 1 (py = 0.35€; 5 = 0.40€/n) of integrated zone linear fare system
is 19107 €/day, with a reduction of 29.10% related to the current fare system.
Concerning scenarios 2 (pp = 0.35€;8 = 0.40€/n) and 3 (po = 0.55€; 5 =
0.60€/n), revenues are respectively 24550 €/day (—8.90%) and 28849 €/day
(47.00%). Revenues for mixed mode are always negligible, as expected.

Table 9. Daily revenues estimation for the simulated fare systems

Revenues [€/day]

Fare system Bus Rail Mixed Total
Distance Access 3375 2719 109 6202
On-board 14095 6458 204 20758
Total 17470 9177 313 26960
Access 5307 2696 89 8002
1 On-board 8069 3036 132 11105
Total 13375 5732 221 19107
A% —23.40 —37.50 —29.40 —29.10
Access 6762 3476 144 10238
Zone 92 On-board 10015 4298 171 14313
Total 16777 7773 315 24550
A% —4.00 —15.30 +0.60 —8.90
Access 8203 4212 231 12415
3 On-board 11978 4456 199 16434
Total 20181 8668 430 28849
A% +15.50 —5.50 +37.40 +7.00

A% = percentage variation related to current fare system.
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Figure [0 shows the percentage differences in daily revenues (A% revenues)
and in daily transit demand (A% demand) between the three scenarios of the
integrated zone linear fare system and the not integrated distance fare system
one. Concerning scenario 1, revenues reduction is —29.10%, while transit demand
increment is +0.50% (4119 pax/day). In scenario 2 there is a reduction of rev-
enues of —8.9%, while transit demand is not changed. Finally, in scenario 3 there
is an increment of +7.00% in revenues versus a reduction in transit demand of
—0.8% (—182 pax/day).
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Fig. 7. Percentage differences in revenues and demand among the three simulated zone
fare systems and the distance one

4 Conclusions and Research Perspectives

The paper presents a general procedure for the estimation of effects on demand
and on transit revenues due to the definition of an integrated fare system in
regional transit services. The necessary input data for a modeling approach are
pointed out and some fare system models are specified. Finally, the procedure is
applied to the Province of Reggio Calabria, Italy. Two fare systems are simulated
and the results are highlighted in terms demand and revenues.

The procedure allows to simulate demand elasticity at mode and path choice
dimensions, to simulate the effects of integrated linear fare systems and to ex-
plicitly simulate the mixed mode, composed by two transit modes, through the
definition of intermodal transfer nodes. Non-linear fare systems can not actually
be simulated, due to their non-additive nature. The simulation will be possible,
using algorithms which are able to explicitly enumerate all paths on the network,
which is now very costly, both in terms of CPU time and memory space.

Future research will concern the analysis of effects of integrated fare systems
on other classes of users (occasional), a deeper analysis on demand with the
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support of stated preferences investigations, and a more disaggregate analysis of
service revenues for each transit company. Moreover, it will be investigated the
possibility to simulate integrated non-linear fare systems, by means of algorithms
which are able to explicitate paths on the network.
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Abstract. We present an interactive application to assist planners in
adding new trains on a complex railway network. It includes many trains
with different characteristics, whose timetables cannot be modified
because they are already in circulation. The application builds the
timetable for new trains linking the available time slots to trains to be
scheduled. A very flexible interface allows the user to specify the param-
eters of the problem. The resulting problem is formulated as a CSP and
efficiently solved. The solving method carries out the search assigning
values to variables in a given order verifying the satisfaction of con-
straints where these are involved. When a constraint is not satisfied, a
guided backtracking is done. Finally, the resulting timetable is delivered
to the user who can interact with it, guaranteeing the traffic constraint
satisfaction.

1 Introduction

The problem considered by our application is to obtain a valid and quality
scheduling for new trains on a railway network, which may or may not be occu-
pied by other trains. The timetables for the new trains are obtained in a search
space that is limited by traffic constraints, user requirements, railway infras-
tructure and network occupation. The system displays the resulting schedules
graphically and provides an interactive interface so that the user can modify
them. Planning rail traffic problems are basically optimization problems which
are computationally difficult to solve. These problems belong to the NP-hard
class of problems. Several models and methods have been analyzed to solve these
problems [1], [3], etc. The majority of the papers published in the area of peri-
odic timetabling in the last decade are based on the Periodic Event Scheduling
Problem (PESP) introduced by Serafini and Ukovich [§]. Specifically, an efficient
model that uses the PESP and the concept of symmetry is proposed in [6]. How-
ever, we cannot use the concept of symmetry because: (i) we allow different types
of trains; this doesn’t guarantee the necessary symmetry to be able to use these

F. Geraets et al. (Eds.): Railway Optimization 2004, LNCS 4359, pp. 219-{232] 2007.
© Springer-Verlag Berlin Heidelberg 2007
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models, and (ii) the use of the infrastructure may not be symmetrical. There are
works that are related to railway problems such as: the allocation of n trains in
a station minimizing the number of used tracks and allowing the departure of
trains in the correct order [4], the allocation of new stations through the railway
network to increase the number of users [7], etc. There exist tools to solve certain
kinds of problems such as the Rescheduling tool [2] or the TUFF scheduler [5].
The Rescheduling tool allows to modify a timetable when trains in a section of
track cannot run according to the infrastructure, ensuring that the scheduling
rules are not violated. The TUFF scheduler describes a constraint model and
solver for scheduling trains on a network of single tracks used in both directions.
Computer-aided systems for railways problems have become a very useful tool
in assisting planners to obtain an efficient use of railway infrastructures.

2 Problem Description

We propose to add new trains on an heterogeneous high-loaded railway net-
work, minimizing the traversal time of each new train. The timetables for the
new trains will be obtained in a search space that is limited by traffic con-
straints, user requirements, railway infrastructure and network occupation. The
problem specification does not demand that all considered trains visit the same
sequence of locations. It may there be many types of trains implying different
velocities, security margins, commercial stops and journeys. Our method takes
into account the following scenario to generate the timetables corresponding to
the new trains:

1. two sets of ordered locations Lp = {lg,lkt1,s.e,lkrm} and Ly =
{lh7lh+1, -~-,lh+n}7 such that {31,]\[1 € LpAliy1 € Lp A lj € Ly A lj_;,_l €
Ly ANl = 141 Alipr = 1}, A pair of adjacent locations can be joined by
a single or double track section. Lp and Ly correspond to the journey of
trains going in down and up direction, respectively; and they are part of a
railway line L = {lo,...,l.}, (Lp C L, Ly C L).

2. a set of trains for each direction. Tp = {to,t2,...,tq} is the set of trains
that visit the locations in Lp in the same order given by this sequence and
we said that these trains go in down direction. Ty = {t1,t3,...,t,} is the
set of trains that visit the locations in Ly in the same order given by this
sequence and we said that these trains go in up direction. The subscript 7 in
the variable t; indicates the departure order among the new trains going in
the same direction.

3. a journey for each set of trains (Ty and Tp) specifies the traversal time for
each section of track in Lp and in Ly (R;—41), and the minimum stop time
(S;) for commercial purposes in each ;.

Considering t,dep_l, and tyarriv_l, as the departure and arrival times of train
ty from/at location 1., the problem consists in finding the running map that
minimizes the average traversal time, satisfying all the following constraints:
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Initial departure time. The first train must leave from the first station of its
journey within a given time interval ([minp,maxp] for trains going in down
direction and [miny,maxy] for trains going in up direction).

minp < todeply < maxp Aming < tidep_l;, < maxy. (1)

Frequency of Departure. It specifies the period (Fy/Fp) between departures
of two consecutive trains in each direction from the same location,

{Vti, 1j\t; € {Tp—{ta}}Nl; € {L—{lptm}}}, tisodepl; = tidep l;+Fp. (2)
{Vti, 1j\t; € {Tu—{tu}}Nl; € {L—{lpsn}}}, tisadepl; = tideplj+Fy. (3)
Minimum stops. A train must stay in a location [; at least S; time units,
{Vti, [\ti e {Tp U Ty} ANlj € {Lp ULy — {li, I, Lk, ngn } 1
tidepl; > tarrivl; + 5;. (4)

Ezxclusiveness. A single track section must be occupied by only one train at
the same time.

{Vt]‘,ti,lmly/tj eTpANt, €Ty Nl € Lp — {lk+m} A
ly e Ly — {lh} Ny = ly+1 ANlgy1 = ly}7
tidep.ly > tjarrivly, V tjdepl, > tiarriv_l,. (5)

Reception Time. At least are required R, time units at location 1, between
the arrival times of two trains going in the opposite direction (Figure [T).

{th,ti,lw/tj cTpNt; €Ty Nl € {LD — {l}c} NLy — {lh}}},

tiarrivl, > tiarrivil, + Ry V tiarrivl, > tjarrivl, + Ry. (6)

Ezxpedition Time. At least are required F, time units at location [, between
the arrival and departure times of two trains going in the opposite direction

(Figure [T).
{thﬂfi, lw/tj ceTpNt; €Ty N, € {LD — {lk+m} NLy— {lh+n}}}7
tideply > tiarrivl, + E, V tidepl, > tjarrivl, + E, . (7)

Precedence Constraint. Each train employs a given time interval (R;—,11) to
traverse each section of track (I, — [,+1)in each direction.

{Vti7tj7l$7ly/ti cTp /\tj cTyNl, € {LD—{lk+m}}Aly S {LU_{lh+n}}}7

tiarrivly g1 = tideply + Ry—py1 A tjarrivly 1 = tideply + Ry—yt1. (8)

Capacity of each station. The number of trains that may stay simultaneously
in a station depends on the number of available tracks in it.

Closure times. Traffic operations and/or passing of trains are not allowed at
the closing times of a station.
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Fig. 1. Reception and Expedition time constraint

3 Solving Method: The Sequential Algorithm

In this section we explain the used algorithm to solve the specified problem in
Section 2l We have named it ”Sequential” because of the way that it generates
the timetable for each new train (Figure [J). For each iteration, the Sequential

01 procedure Sequential Algorithm(I C)

02 begin

03 while (Enough Time () )

04 S Generate Set Ref Station()

05 ref st Get Ref Station(s)

06 init dep down Get Init Dep Time(minD max;)

07 init dep up Get Init Dep Time (min; max,)

08 schedl Get Partial Sched(init dep down 1, ref st T))
09 sched2 Get Partial Sched(init dep up 1, ref st T))
10 init dep down tjarriv 1 __ _+S .

11 init dep up tjarriv 1 . _+S _ .

12 sched3 Get Partial Sched(init dep down ref st 1, T))
13 sched4 Get Partial Sched(init dep up ref st 1,  T))
14 new sched schedl+sched2+sched3+sched4

15 if (Is Better (new sched best sched))

16 best sched new sched

17 end while

18 Show (best sched)

19 end

Fig. 2. Sequential Algorithm

algorithm constitutes a subset of the whole search space where it searches the
values for the problem variables that satisfy all the problem constraints (Sec-
tion ). The assignment of valid values to the problem variables generates (if
there is a feasible solution in the subset) a timetable for each new train (line
08-14 in Figure ). The elements of the reduced search space depend on three
values, which are:

1. Initial departure time for the first train going in down direction
(init_dep_down in Figure [). In each iteration is chosen randomly a value
that belongs to the time interval [minp,mazp| (Constraint Il in Section [2).
This time interval is part of the input parameters I (one of the input pa-
rameters of the Sequential Algorithm in Figure ) given by the final user.
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2. Initial departure time for the first train going in up direction (init_dep_up in
Figure 2)). In each iteration is chosen randomly a value that belongs to the
time interval [miny,mazy] (Constraint[Ilin Section 2]). This time interval is
part of the input parameters I (one of the input parameters of the Sequential
Algorithm in Figure[2) given by the final user.

3. Reference Station (ref_st in Figure[]). When the assigned value to a problem
variable, that represents the departure time of a train, violates the Constraint
defined in Section ] (avoid crossing between trains going in opposite di-
rection), the process must decide which of the two trains will have to wait
for the section track release. The decision taken by the process will state a
priority order between the trains competing by the same resource, the single
track section.

When the two trains competing by a single track section are: a train in
circulation and a new train, that should be added to the railway network,
the priority order always will be the same. The new train will have to wait
until the train in circulation releases the single track section.

When the two trains competing by a single track section are new trains,
the priority order is decided according to the position of the single track
section with respect to one station, which we name the reference station.
The reference station divides the journey of each new train in two parts. The
first part: from the initial station of the journey, to the reference station. The
second part: from the reference station, to the last station of the journey.
Each train will have priority on the single track sections that belong to the
first part of its journey. In Figure[3] S is the reference station and it divides
the journey of each new train in two parts. For the trains going in down
direction (tp, t2 and t4) the first part of theirs journey is composed of the
track sections (Sp-S7) and (51-S2), the second part is composed of (S2-53)
and (S3-S4). For the trains going in up direction (¢1, t3 and t5) the first
part of theirs journey is composed of (54-S3) and (S5-S2), the second part is
composed of (52-51) and (51-Sp). In Figure Blis pointed out by a circle the
possible crossing between the trains ¢y and ¢; in case that ty left from S5 as
soon as possible. The single track section (S3-53) belongs to the first part of
t1 journey and therefore this train has greater priority than ¢y on this track
section. Then, to will have to wait until the single track section (S3-S3) is
released by the train ¢;. The pointed lines represent the position of the train
to if it had left from the station S5 as soon as possible. The continued lines
represent the real departure time of the train ¢y after the single track section
had been released by t;. The same reasoning is applied by the other cases
pointed out by circles in Figure

The sequential algorithm iterates until the time given by the user has been
spent completely or until the user interrupts the execution (line 03 in Figure ).
For each iteration the sequential algorithm compares the obtained scheduling
with the best timetable obtained until that time. The scheduling that pro-
duces the least average traversal time for each new train is the best scheduling.
The function Is_Better(new_timetable, best timetable) returns TRUE if the new
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Fig. 3. Priority Order between new trains, defined by a Reference Station

scheduling (new_sched in Figure 2]), obtained in the current iteration, is better
than the best scheduling (best_sched in Figure ), obtained until that time. Fi-
nally, the sequential algorithm returns the best scheduling that has been obtained
during the running time.

3.1 Description of an Iteration of the Sequential Algorithm

In each iteration, the sequential algorithm generates a complete scheduling for
each group of trains (Tp and Ty) in two steps. In Figure Bl sched? and sched?2

01
02
03
04
05
06
07

09
10
11
12
13
14
15
16
17

19
20
21
22
23
24
25
26

procedure Get Partial Sched(init dep first st last st T)
begin
st first st
dep time init dep
while (st ! last st)
next st Get Next St(st)
i Get First Train(T)
while(t,! NULL)
error Verify Constraints(st next st dep time t,)
if(error>0)
if (Is Required Frequency ()
i Get First Train(T)
t;dep 1, t,dep 1 . +error
end if
else
if (Is Required Frequency ()
dep time t,dep 1_.+F,
else
dep time t, ,arriv 1_.+S,
end if
i i+2
end if
end while
st next st
end while
end

Fig. 4. Partial Scheduling
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01 int function Verify Constraints (st next st dep time t,)
02 begin

03 k st

04 m next st

05 trav time Get Traversal Time (st next st)

06 t,dep 1, dep time

07 tyarriv 1 dep timet+trav time

08 error Verify Crossing(t,dep 1, t,arriv 1,)

09 if (error Q)

10 error Verify Overtaking(t,dep 1, t,arriv 1)
11 if(error 0)

12 error Verify Availability Tracks(tiarriv 1)
13 if (error 0)

14 error Verify Closure Time (t,arriv 1))
15 if(error 0)

16 Set Timetable (st next st)

17 end if

18 end if

19 end if

20 return error

21 end

Fig. 5. Constraints Verification and Timetable Assignment

correspond to the generated scheduling for the first part of the new trains jour-
ney going in down and up direction respectively. In Figure 2l sched3 and sched/
correspond to the generated scheduling for the second part of the new trains
journey going in down and up direction respectively. The complete scheduling
is generated in this way in order to state greater priority to each new train on
the first part of its journey. In case of existing a crossing possibility in a track
section, the greater priority will be given to the new train whose timetable had
been assigned previously on that section track. The first and second part of
a journey are stated by the chosen reference station at the current iteration.
Figure @ shows how is generated the scheduling for one part of the whole jour-
ney. Verify_Constraints(st, next_st, dep_time,t;) verifies that all problem con-
straints are satisfied by the train ¢; in the track section limited by the stations st
and next_st. This function returns the time that must be added to the departure
time of ¢; in order to satisfy the violated constraint. If the function returns 0, then
none constraint has been violated. Considering the set L' = {l,, lz11, ..., lo4p} as
the ordered set of locations visited by the train ¢;, from [, = st to l,4, = next_st.
This function assigns values to the variables ti_dep_l; and ti_arriv_l; such that
x<=j <z+pand z < h <= z+p (FigureRl). Figure[fshows an example of how
is verified the constraint that avoids a crossing between trains going in opposite
directions. Consider that train to is the train ¢;, the train whose timetable is be-
ing created, and ¢’ is the train whose timetable has been created previously and
cannot be modified. The initial value assigned as departure time from st=I[, to
to causes a crossing of ¢’ with t5 according to the picture on the left of Figure [Gl
The function Verify_Constraints computes the time necessary that must be
added to dep_time in order to avoid this crossing and this value is returned by
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the function. The picture on the right of Figure [6] shows the necessary delay in
the departure time of ¢t from Ss.

The precedence constraint (Constraint B in Section [2)) is used to propagate
the values among the variables(trav_time in Figure [l is the spent time to go
from st to next_st). Minimum stops constraint(Constraint @) is used to compute
the departure time of a train from its arrival time at the same location(St
in Figure H)). Get_Next_Station(st,T) returns the next station to st in the
journey corresponding to trains belonging to T. Get_First Train(T) returns
the first train that starts the journey corresponding to trains belonging to T'.
Is_Required_Frequency(st) returns TRUE if all the trains must keep the same
departure frequency in the station st.

E.bu|

M, 1 V- . \t \t, Expddition Time |

N V7 n T
) : 1 . eception wieh
1 N 5 O O g o A A O A N A

/ \
\ Ji N \ tf

e T

Fig. 6. A crossing detected in a section of track

This solving procedure is the core of a system to assist rail operators in the
decision making process. The general architecture of that system is described in
the following section.

4 Using the System

We have developed an ” Aid System for Train Scheduling” (ASTS) to assist rail
operators in the planning and use of railways. ASTS is an interactive application

Input of Operator Request

N Parameters of
Parameters -
the railway
of the user .
infrastructure
/ Request Proccssm;\

= =

Database Constraints Constraints
Generation Solver

Schedule

Timetable

Fig. 7. General System Architecture
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that is implemented in C++. It connects to a database to store requests and
solutions and to keep all information that is related to railway infrastructure,
journeys, type of trains, stations, etc. The main modules of our system are
described in Figure [ Following, we explain them in more detail.

4.1 Input of Operator Request

The system returns a valid scheduling for each operator requirement. The main
input parameters are: network occupation, number and type of trains, interval
of allowed frequencies and interval of allowed initial departure times. Figure
and Figure [0 show an example where an operator specifies a request to allocate
new trains on a railway network. In the example, the operator needs new trains
of the type A COR_SANTI_L1” for trains going in the down direction and
"SANTI_A COR_L1” for trains going in the up direction. For each type, the
operator specifies a frequency (01:11:00 and 01:20:00), a number of trains (13
and 13) and a time interval to start the corresponding journeys ([05:00:00-08:30]
and [05:00:00-08:15:00]).

The user uses the interface shown in Figure [ to specify the network occu-
pation; that is, which trains are in circulation and must be taken into account
during the solving process. Each train in circulation may belong to a different
type of train. In Figure @, window W1 shows all the types of trains that are in

Aid System for Train Scheduling - ASTS x|

New Request | Trains in circulation | Solver | Delete requests | Impartation

Direction
Request D IW Open
& Down " Up —I

|4 COR SoNTI LT LI e

: Eg;é:m:f:ﬁ t Hunteotore 10 Initial Departure:

& COR_SANTI_L4 L Minimum | 500000 ~
& COR_SANTILS L =

& COR_SANTIZR1 R Maximnum | g:30:00 =
& CORCVIGO_R1 i _

ACORVGO R0 R Frequenc

& COR_VIGO_RT1 i & Vaiiable £ Multiple

& COR_VIGO_R12 i

& COR_VIGO_R13 i [T =] = ==

A COR_VIGD_R14 R ! b1 i Hy! Ll
& COR_VIGO_R1S R 5

& COR_VIGO_R1E R 2 HH

& COR_VIGO_R17 R

& COR_VIGO_R2 rxl

Add |
Tain Type lass [ = Fieq. Type | FreqlMin | Freg2/Mas | Hin D9

P I
ACOR_SAMTI_L1T b Wariable 01:11:00 011100 050000
SANTI_& COR_L1

Variable 01:20:00 0:20.00 050000
Railway

Infrastructure Requirements
1] Bl |
Clear List

Request

Fig. 8. Interface to specify a scheduling request for new trains
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Aid System for Train Scheduling - ASTS E x|

New Request  Trains in circulation | Sover | Delete of requests | Importation |
Updste | None tian n crculaton |

]
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# UP
@ uP

3 |
= UP
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® UP &
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Location|d_|_Auival Time | Departure Tine | Commercial Stop | Techeical Stop | T
23004 08.45.00 08:45.00 0 0 8:00 8:30 9:00 9:30 10:00
2003 084830 084830 0 0
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2200 085500 085500 0 0 22302
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22300 085300 085300 0 0 22300
42230 030230 030230 0 0 o
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42230 0935.00 093500 0 0
22300 03.40.00 09.41:00 0 0
Timetable of one train in

a graphical format

W2

Fig. 9. An interface to specify the network occupation

circulation, and window W2 shows the timetable corresponding to each one of
them. ASTS displays the timetable of each train in a report or in a graphical
form. An example is given in Figure [@ where the timetable corresponding to
"TRAIN 17 is displayed both as a report (W2) and in graphical form (line high-
lighted with black circles). In the graphical form, the horizontal axis represents
the time and the vertical axis represents the positions of each train. Thus, each
oblique line represents the timetable of one train. The thickest lines represent the
timetables for the new trains, and the rest of the lines correspond to timetables
of trains in circulation.

4.2 Request Processing

As mentioned in section B the timetable of one train depends mainly on three
parameters: departure time, frequency between consecutive trains and priority
assignment. For instance, Figure [I0] shows how the scheduling changes when the
departure time is modified. The frequency is kept constant in the two configu-
rations. The complexity of the problem is increased (NP-complete to NP- hard)
with the requirement of obtaining a quality timetable. It is not enough for the
final user to obtain a correct timetable. This requirement implies finding the
best combination of the three cited parameters.
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Fig. 10. Two different scheduling for two different departure times for the same group
of trains

The system performs the search within the time given by the operator. When
this time ends, it stores to a database the best scheduling obtained according to
the quality criteria given by the operator.

4.3 Scheduling Delivery

Once the running time given by the operator is completed, the system inter-
rupts its process and stores the best scheduling obtained in this time interval in
a database. The operator is sent a report about the results obtained (Figure [IT]).

repor

State: W
Objective Function: [163700
Average Time: W
Execution Time: [00:00:24
%Exc Down: [50382
% Exc Up: IW

|

Fig. 11. Summary about the resulting schedule
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Fig.12. A graphical example of a resulting schedule

Later, at any time, the operator can retrieve the resulting timetables from the
database in a graphical form (Figure [[2]). The timetables can be modified man-
ually by the operator. These modifications are checked by the system and only
those that do not violate any constraint are allowed. The changes made by the
user to timetables can be stored in the database.

The resulting scheduling for the new trains is shown in Figure[I2l The thickest
lines represent the new scheduling. The rest of the lines correspond to timetables
of other trains, which in turn, represent the occupation of the railway network,
on which the new trains had to be allocated.

5 Results

Several parameters may determine the quality of a scheduling for new trains in
a railway company. Our system considers as quality criterion:

e Average traversal time for each new train.
In addition to this criterion other quality parameters are provided to the user:

e Number of conflicts managed among new trains as well as between new trains
and those in circulation. Solving conflicts implies technical stops and then a
less attractive timetable from the customer point of view.

e Divergence, defined as the difference between the average delay (measured as
a percentage) of trains in down direction and the average delay of trains in up
direction. Higher divergence could imply worse schedules.

Another factor that affects the quality of the schedules obtained by our system
is the running time that the operator gives to solve the problem. Considering
the input parameters of Table 1, the system provides three different outputs for
an execution time of 5, 10 and 40 seconds respectively (Table 2).
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Table 1. Input parameters

Dir New Locat. Train in Freq. Departure
Trains Circulation Time Interval
Down 13 20 Yes [01:10:00-  [05:00:00-
01:20:00] 08:30:00]
Up 13 20 Yes [02:00:00-  [05:30:00

2:20:00]  08:15:00]

Table 2. Three different outputs

Execution No of Divergence Average

Time(sec) Conflicts Traversal Time
5 Average 3 54%-40% 01:51:00
10 Average 3 53%-38% 01:47:27
40 Average 2 50%-40% 01:45:23

6 Conclusions

Our system assigns to each train a departure and arrival time for each location
of its journey, taking into account the operator requirements and the described
traffic constraints. The system accepts a wide range of scenarios on which it
is possible allocate new trains correctly and efficiently. One of these scenarios
can be a high-loaded railway network with different types of trains. The sys-
tem responds with different timetable configurations depending on the operator
request and the execution time. The operator can make decisions easily and
quickly, modifying the input parameters by comparing the different scheduling
obtained. This comparison is very complex and very time consuming to do man-
ually in a complex network. As all optimization processes for NP-hard problems,
the heuristics can be improved in order to obtain better solutions in less time.
Currently, ASTS is in an evaluation phase. We are considering adding other
quality criteria in order to increase the scope. We also want to integrate ASTS
with other tools proper of the railway company.
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Abstract. We consider a station in which several trains might stop
at the same platform at the same time. The trains might enter and
leave the station to both sides, but the arrival and departure times and
directions are fixed according to a given time table. The problem is to
assign platforms to the trains such that they can enter and leave the
station in time without being blocked by any other train. We consider
some variation of the problem on linear time tables as well as on cyclic
time tables and show how to solve them as a graph coloring problem on
special graph classes. One of these classes are the so called circular arc
containment graphs for which we give an O(nlogn) coloring algorithm.

1 Introduction

We consider the following problem. We are given a set of trains that has to enter
a station with Marshalling topology. Each train might enter the station either
from the left hand side or from the right hand side and might leave the station
to the left hand side or to the right hand side. The direction from which it enters
the station and in which it leaves the station, however, is fixed. Also the arrival
time and departure time is fixed. Hence, each train is labeled with the time
interval [tarr, tdep) i which it stays in the station, and an entering and leaving
direction dayy and dgep, respectively. For example, a train labeled [24,25]RL is a
train that enters the station at 24 from the right hand side and leaves the station
at 25 to the left hand side. In the meanwhile, it stops on one of several parallel
platforms (tracks) in the station. There might be several trains waiting at the
same platform. We further assume that the platforms have infinite length. The
problem is to assign each train to a platform such that it can leave the station in
time without being blocked by other trains. E.g., the assignment in Fig. [Tk is not
feasible, since train [-2,2]RL would be blocked by train [-1,4]LL. The assignments
in Fig. b and ¢ are both feasible. However, the interesting assignment is the
one in Fig. [[k, that uses the minimum number of platforms.

We consider as well linear time tables as cyclic time tables. In cyclic time ta-
bles, the situation repeats itself each time period T, i.e., a label [tarr, tdep) darr ddep

* Work partially done while the author was visiting the University of L’Aquila, sup-
ported by the Human Potential Program of the EU under contract no HPRN-CT-
1999-00104 (AMORE Project).
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Fig. 1. a) A non-feasible platform assignment. b) A feasible platform assignment that
is achieved with the first-fit algorithm. ¢) A feasible platform assignment that uses the
minimum number of platforms.

represents a series of trains (z;);cz. Train z; arrives at time ¢,,, + 47 from direc-
tion dqrr and leaves at time tqep +47" in direction dqep. We further assume that no
train stays longer than the time period 7" in the station, i.e., that tqep —tarr < T
The goal is a platform assignment that repeats itself every time period T, i.e.,
to assign each train of a series belonging to the same label to the same platform.
E.g., we are not interested in an assignment as indicated in Fig. 2h, but rather
in an assignment as indicated in Fig. Bb.

‘|- ‘1—8 3|Rl.|—5 SIRT "
a) ——— b) e

Fig. 2. Cyclic platform assignment with time period 7' = 16. a) A platform assignment
that repeats itself every second time period. b) A cyclic platform assignment that
repeats itself every time period.

As an additional constraint, we will sometimes consider the so called midnight
constraint, i.e., the condition that all trains enter the station before the first
train leaves the station. The name of this constraint is motivated by shunting
problems in which all trains enter a shunting depot in the evening and leave
it in the morning. But the midnight constraint even seems to be a reasonable
constraint for modeling the situation in some stations where first all trains enter
the station such that passengers can change trains and afterwards all trains leave
the station. A train is a turning back train, if it leaves the station in the direction
from where it entered it, i.e., if dayy = ddep-

The platform assignment problem is closely related to the shunting problem
some variation of which have been studied in the following work [TJ3I5IGISIT3].
We will consider the platform assignment problem as a graph coloring problem.
Given a platform assignment problem, we define the following constraint graph.
The vertices of the graph are the trains (or the series of trains if cyclic time
tables are considered). Two trains are adjacent if they cannot be put on the
same platform. The platform assignment problem then corresponds to coloring
the constraint graph. For some variation of the shunting problem, this approach
has been studied, e.g., in [4/12].

In this paper, we show the following results for the platform assignment prob-
lem. In the cases of linear time tables with midnight constraint or without
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turning back trains, we show that the constraint graph is a permutation graph
and hence it can be colored in O(nlogn) time. However, the algorithm does not
consider the trains in the order in which they enter the station. We further give
a 2-competitive online-algorithm to solve this problem. This algorithm also runs
in O(nlogn) time.

In the case of cyclic time tables with midnight constraint, the constraint graph
is not necessarily perfect. For this problem, we give a 3-approximation algorithm
that runs in quadratic time. Cyclic time tables without turning back trains yield
a constraint graph that is a comparability graph and, hence, can be colored in
O(n?) time. If we further restrict the input to trains all entering from the right
hand side and leaving to the lefthand side the constraint graph is a circular arc
containment graph. We show how to color such graphs optimally in O(nlogn)
time. The results are summarized in the following table.

linear time table| cyclic time table

with midnight constraint O(nlogn) |3-approx within O(n?)
without midnight constraint 9
without turning back trains O(nlogn) O(n7)
without midnight constraint O(nlog n)

only type RL

The distribution of this paper is as follows. In Sect. Bl we give a formal def-
inition of the platform assignment problem and show that it is equivalent to
coloring the conflict graph. In Sect. [3 we consider some variations of the linear
platform assignment problem and in Sect. [4] variations of the cyclic platform
assignment problem. As a byproduct, we give our algorithm for coloring circular
arc containment graphs in Sect. Finally, in Sect. Bl we discuss some open
problems.

2 The Conflict Graph

In this section, we give a formal definition of the platform assignment problem
with linear or cyclic timetable, define the conflict graph and show that the plat-
form assignment problem is equivalent to the coloring problem on the conflict
graph.

LINEAR PLATFORM ASSIGNMENT PROBLEM (LPA)

Given a set
7 — {[t(l) +@ ]d(l)d(l) ”’[t(n) t(n)]d(n)d(”)}

arry “depl®arr“dep’ * arr’ “depl™arr “dep

of train labels (t;(fr)r7 t((fe)p €R, 8 < téie)p; d;?r, d((fe)p € {R, L}}) with the property
that all arrival and departure times are distinct and given a number k, is there an
assignment p: Z — {1,...,k} such that the following train operation procedure

does not return false?
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1. Sort arrival and departure times increasingly.
2. For all arrival and departure events in the sorted list

(a) If the next event is an arriving train z. If z arrives from the right, append
2z to the righthand side of list L. else append z to the lefthand side of
Lip(z)-

(b) If the next event is a departing train z. If z departs to the righthand side
and is on the righthand side of list L.y, or if 2z departs to the lefthand
side and is on the lefthand side of list L.y then delete 2z from L,.), else
return false.

For a train label z = [tarr, tdep)darrddep, an integer i and a time period T set
z 41T = [tarr + 1T, taep + iT]darrddep.

CycLic PLATFORM ASSIGNMENT PROBLEM (CPA)

Given a set Z of train labels (with the property that all arrival and departure
times are distinct), a time period T (such that fqep — tarr < T for all
[tarr; tdepldareddep € Z), and a number k, is there an assignment p : Z —
{1,...,k} such that the above train operation procedure applied to {z+iT; z €
Z,i € Z} (with p(z 4+ ¢T) = p(z)) would never return false?

The conflict graph for a platform assignment problem (Z,k) or (Z,T,k), re-
spectively, is defined as follows. The vertices are the train labels. Two vertices z;
and zy are adjacent if and only if the platform assignment problem ({21, z2},1)
or ({z1,22},T,1) is a false-instance.

GRAPH COLORING PROBLEM

Given a graph G = (V, F) and a number k. Is there an assignment ¢ : V' —
{1...,k} such that c¢(v) # c(u) for {u,v} € E?

Theorem 1. Let G be the conflict graph of a platform assignment problem (Z, k)
or (Z,T, k), respectively. Then the solutions of the platform assignment problem
and the solutions of the graph coloring problem correspond.

Proof. Let p: Z — {1,...,k} be a solution of the platform assignment problem.
Let p(z1) = p(z2). Assume without loss of generality that z; has to leave the
station before z3 and that z; departs to the right hand side. If {z1, 22} where
an edge of G then, by definition of the conflict graph, zo would be on the right
hand side of z; at the time that z; had to depart. But then p would not have
been a valid assignment. Hence setting c¢(z) = p(z),z € Z yields a solution for
the graph coloring problem.

Now, let ¢: Z — {1,...,k} be a solution of the graph coloring problem. Set
c(z) = p(z),z € Z. Suppose that at some point the train operation procedure
returns false. So suppose without loss of generality that at some point z; has
to leave to the right hand side, but that there is another train zs in the list
L, ;) on the right hand side of z;. But then {z1, 22} would be an edge in G —
contradicting that c¢ is a valid coloring. a
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A transitive orientation of an undirected graph G = (V, E) is an orientation of
its edges with the following property.

(u,v) € E and (v,w) € F = (u,w) € &

A comparability graph is a graph that has a transitive orientation. A permutation
graph is a graph G that is associated with a permutation 7 of the set {1,...,n}.
The set of vertices of G is {1,...,n} and two vertices 7 and j with ¢ < j are
adjacent if and only if 7(i) > 7(j). A graph G is a permutation graph if and
only if G and its complement are comparability graphs (see e.g. [7, p. 158]).
The chromatic number of a graph G is the minimum number & such that (G, k)
is a yes-instance of the graph coloring problem. A graph G is perfect if for
all induced subgraphs H of G the size of a maximum clique of H equals the
chromatic number of H. Comparability graphs and, hence, permutation graphs
are perfect [7, p. 133].

The first-fit algorithm is a heuristic to solve the graph coloring problem. It
works as follows. Start with an ordering vy,...,v, on the vertices. Color the
vertices in this order. Assign vertex v; the first color that was not assigned to an
adjacent vertex of v;. Chvdtal [2] characterized all orderings that are such that
the first-fit algorithm solves the graph coloring problem on the graph and all its
induced subgraphs optimally. This is for example true, if the vertices are ordered
according to a transitive orientation. In general, the first-fit algorithm runs in
O(n?) time. For permutation graphs, it can be implemented to run in O(nlogn)
time (see e.g. [7, p. 168]). Note however that for arbitrary vertex-orderings the
first-fit algorithm can behave arbitrarily bad even on permutation graphs [10].

3 Linear Timetables

In this section, we consider three variations of the LPA. In Sect. Bl we assume
that the midnight constraint is given. Else even the restricted problem in which
every train enters from and leaves to the right hand side is A/P-complete: it
corresponds to coloring circle graphs (see, e.g., [4] for a review). In Sect. B2
we consider an online solution for the LPA with midnight constraint. Finally, in
Sect. B3l the midnight constraint need not be true, but there may not be any
turning back trains. In the following let n be the number of trains in an instance
of an LPA.

3.1 With Midnight Assumption

In this section, we assume that we are given an input of the LPA with the
midnight constraint, i.e., that the time intervals intersect in at least one point.
For example, in Fig. [l 0 is a common point in all time intervals. Let Giid
be the conflict graph for this problem. A schematic image of G4 is indicated
in Fig. Bl Each rectangle represents all trains that have the same arrival and
departure direction. E.g., the rectangle labeled RL represents all trains with

darr = R and dgep = L. We will refer to this as the type of a train. Within one
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LR RR 4

leaves leaves enters

first first first first
| AN
LL RR LR RL
—— | always | —— S always S
_T T T _T
N RL RR L LL 7
leaves \ enters enters / leaves
first first first first
AN
(a) conflict graph (b) complement of conflict graph

Fig. 3. A transitive orientation of the conflict graph and its complement

rectangle, and indicate that there is an edge between two trains
if the time intervals overlap, but neither is contained in the other. and

" T indicate that there is an edge between two trains if the time interval of
one train is contained in the time interval of the other train. The edges between
the rectangles indicate when there is an edge between two trains of different
type. An orientation of the edges is visualized by upward pointing arrows.

Theorem 2. The linear platform assignment problem with midnight constraint
can be solved in O(nlogn) time.

Proof. We show that Gﬁgd is a permutation graph and that a representation as
permutation can be found in O(nlogn) time. Hence, since permutation graphs
can be colored in O(nlogn) time, the LPA with midnight constraint can be
solved in the same asymptotic running time.

To show that G{?&d is a permutation graph, we have to show that it is a
comparability graph and that its complement is also a comparability graph. A
transitive orientation of the conflict graph is indicated in Fig.[Bl Exchanging LL
with RL and LR with RR, one can see that the complement of the conflict graph
has the same structure as the conflict graph itself. Hence it is also a comparability
graph.

According to the general rule [7, p. 158|, the permutation that corresponds
to the conflict graph can be constructed as follows. First the trains are labeled
according to the ordering that results from the transitive orientation of the



Platform Assignment 239

conflict graph and its complement. Then the trains are permuted according to
the reversed transitive orientation of the conflict graph and the original transi-
tive orientation of its complement. Hence, from the schematic representation in
Fig. Bl we can immediately see, that for two trains z1, zo and for each of the two
orderings, we can decide in O(1) if z; is before zo. Hence, since ordering can be
done in O(nlogn) time, the representation of G4 as a permutation can found
in O(nlogn) time. |
The two orderings constructed in the proof of Theorem [Z for constructing the
representation as a permutation for G4 have a quite intuitive meaning. The
trains departing to the left are labeled in increasing order of their departure
time followed by the trains departing to the right in decreasing order of their
departure time. This is exactly the order in which the trains can be positioned
on one platform such that they can leave in time. For the permutation, the trains
arriving from the left are ordered in decreasing order of their arrival time followed
by the trains arriving from the right in increasing order of their arrival time.
This corresponds exactly to the order in which the trains would be positioned at
midnight if only one platform was given. E.g., the representation as permutation
for the conflict graph of the LPA in Fig. [l is constructed as follows. First the
trains are labeled according to there departure direction and time.

1:[4,1]RL, 2: [-2,2]RL, 3 : [-14]LL, 4 : [-3,3]RR
Then they are permuted according to there arrival direction and time.

3:[-14]LL, 1: [4,1]RL, 4 : [-3,3]RR, 2 : [-2,2]RL

. .. (1234
Hence the resulting permutation is < 314 2).

3.2 Online Solution

The first-fit algorithm for coloring permutation graphs, colors the vertices in the
order in which they occur in the permutation. I.e., in the solution of the LPA
with midnight constraint given in Sect. Bl we first have to decide how to color
the trains that enter last from the left hand side. Hence, it is not an online-
algorithm, i.e., the trains are not assigned a platform in the order in which they
enter the station. In fact, Fig. [k showed that the first-fit algorithm that assigns
platforms to trains in the order they enter the station would not necessarily
yield the minimum number of platforms. The next theorem states that there is
an algorithm that assigns platforms to trains in the order in which they enter
the station which uses at most twice the number of platforms that the optimal
offline-algorithm in Sect. Bl would use.

Theorem 3. There is a 2-competitive online-algorithm for the linear platform
assignment problem which runs in O(nlogn) time.

Proof. First, we divide the input into two subproblems — the trains entering from
the left hand side and the trains entering from the right hand side. The conflict
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graph for both subproblems is a permutation graph. For the trains entering
from the right hand side, we use the representation as a permutation as it was
computed in Sect. 3l For the trains entering from the left hand side, we reverse
the orientation of the conflict graph and its complement given in Fig. Bl Then
we apply the standard procedure described in the the proof of Theorem [2] on
these two transitive orientations to obtain a representation as a permutation.
Representing the conflict graphs of the two subproblems like that, the first-fit
algorithm for coloring them is an online algorithm to solve the two subproblems
optimally in O(nlogn) time. Hence, applying the first-fit algorithm with the
additional constraint that a train that enters form the left hand side and a train
that enters from the right hand side may not be put on the same platform yields
a 2-competitive online-algorithm for solving the whole problem in O(nlogn)
time. a

3.3 Without Turning Back Trains

In this section, we do not require the midnight constraint, but we assume that
we have an instance of the linear platform assignment problem without turning
back trains. Hence, we consider the quite typical case that a train coming from
one side will continue its trip to the other side of the station. Fig. @l shows that
also in this case the conflict graph is a permutation graph. _ 7. indicates that
there is an edge between two trains if neither of the time intervals is contained
in the other. Hence, we can conclude the following theorem.

Theorem 4. The linear platform assignment problem without turning back
trains can be solved in O(nlogn) time.

disjoint,
LR if they RL LR RL leaves first~ RL
il intersect 1 T_ disjoint, = T o
— — LR leaves first [
(a) conflict graph (b) complement of conflict graph

Fig. 4. Transitive orientations of the conflict graph and its complement for the linear
platform assignment problem without turning back trains

4 Cyclic Time Tables

In this section, let T" denote the time period of a CPA and let n be the number of
series of trains in the input. We represent an interval [tam, tdep) in the input as a
circular arc [tarr%’r, tdep%’r]. The thus represented input for the example in Fig.
is shown in Fig. [l In this section, we consider three subproblems of the CPA.
In Sect. 1], we give a 3-approximation algorithm for, the CPA with midnight
constraint. In Sect. L2l we first briefly consider the CPA without turning back
trains in general. Then we solve the special case that there are only trains of
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type RL or only trains of type LR by giving an O(nlogn) algorithm for coloring
the class of graphs called circular arc containment graphs.

4.1 With Midnight Assumption

In this section, we assume again that the midnight-assumption holds. Hence,
without loss of generality, we may assume that 0 is contained in the intersection
of all intervals of the input. If there is only one type of trains (among LL, LR, RL,
RR) the midnight-assumption implies that cyclic time tables can be handled in
the same way as simple intervals. This changes, however, if there are trains that
differ in either the incoming direction or the outgoing direction (but not both)
such that the intersection of its time arcs is not connected, i.e. if the difference
between the departure time of the train that leaves last and the arrival time of
the train that arrives first is greater or equal T'. In fact, in a solution that repeats
every time period, two such trains can never be put on the same platform. The
conflict graph G™i4 of the CPA with midnight constraint is illustrated in Fig.

cyc

LR leaves

LL enters first or @ : One arc con-

first or G tains the other
LL RR : None of the
— | always — two arcs contains the
' L other
RR énters G. The two arcs to-

RL leaves

first or G gether span the cycle.
first or G /

Fig. 5. The conflict graph for the cyclic platform assignment problem with midnight
constraint

If there are only trains of type LL and RR involved, G;r;,if is always a per-
mutation graph. The case in which the input consists only of trains of type LR
and RL will be consider more generally (without midnight constraint) in the
next subsection. In general, Gg;if need not be perfect, even if only trains of type
RR/LR, RR/RL, LR/LL, or RL/LL are involved. See Fig. [f] for an example.
The time complexity of the CPA with midnight constraint in these cases is sofar

open.
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Fig. 6. The cyclic time table considered in Fig. 2l and its conflict graph which is a Cs
and hence not perfect. Clockwise arcs indicate trains leaving to the right and counter
clockwise arcs indicate trains leaving to the left. Dashed arrows indicate turning-back
trains. The dashed edge in the conflict graph is of type G.

Theorem 5. There is a 3-approzimation algorithm for the cyclic platform as-
signment problem with midnight constraint that works in O(n?) time.

Proof. We consider the acyclic orientation on the graph that is indicated in
Fig.[Bl The height function which is defined recursively by setting

h(v) = { 1 if v is a sink,
1+ max{h(w); (v,w) € E} otherwise
is a proper coloring of G2i¢ and the number of colors x(h) that are used is equal
to the number of vertices in the longest directed path in Gg;,ig [T, p. 132]. Note
that the orientation within the four types RR, LL, RL, an LR is even transitive.
Any directed path P in G{f;ig contains trains of at most three of these types and
all trains of one type are consecutive in P. Hence, the subgraph induced by P
can be covered by three cliques — one for each type of train that is contained in
P. Let w be the size of a maximum clique in Gf:’;,if and let x be the chromatic

number of G;r;,ig. Then x(h) < 3w < 3x. Hence, the height function yields a
3-approximation algorithm.
The height function can be computed in time linear in the size of Gg‘,’cd by a

DFS-algorithm [7, p. 46] and hence in O(n?) time. O

4.2 Without Turning Back Trains

In case only trains of type LR and RL are involved, the conflict graph remains a
comparability graph, even without the midnight constraint. See Fig. [Tk for the
transitive orientation. Hence, the conflict graph can be colored in O(n?) time.
Fig.[db demonstrates, however, that in that case the conflict graph does not have
to be a permutation graph anymore.

In the rest of this section, we now consider the case that there are only trains of
type RL or only trains of type LR. In this case, the conflict graph is a circular arc
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LR if they _| RL
T intersect 1
a) — b)

Fig. 7. Trains of type LR and RL only, without requiring the midnight constraint. a)
Transitive orientation of the conflict graph b) Example for which the conflict graph is
a Cs and, hence, not a permutation graph — even if only trains of type LR are involved.

containment graph (CACG) [12]. A CACG is a graph whose vertices are circular
arcs and in which two circular arcs are adjacent if and only if one of them is
contained in the other. In what follows, let n be the number of vertices and m the
number of edges of a CACG. A maximum clique of a CACG and, hence (since
CACGs are comparability graphs and, hence, perfect), the chromatic number of
a CACG can be determined in O(nloglogn) time [9]. Nirkhe [T1] showed that a
coloring for a CACG can be found in O(nlogn +m) time. We will show how to
modify the first-fit algorithm for permutation graphs such that it can be applied
to color circular arc containment graphs in O(nlogn) time.

We will refer to a circular arc by an interval [a,b] with —27 < a < 27,;0 <
b<2m 0<b—a<2m. A circular arc [a, b] is contained in a circular arc [c, d] if

1. c<0and a > 27 +corif
2. c<aandd>b.

Let G be the CACG on the set V' = {[a1,b1], ..., [an, bn]} of n circular arcs. We
may assume that all ay,...,an,b1,...,b, are distinct [T1].

Since ordering can be done in O(nlogn) time, we assume that the arcs in V
are ordered as follows.

i<jiff a; < aj

Then, clearly, this induces a transitive orientation on G. We apply the first-fit
algorithm. To obtain the required running time, we apply the algorithm below,
maintaining the following arrays.

COLOR: COLOR(%) is the list of vertices that is colored 1.

FIRST: FIRST(i) = 2 if so far no arc has been colored with color i. Else, let [a, b]
be the first arc that is colored with color . Then FIRST(i) = a + 27.

LAST: LAST(4) = 0 if so far no arc has been colored with color i. Else, let [a, b]
be the last arc that is colored with color i. Then LAST(z) = b.
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1

2. Find smallest k such that FIRST(k) > a;
3. Find smallest ¢ > k such that LAST(:) < b;
4. if COLOR(%) is empty

5 Set FIRST (i) = a; + 27

6. Append [a;,b;] to COLOR(Z)

7. Set LAST(i) = b;

Lemma 1. The above algorithm solves the graph coloring problem on the class
of circular arc containment graphs in O(nlogn) time.

Proof. First, we show that the algorithm is the first-fit algorithm and, hence,
solves the problem optimally. (Recall that the arcs are ordered according to
a transitive orientation.) Note that no not-yet colored arc contains an already
colored arc. There are the following two cases in which arc [aj,b;] is contained
in the arc [a, b] colored by color i.

1. a; > a+ 2m. By construction, a + 2w > FIRST(¢). Hence, a; > FIRST(3).
2. bj < b. Hence, since by construction b < LAST(z), it follows b; < LAST(7).

Hence, Line 2 and 3 of the algorithm guarantee that [a;,b;] is colored with the
first color that was not used to color an adjacent arc of [aj, b;].

For the running time observe the following. FIRST(7) is monotonely increasing,
i.e. FIRST(i) < FIRST(j) for ¢ < j. The value k that is chosen in Line 2 of
the algorithm is monotonely increasing with every step. LAST(4) is monotonely
decreasing for i > k, i.e. LAST(i) > LAST(j) for k < i < j. Hence, Line 2 and 3
can both be performed in logarithmic time by binary search. It follows that the
over all running time is in O(nlogn). O

5 Open Problems

We have considered some variations of the platform assignment problem with
linear and cyclic time tables. In the following, we list some interesting questions
concerning this topic that sofar remained open.

e How bad can the first-fit algorithm behave for solving the linear platform as-
signment problem with midnight constraint as an online problem? Recall that
the first-fit algorithm on arbitrary vertex-orderings of a permutation graph
can behave arbitrarily bad [10].

e Is the cyclic platform assignment problem with midnight constraint NP-
complete?

e A solution for the cyclic platform assignment problem in which trains from a
series do not have to be assigned to the same platform could use less platforms
than a solution that has to be the same every time period. See Fig. [2 for an
example. How big can the difference be?
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Abstract. We consider efficient algorithms for timetable information in
public transportation systems under multiple objectives like, for example,
travel time, ticket costs, and number of interchanges between different
means of transport. In this paper we focus on a fully realistic scenario in
public railroad transport as it appears in practice while most previous
work studied only simplified models.

Algorithmically this leads to multi-criteria shortest path problems in
very large graphs. With several objectives the challenge is to find all
connections which are potentially attractive for customers. To meet this
informal goal we introduce the notion of relazed Pareto dominance. An-
other difficulty arises from the fact that due to the complicated fare reg-
ulations even the single-criteria optimization problem of finding cheapest
connections is intractable. Therefore, we have to work with fare estima-
tions during the search for good connections.

In a cooperation with Deutsche Bahn Systems we realized this sce-
nario in a prototypal implementation called PARETO based on a time-
expanded graph model. Computational experiments with our PARETO
server demonstrate that the current central server of Deutsche Bahn AG
often fails to give optimal recommendations for different user groups. In
contrast, an important feature of the PARETO server is its ability to
provide many attractive alternatives.

1 Introduction

We consider efficient algorithms for timetable information in public transporta-
tion systems (with emphasis on public railroad systems) under multiple objec-
tives. We concentrate on three optimization criteria: travel time, fare and number
of train changes. However, it is easy to add further criteria like the possibility of
seat reservation or safety margins for train changes in case of delays.

Previous work. In recent years several papers studied models for timetable in-
formation. These models are based on suitably constructed digraphs on which
one can apply shortest path algorithms to answer queries. Two main approaches
have been proposed: the time-expanded [I3TTRI7IR] and the time-dependent
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approach [TIIT2IT0/]. In the time-expanded digraph we have a node for each
event (departure or arrival of a train) at a station. Basically, there are two kinds
of edges: train edges connecting the departure of a train with its arrival at the
next station and waiting edges within a station. Fixed weights are assigned to
the edges like e.g. travel time. This construction usually creates very large but
sparse graphs.

In the time-dependent approach [I] every node represents a station and two
nodes a and b are connected by an edge if there is a train that departs at a
and arrives at b without stopping in between. The key idea in a time-dependent
digraph is that the time-delay of an edge depends on the point in time the edge
is used. So the weights on the edges are computed “on-the-fly”. This models the
phenomenon, that the delay an edge induces depends on the path that is used
to reach this edge.

Most of the cited work on public railroad information systems solely con-
siders single-criteria optimization. Next we briefly sketch the previous work on
multi-criteria shortest path problems. For a more complete overview, we refer
to the section on shortest paths in the recent annotated bibliography on multi-
objective combinatorial optimization [2I3]. The standard approaches to the case
that all Pareto optima have to be computed are generalizations of the standard
algorithms for the single-criterion case. Instead of one scalar distance label, each
node v € V is assigned a number of k-dimensional vectors, which are the lengths
of all Pareto optimal paths from s to v (clearly, for £ = 1 the Pareto optima
are exactly the distance labels). For the bicriteria case, generalizations of the
standard label setting (Dijkstra’s algorithm) [4] and label correcting [16] meth-
ods have been developed. In the monograph of Theune [19] algorithms for the
multi-criteria case are described in detail in the general setting of cost structures
over semi-rings. A two-phase method has been proposed by Mote et al. [5]. They
use a simplex-type algorithm to find a subset of all Pareto optimal paths in the
first place, and a label-correcting method to find all remaining Pareto optimal
paths in the second phase.

The crucial parameter for the run time and the space consumption is the total
number of Pareto optima over all visited nodes. The insight that this number
is exponential in |V] in the worst case has motivated the design of approxima-
tion algorithms. Hansen ] and Warburton [20] both present a fully polynomial
approximation scheme (FPAS) for finding a set of paths which are approxi-
mately Pareto optima for the bicriteria shortest-path problem. The (resource)-
constrained or weight-restricted shortest-path problem [9] is a simplifying (yet
still A"P-hard) variation of the bicriteria case. Here only one Pareto optimal
path is to be computed, namely the one that optimizes the first criterion sub-
ject to the condition that the second criterion does not exceed a given threshold
value. A theoretical study on the size of the Pareto set in practical applications
appeared in [g].

Our contribution. As mentioned in the beginning, the challenge is to find all
reasonable train connections meeting a query. The traditional concept of Pareto
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optimality bears two problems: First, many attractive alternatives will be sorted
out if classical Pareto dominance is applied. Second, some Pareto-optimal solu-
tions may be practically useless. The latter problem can easily be overcome: we
just eliminate practically useless connections in a postprocessing step. To cope
with the first problem, we introduce in Section [2] the concept of relaxed Pareto
dominance which allows us to identify also “near-optimal” solutions.

This work arose in cooperation with Deutsche Bahn Systems. Within this
project we built an information server called PARETO. As described above,
there has been a number of papers on time-table queries in recent years, but
most of them considered only very simplified scenarios. In contrast, our aim was
to incorporate all necessary details and side-constraints such that the output of
our server could in principle be used even for purposes like ticketing.

In [7] we already argued that the time-expanded model might be more ap-
propriate to model such complex scenarios than the time-dependent approach.
The recent studies of Pyrga et al. [T415] supported this claim and also indicated
that the better computational efficiency of the time-dependent model diminishes
greatly if the model becomes more realistic. Therefore, we use a time-expanded
graph model to capture all practical requirements. Unfortunately, due to com-
plicated fare regulations (in particular, fares are not additive on the edges in
the underlying graphs) even the single-criteria optimization problem of finding
cheapest connections is intractable. Therefore, we have to work with fare esti-
mations during the search for good connections.

In principle, our system uses a generalized version of Dijkstra’s algorithm for
finding the Pareto-optimal set of solutions. This system has been adapted to our
relaxed notion of Pareto-optimality and to the approximation of fares during
the search. As speed-up techniques we use goal-directed search and improved
dominance tests with the terminal station of a query. The goal-directed search is
made effective by using lower bounds based on an auxiliary station graph (which
will be defined in Section [B1).

Finally, we provide results from a computational study. It turns out that the
current version of the Deutsche Bahn server often fails to find optimal solutions
for several different user groups. Moreover, our PARETO server has the advan-
tage to offer many more attractive alternatives which the Deutsche Bahn server
does not find. This is an important feature for marketing reasons to improve
customer satisfaction. Namely, with the larger pool of attractive connections
that PARETO delivers, the railway company may use the timetable information
system to balance the usage of trains more evenly and to improve the availabil-
ity of seat reservations. If there are enough good alternatives then connections
with trains working to capacity may simply be suppressed in the interface of the
information system.

Overview. The rest of the paper is organized as follows. First, in Section [2]
we provide further background information about railway timetable information
systems. In particular, we explain in detail the specification of queries and side
constraints for feasible answers. We discuss different possibilities to evaluate and
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to compare train connections with respect to several objectives simultaneously,
and introduce our concept of relaxed Pareto dominance. In Section[3l we briefly
sketch our time-expanded graph model used for timetable information and dis-
cuss it in comparison with a time-dependent graph model. In Section @ we
describe our information server PARETO. Specific speed-up and space-saving
techniques are discussed in Section Bl Then, in Section [6 we present our com-
putational results and compare them with results of the Deutsche Bahn server.
Finally, we conclude with a summary and possible future extensions.

2 Railway Timetable Information Systems

2.1 Specification of Queries

A query to a timetable information system usually includes:

The (start or) source station of the connection, the target station and an in-
terval in time in which either the departure or the arrival of the connection has
to be, depending on the search direction, the user’s choice whether to provide
the interval for departure (“forward search”) or arrival (“backward Search”)ﬂ
Additional query options include:

Vias and duration of stay. A query may contain one (or more) so called wvias,
stations the connection has to visit and where at least the specified amount of
time can be spent, e.g. from Cologne to Munich via Frankfurt with a stay of at
least two hours for shopping in Frankfurt.

Train class restrictions. Each train has a specific train class assigned to it. These
classes are high-speed trains such as the German ICE and French TGV; ICs and
ECs; Interregios and the like; local trains, “S-Bahn” and subway; busses and
trams. The query may be restricted to a subset of all train classes. By excluding
high speed trains one might be able to find cheaper connections.

Attribute requirements. Trains have attributes describing additional services they
provide. Such attributes are for example: “bike transportation possible”, “sleep-
ing car”, “board restaurant available”. A user can specify attributes a connection
has to satisfy or is not allowed to have. We allow Boolean operators for specifying
attribute requirements like: (a restaurant OR a bistro) AND bike transportation.

2.2 Connections Matching a Query

A connection needs to be feasible and has to satisfy all requirements of the query
specification to match the query. Some additional feasibility requirements are:

Meta Stations and Source-/Target- Equivalents. For a passenger it might be unim-
portant to start at a specific stations, as long as these stations are relatively close

! Note that the specification of an interval is crucial for typical pre-trip queries al-
though previous work often assumes single point intervals.
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together. Virtual meta stations group such stations together (like the railway
station and bus stops that can be found right next to each other at the cen-
tral station of any city). Source/target-equivalents group stations together in a
similar fashion, but not as a new virtual station: Every source/target-equivalent
consists of a station and its possible replacements.

A meta-station or source/target-equivalent may replace the source and target
station as well as any via in a query.

Special attributes: NotIn / NotOut. There are some train and station related at-
tributes that do have a special meaning for the stops of a train. Although a train
stops at a station, boarding or leaving the train or both may not be allowed.
Especially for night and high-speed trains there are some stations near the origin
of the train where one is only allowed to enter the train and some stations near
the end where one is only allowed to leave it. In a night train passengers should
not be disturbed by too much “traffic” inside the train. In both cases the trains
should not be used only for a short transfer. Passengers are encouraged to rather
use local transportation instead.

Traffic days. Most trains do not operate on a daily basis. There is a lot of change
during the year. Some trains only operate on workdays, others only on Sundays.
National and local holidays affect the days of operation as well as school holidays.

Interchanges. The time table data provides rules for a lower bound on the time
between the arrival of a train and the departure of its connection if a change of
trains occurs. Arranged from most general to most specific these are:

e Interchange rules at stations. Every station has two interchange times: one
for interchanges between two faster (or higher valued) trains like the German
ICE or French TGV and one for all other interchanges.

e Transfers between transfer classes. Each train is associated with a transfer
class. The time needed for the train change depends on the transfer classes
of the arriving train at arrival and the leaving train at departure. There are
rules with and without dependence on the station of the train change.

e Line to line transfers. Similar to the transfer classes each train may be asso-
ciated with a line it serves and specific rules for line changes.

e Service to service transfers. The most specific interchange rule gives inter-
change times between individual trains.

2.3 Measuring the Quality of Connections

Most timetable information systems only regard one criterion, namely travel
time. As mentioned before we want to focus on the three criteria travel time,
ticket costs, and number of interchanges. Simply minimizing any of these three
independently (or all three separately) is obviously not the method of choice. In
the weighted multi—criteria case an evaluation function ¢ may look like:

¢ = @ - travel time 4 £ - number of interchanges + ¥ - ticket cost.
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Table 1. Example connections

Connection|Departure| Travel time| Number of | Price| Pareto
(minutes) |interchanges|(Euro) |optimal
1 7:30 110 2 5
c2 8:00 100 2 75 Vv
c3 8:00 160 0 60|
C4 8:00 200 3 3BV
cs 8:00 300 3 34 Vv
c6 8:15 110 1 45|

Different choices for the set of parameters {¢, &, ¥} express the difference in im-
portance of the three criteria. Users may never see some interesting alternatives
(for them) if either they or a system/operator sets the wrong parameters.

To overcome this problem the concept of Pareto-optimality treats all criteria
as equally important. For two given k-dimensional vectors x = (x1,...,xx) and
y=(y1,-..,Yk),  dominates y if z; <y; for 1 <i <k and z; < y; for at least
one i € {1,...,k}. Vector z is Pareto optimal in set X if there is no y € X
that dominates z. Here, we assume for simplicity that all cost criteria shall be
minimized. In our scenario we compare 3-dimensional vectors (travel time, ticket
costs, number of interchanges) for our connections. Note that this approach is
easily extendable to cover further criteria.

Consider the connections of Table[I} Connections ¢y to cg are Pareto optimal.
The single-criterion and weighted-criteria approaches (for some parameters) both
do not find ¢g which is probably the most promising of all connections for most
people. Unfortunately, the classical Pareto approach has its drawbacks as well:
Suppose connection c¢g does not exists in the list. Although connection ¢ is
dominated by co it still arrives earlier at its destination. A passenger using
a timetable information system at the departure station might prefer ¢; as it
leaves more time to get to his final destination from the target station instead
of waiting 30 minutes at the departure station. In spite of being Pareto optimal
connection c¢; is of no practical use at all. The almost as cheap alternative ¢4 is
much more attractive.

Relaxed Dominance

To tackle the drawbacks of the simple Pareto dominance approach we relax the
dominance rule in the relazed Pareto dominance case. This means that more
pairs of connections become mutually incomparable. In addition to the cost
criteria travel time, travel fare and number of train changes, further aspects are
taken into account to define the smaller relation between connections.
Formally, we now consider n-dimensional (integral or real-valued) vectors x =
(1, Thy Tpt1,-- -, Tn) € S where the first k& components are cost criteria
and the remaining n — k components encode additional data (like departure
and arrival time, highest used train class). Furthermore, for each cost criterion
we have a non-negative relavation function f; : S x S + RJ U {+oc}. For
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any two z,y € S we now define that = dominates y (in the relaxed sense) if
i + filz,y) < y; for all 1 <4 < k and z; + fi(z,y) < y; for at least one
i € {1,...,k}. Note, that in order to be able to apply relaxed Pareto dominance
during search and/or for final filtering of the connections, it is essential that
dominance is a transitive relation. This restricts the set of reasonable relaxation
functions. Next we give examples how to specify suitable relaxation functions f;.

e The travel time spent for getting less expensive connections has to yield a
fair hourly wage, say of A Euros per hour. (In the examples of Table [Tl an
hourly wage of less than one Euro is not enough to make connection ¢ worth
considering.) This can be modeled as follows. Suppose we want to compare
connections A and B with associated costs c4,cp in Euros and travel times
ta,tp in minutes, respectively. Then connection A dominates B with respect
to the cost criterion only if

it max{ts —tp,0} A<ep
60

e The larger the time difference between the departure and arrival times of two
connections is, the less these connections should influence each other.
Suppose we want to compare connections A and B which have departure
times da,dpg, arrival times a4,ap and travel times t4,tp (all data given in
minutes), respectively. Then connection A dominates B with respect to the
criterion travel time if

ta+a(ta) A(A B)+((ta) < tp,

where, e.g., we may choose a(ta) := t4/360 and B(ta) := 5+ /Ta/4, and
define

0 ifdga >dp and ay < ap,

A(A’ B) - {min{|dA — dB|7 \aA — aB|}, otherwise .

e Different kinds of connections shall not dominate each other (e.g., connections
using an event train (e.g. a special train to a sports event) or night trains).
Using night trains one does not want to arrive as fast (and/or cheap) as
possible but has the chance to arrive relaxed and even save a night’s stay at a
hotel. Both these alternatives should not be dominated by connections using
other kinds of transportation. This can be modeled by defining a relaxation
function to be +oo if the encoding of the train class attributes forbids a mutual
domination.

Incomparable connections do not dominate each other, thus attractive alterna-
tives are not suppressed. It is easy to check that all the proposed relaxation
functions preserve the desired transitivity of our Pareto dominance relation. In
Section [£.2] it will turn out that this concept can also be used to handle special
tariffs of pricing systems.

Our overall goal is to determine the complete set of connections not domi-
nated by relaxed dominance. However, some other aspects are still not covered,
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like the stability of a connection, i.e. how high is the possibility of getting all
interchanges, the aim to use a sleeping cart as long as possible during the night,
the maximization of a stay at “nicer” locations, lovely panorama etc.

3 Modeling Timetable Information in Graphs

3.1 A Time-Expanded Graph Model for a Realistic Scenario

Schulz et al. [I7] introduced the time-expanded model to compute earliest arrival
paths which assumed zero interchange times. Modifications to allow the counting
of train interchanges with {0, 1}-weights in a Dijkstra-search have been proposed
in [RI7IT5]. The extension of Pyrga et al. [I5] models also some basic interchange
rules with the concept of change nodes: In their time-expanded digraph there is
one node for each departure and arrival event of every train. The departure of a
train at one station and its arrival at the next station are connected with a train
edge. The so-called change nodes are copies of all arrival and departure events. A
waiting edge is introduced between each change node and the next change node
in time at the same station (introducing a waiting arc over midnight between
the last and first change node at that station as time is taken modulo a single
day). Between the arrival of a train and its departure at the same station there
is a stay in train edge in the graph.

We further extended the model to cover all interchange rules and the special
attributes NotIn/NotOut (cf. Section 22)): If boarding is permitted we have
an entering edge from the change node copy to the original departure node.
If leaving a train is possible, we have one leaving edge connecting the arrival
with the change node at the point in time from which on all other events are
reachable, i.e. the time difference of this node to the arrival is the maximum
over the interchange times required by all change rules concerning this train at
this station. For all trains reachable before this point in time we have special
interchange edges from the arrival to the departure nodes of the corresponding
trains. The first two types of edges can also be found in the model by Pyrga et
al. but with different semantics.

It is easy to see that we have indeed covered all interchange rules and the
attributes NotIn/NotOut. Take a look at Fig. [l (left) for an example. Arriving
with train ¢ we here can either stay in train ¢ (use stay in train edge e) or
change to t* what is possible due to some interchange rule e.g. service to service
transfer (special interchange edge f). However, we can not take ¢ (for example,
if the minimum interchange time at the station does not allow this). Therefore,
we needed the special interchange edge to reach t* and not to reach ¢’ from ¢
although entering ¢’ is allowed from the change level. Every event from time b
on is again reachable (leaving edge ¢ to change node at time b), e.g., we can take
train ¢ (via entering edge h). Train ¢’ stops at the station only for boarding (no
leaving edges for the arrival at time a).

Traffic days, possible attribute requirements and train class restrictions with
respect to a given query can be handled quite easily. We simply mark train edges
as tnwisible for the search if they do not meet all requirements of the given query.
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time arrival " departure time arrival " departure
change change

Fig. 1. Time expanded model without special interchange edges (left) and an extension
to skip arrival change nodes in forward search (right) cf. Section 5.4

With respect to this visibility of edges, there is a one-to-one correspondence
between feasible connections and paths in the graph.

We associate component-wise non-negative cost vectors to the edges. Here
we describe only the choice for forward search, the necessary modifications for
backward search should be obvious. For the cost criterion travel time, the cost
for edge e = (v,w) is the difference between the timestamps of the nodes w
and v. For the cost criterion number of train changes, all entering edges and all
special interchange edges get a cost value of 1, and all other edges a value of 0.
(More precisely, such an assignment counts the number of used trains.) Ticket
costs are more difficult to handle. We come back to this issue in Section

3.2 Discussion: Time-Expanded vs. Time-Dependent Models

For single—criteria shortest path search, the time-dependent model seems to be
more attractive due to its smaller sized graph that drastically speeds up the
search. This advantage does not hold for more realistic scenarios. In recent ex-
periments for computing all Pareto optima for two criteria Pyrga et al. [14] did
not show a big advantage for time-dependent models. Not only did the size of
the graph significantly grow due to their modeling of constant transfer times
(which are still far from reality), the computational time required for solving the
problem on the time-expanded graph was only 58% higher than for the time-
dependent graph. Their constructions in [14] show how difficult the extension to
model more realistic scenarios is. The general interchange rules and the special
attributes disallowing boarding and deboarding even violate assumptions made
for the most realistic model of interchanges known for time-dependent graphs
(i.e. taking a later connection might allow for taking an earlier connection at
some subsequent station). The time-dependent approach is not as easily extend-
able to cover traffic days, attribute requirements and train class restrictions as
the time-expanded approach as already observed in [7].
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Considering time intervals instead of points in time for possible departures
requires either lists of labels for each node or computing a solution for each
node in the interval. The latter is surely not reasonable for larger intervals. In
summary, the time-expanded model is much more flexible and extensible (for
possible further extensions see Section[7]). Therefore, we used the time-expanded
model for our algorithm.

4 The Information Server PARETO

4.1 The Search Algorithm in PARETO

Our algorithm is a “Pareto version” of Dijkstra’s algorithm using multi-dimensio-
nal labels. See Mohring [6] or Theune [19] for a general description and correct-
ness proofs of this approach.

We keep the travel time, number of interchanges, ticket costs (cf. Section E2])
and some additional information in the labels. For every node in the graph we
maintain a list of labels that is not dominated by any other label at this node.
Every time a node is extracted from the priority queue, its outgoing edges are
scanned and (if they are not infeasible due to traffic days, attributes and train
class restrictions etc.) labels for their head nodes are created. Such a new label is
compared to all labels in the list at the head node and only inserted into that list
and into the priority queue if it is not dominated by any other label in the list.
On the other hand, labels dominated by the new label are removed. For changes
to this basic algorithm see the rest of this Section (for modeling reasons) and
Section [l (for space and time consumption reasons).

4.2 Modeling Ticket Costs

Pricing systems of railway companies are very complex. Unfortunately, ticket
costs are typically not proportional to the distance traveled. The cost of the
distance traveled in one train depends not only on the number of kilometers
but also on its train class and other train classes used in the connection. Cur-
rently there are different supplementary fares for the different higher speed train
classes. Furthermore, the system undergoes rapid change. In building timetable
information systems it should not be the task to rebuild pricing components.

To be resistant to the changes in the pricing system (to some degree) we have
a black-box pricing component (BPC) that can be used to calculate the ticket
cost for some connection. Unfortunately, one call to this black-box routine is very
costly: The path information stored in labels has to be converted into structures
for the BPC. Much additional information like attributes on the train edges has
to be set to get a correct price. Therefore, it is not at all possible to calculate
the correct price for every label and achieve a bearable running time.

As a consequence we use price estimates in the labels that are updated during
the search. The distance between the two stations of a train edge is taken as
the straight line distance obtained from the coordinates of the stations. For
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every train edge the price estimate is increased by the distance times a factor
depending on the train class used. The supplementary fare is paid once and only
for the highest train class involved.

This simplified model provides helpful estimates for the search. In order not
to loose low cost connections due to this approximation we need a safety margin
which is incorporated into the corresponding relaxation function for the relaxed
Pareto dominance. Here another benefit of the Pareto relaxation (compare Sec-
tion 233]) comes into play, enabling us to model some exceptions: For example,
there might be a special offer (like “Schones Wochenende-Ticket” in Germany)
for traveling on weekends for a fixed price independent of the distance but valid
only on non-high speed trains. The relaxation allows us not to compare con-
nections using no high speed trains to connections with high speed trains on
weekends. After a search is completed, all connections are correctly priced by
the BPC and relaxed Pareto dominance can be applied to true fares.

5 Speed-Up and Space-Saving Techniques

5.1 The Station Graph for Lower Bounds

For the strategies goal direction (Section (E3)) and to discard labels dominated
by labels at the target station (Section [5.2) lower bounds for the distance from
any node n to the target are required.

Let us consider lower bounds for the criterion travel time: Regarding space
efficiency, it is not reasonable to store a precomputed lower bound for every
pair of stations. Thus, these values must be computable “on the fly” during the
search. One easy approach for calculating a lower bound on the remaining travel-
time is to calculate the straight-line distance from the station S(n) of node n to
the target station {2 and divide this value by the fastest travel speed of all trains
in the data, as used for example by Schulz, Wagner and Weihe [I7]. Empirical
testing revealed that this method leads only to a small speed-up.

Our idea, giving tighter lower bounds, uses the station graph. This graph
consists of one node per station and we insert an arc from station A to B if
there is a direct connection and take as the travel time the minimum among all
such connections (not considering traffic days). If we simply reverse all edges in
the station graph we may use one Dijkstra-search on the station graph starting
at the target station (2 at the beginning of each search and get a lower bound
on the travel time to {2 for every station or the information that no connection
to {2 exists.

5.2 Domination by Labels at the Terminal

To reduce the number of labels investigated during the search, a simple heuristic
improvement can be utilized that relies upon the simple fact, that if P is a Pareto
optimal path, then any subpath P’ of P must also be Pareto optimal.

We use the following lower bounds on the cost of a path from node v to station
2 for the three criteria:



Finding All Attractive Train Connections by Multi-criteria Pareto Search 257

e The value from the station graph as lower bounds on travel time.

e The trivial lower bound zero for the number of interchanges.

e The straight line distance from the station S(v) of v to {2 multiplied by the
cost for traveling in the lowest train class for the ticket cost.

We maintain a list of strict Pareto optimal labels at the terminal station f2.
Not all relaxed Pareto optimal labels are stored in that list to keep it short.
Every new label is checked against each label in this list. If the values of the
label plus the lower bounds are dominated by any label in the list there is no
need to further regard the new one and it is not inserted into the priority queue.

5.3 Goal-Direction in PARETO

We use travel time as the criterion for goal direction and only fall back on the
number of interchanges for breaking ties. The smaller relation for the priority
queue orders the labels according to the sum of the time traveled so far, the lower
bounds for the travel time to the target station (computed via the station graph
(see Section BI) plus ~ times the number of interchanges for some constant
v > 0. Although the search cannot be terminated once the first label at the
target station (2 is extracted from the priority queue using goal direction, labels
at {2 are generated fairly early in the search process, thus improving the efficiency
of the strategy from the previous section.

5.4 Skipping Arrival Events

Having a arrival and d departure nodes on the change level results in 2 - (a + b)
waiting edges (a + d for forward and backward search each). In forward search
there is no need to consider arrival events except the ones that are extracted
from the priority queue (inserted as the target of a feasible train edge). Thus
we may arrange the change nodes in two cycles, one by linking the departure
change nodes with waiting edges according to increasing time values (for forward
search) and the other by linking arrival change nodes ordered by decreasing time
value (see Figure [ right). Applying this construction we only need d waiting
edges for forward search and a for backward search. Thus we save half of the
edges and operations on the change level.

5.5 The Impact of Speed-Up Techniques

We ran our algorithm on over 5000 queries stemming from an internet server
of Deutsche Bahn AG (original customer queries). They include forward and
backward searches with and without train class restrictions and attribute re-
quirements but no vias. The time table data was prepared for one week and
all queries were shifted to the corresponding weekday in that week. The result-
ing graph has about 1 million original arrival and departure nodes and half a
million of train edges and about 1.8 million additional edges. Up to now the
sole purpose of our implementation was to countercheck the results of the server
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Table 2. The impact of various speed-up techniques. The percentages (right columns)
give the increase compared to the run with all speed-up techniques activated.

activated all noDom noGoal | noSkip noSkip
Speed-Ups + noGoal
given in k k|l % kl % k| % k %

PQMinOps | 309 || 2302 | 526 |[459| 49 526 |70 | 776 | 144
LabelsUsed [ 599 || 4544 | 659 || 884 | 481|802 |34 ||1145| 91
LabMaxAct| 223 || 949 326|316 | 42376 |69 || 523| 135
DomTarget | 81 0[-100( 77| -5| 80| -2 60| -26
StationsHit | 1.7 5.5| 215 2.1| 21| 1.7] 0| 2.1 19
PQ Before | 17 17 011169 920 || 26|62]| 266|1507

currently used by Deutsche Bahn AG. Speed considerations were only secondary
goals. The algorithm solves queries with an average computational time of less
than 5 seconds on an Athlon XP 2100+ PC with 1 Gigabyte of RAM both un-
der Unix using the GNU Compiler version 2.95.3 and under Microsoft Windows
using MS Visual Studio 6.0.

As we did not fine tune the computational efficiency of our prototype, we con-
sider in the following only operation counts to study the impact of the proposed
heuristics. Computational results are shown in Table 2l The column headings
describe the activated speed-up techniques for the corresponding column:

all. All speed-up techniques activated.

noDom. Domination by a label at the terminal station (see Section [£.2) is
deactivated.

noGoal. Goal-direction (see Section (E.3)) is deactivated.

noSkip. The modification of the graph in the skipping arrival events heuristic
(see Section [5.4) is not done.

The rows in Table 2l give the average numbers (left) or the increase (in percent
on the right) compared to the run with all speed-up techniques turned on. We
used the following key values as operation counts:

e The number of extractMin()-operations on the priority queue for the whole
search (PQMinOps) and before creation of the first label at the target station
(PQBefore).

e The number of labels used for the search (LabelsUsed).

e The maximum number of labels active at the same time (LabMazAct).

This is the minimum number of labels that must fit into the main storage.

e The number of labels dominated by other labels at the target station (Dom-
Target).

e The number of stations that were hit by the search (StationsHit).

We now take a look at the three main speed-up techniques.

Dominated by labels at terminal. This technique is powerful in bounding the
number of operations and labels needed for the search. When combined with
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goal direction it makes the search much faster and significantly reduces the
memory consumption. Deactivating this strategy slows the search down by a
factor of over 5. It leads to the exploration of nearly 3 times as many stations
and requires about 4 times as many labels in memory at the same time.

Goal direction. This technique produces labels at the target station fairly early
in the search and is instrumental to significantly improving the performance
of strategy “dominated by labels at terminal”. Deactivating goal direction re-
sults in an increase of nearly 50% of the first four key values. After deactivation
about 10 times as many operations as with goal direction are needed to reach
the terminal station.

Skip arrival events. This strategy reduces the number of extractMin()-operations
on the priority queue. Unnecessary labels for waiting are neither created nor
inserted into nor extracted from the priority queue.

6 Comparison to the Deutsche Bahn Server

In this section we want to present a comparison between the quality of results
computed by PARETO and the server currently used by Deutsche Bahn AG. The
comparison was performed by Deutsche Bahn Systems personnel due to licensing
reasons concerning the Deutsche Bahn server. We will present a measurement
of quality based on three costumer groups as utilized internally by Deutsche
Bahn AG. PARETO was delivered to DB systems without knowing the utility
functions beforehand (i.e. we did not fine tune PARETO to look good with
respect to these functions). Various quality distributions with respect to these
groups are shown.

6.1 Utility Functions for Customer Groups

A weighted multi—criteria function is used to evaluate the quality of a connection
¢ that looks like this (compare Section [23]):

N(c) = ¢ - travel time + £ - number of interchanges + 9 - ticket cost.

There are three groups of costumers, each with another set of parameters P =
(¢, &, 9). These parameters were chosen by Deutsche Bahn Systems.

e The first group of costumers is mainly interested in travel time. A represen-
tative is a businessman. The parameters are P = (100, 1000, 1).

e The second group of costumers is mainly interested in convenience, i.e. the
number of interchanges. Travel time is not unimportant, too. This group may
contain a family with children, elderly people or a handicapped person. The
parameters are P’ = (12.5,1500, 1) for this group.

e The third group of costumers is mainly interested in ticket cost. No other group
is willing to spend so much time (hourly wage of 4.80 Euro for traveling longer)
or to accept additional interchanges to save so little money. A representative
is a student. The parameters are P* = (8,5,1).
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6.2 Quality Distribution for Costumer Groups

All connections are evaluated for all three costumer groups independently. The
best connection for a group c,p: found by one of the two servers is used to
normalize the value. The quality points for connection ¢ are positive integers not
greater than 100: Q(c) = [N(copt)/N(c) - 100] .
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Fig. 2. Quality points for groups businessmen and handicapped. The number of con-
nections is given in logarithmic scale.
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Fig. 3. Quality points for group student. On the right, we show a partition of the
number of found connections with respect to the two servers.

For each user group, we evaluated the achieved quality points independently,
see Figs. [2 and [3 Note that the number of connections is given in logarithmic
scale. As we are only interested in “very good” connections we will not show
connections with a value below 95. In this region of highest quality between
95 and 100 quality points, PARETO manages to outperform the Deutsche Bahn
server significantly for every user group. (The gap becomes even larger for ranges
below 95.) A deeper look into the results further revealed that the connections
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found by the two servers differ from each other surprisingly often. In Fig.[3 (right
part), we display for the students group the partition of all connections into those
found solely by the Deutsche Bahn server or by PARETO, respectively, and those
found by both of them. Again, PARETO clearly delivers many more alternatives
of very high quality above 94 points. The figures for the other user groups look
rather similar.

7 Conclusion and Outlook

In this paper we have presented the concept of our timetable information server
PARETO. Its major goal is to search for all “reasonably attractive” train con-
nections for given customer queries and different groups of users. To formalize
this goal and to avoid some weaknesses of ordinary Pareto dominance in multi-
criteria optimization, we introduced the concept of relared Pareto dominance.
Based on a fully-realistic time-expanded graph model, PARETO outperforms
with respect to quality the current state of the art timetable information server
of Deutsche Bahn AG. We briefly sketched some implementation issues especially
concerning space and time consumption and experimental results.

There are many more interesting aspects in the field of timetable information.
In the future, we plan to consider some of these and add extensions to the func-
tionality of our tool. Such extensions are for example:

Secure interchanges. All connections where the time for a train change is not less
than the minimum time needed for the change with respect to the interchange
rules are valid. Connections providing a buffer time of & minutes for some k& > 0
have a lower possibility of missing a train due to a delay of the arriving train.
Such secure alternatives are especially noteworthy if a connection is the last
connection of a day, i.e. a missed train would result in a night’s stay to take the
first train in the morning.

Guaranteed interchanges. The time buffer for an interchange is calculated as the
difference between the arrival and departure of the trains involved minus the
time needed for the interchange. Some connections have guaranteed interchange
times. For example, ICE A waits for ICE B at station S at least 20 minutes.
Although the interchange would be considered insecure for a calculated buffer
of less than 2 minutes, the real buffer now is 20 minutes and that is pretty safe.
Similar rules exist for the last busses in evenings that wait for the last trains to
arrive.

Avoiding highly frequented trains. Trains often working to capacity currently have
a static special attribute in the timetable data indicating high usage. If trains
with known potential of working to capacity appear among the best connections,
a timetable information system should be able to produce alternatives with less
frequently used trains.

Seat reservability. Currently connections using identical trains in the same or-
der are equivalent. If information about the reservation possibilities is available



262 M. Miiller-Hannemann and M. Schnee

the location of train changes becomes important. The possibility of reservation
throughout the whole connection might be possible for some orders of train
changes and not for others.

Search for special offers. Every tariff that enables costumers to buy a ticket for
a price below the actual standard ticket cost is considered a special offer (e.g.
the already mentioned “Schénes Wochenende” ticket for non high speed connec-
tions). Basically there are two categories of special offers, one with and the other
without quotas limiting the availability of the offer. Offers subject to quotas re-
quire very short updating periods for the data concerning the current quotas.
Active search for such special offers (with or without quotas) is an important
extension to finding cheaper connections.

Search for event trains. Special event trains are introduced for the purpose to
bring participants jointly to events like soccer matches, the “love parade” in
Berlin or the “Oktoberfest” in Munich. Such trains should be offered to the
target group. Hence, it is necessary to be able to inform participants of such
events explicitly about these trains even if they are not as good as others by
standard criteria.
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Abstract. We consider the Railway Traveling Salesman Problem (RT'SP)
in which a salesman using the railway network wishes to visit a certain
number of cities to carry out his/her business, starting and ending at
the same city, and having as goal to minimize the overall time of the
journey. RTSP is an A/P-hard problem. Although it is related to the
Generalized Asymmetric Traveling Salesman Problem, in this paper we
follow a direct approach and present a modelling of RTSP as an integer
linear program based on the directed graph resulted from the timetable
information. Since this graph can be very large, we also show how to
reduce its size without sacrificing correctness. Finally, we conduct an
experimental study with real-world and synthetic data that demonstrates
the superiority of the size reduction approach.

1 Introduction

We consider a problem of central interest in railway optimization. We assume
that we are given a set of stations, a timetable regarding trains connecting these
stations, an initial station, a subset B of the stations, and a starting time. A
salesman wants to travel from the initial station, starting not earlier than the
designated time, to every station in B and finally return back to the initial
station, subject to the constraint that s/he spends the necessary amount of time
in each station of B to carry out his/her business. The goal is to find a set of
train connections such that the overall time of the journey is minimized. We call
this the Railway Traveling Salesman Problem (RTSP).

RTSP is related to the Generalized Asymmetric Traveling Salesman Problem
(GATSP) [2I3/4]. In that problem, a weighted complete directed graph is given
whose nodes are partitioned into clusters Vi, Va, ..., Vi. The goal is to find a
minimum-weighted tour containing at least one node from each cluster. By virtue
of TSP, GATSP is an N'P-hard problem. It can be easily seen that TSP is
polynomially time reducible to RTSP as well: for each pair of cities, for which
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there exists a connection, consider a train leaving from the first one to the second
with travel time equal to the cost of the corresponding connection in TSP. This
reduction sets RTSP in the class of A"P-hard problems.

Consider the so-called time-expanded digraph G constructed from the
timetable information [B]. In that graph, there is a node for every time event
(departure or arrival) at a station, and edges between nodes represent either ele-
mentary connections between the two events (i.e., served by a train that does not
stop in-between), or waiting within a station. The weight of an edge is the time
difference between the time events associated with its endpoints. Now, roughly
speaking, and considering each set of nodes belonging to a specific station as a
node cluster, RTSP reduces in finding a minimum-weight tour that starts at a
specific node of a specific cluster, visits at least one node of each cluster in B,
and ends at a node of the initial cluster.

Despite their superficial similarity, RTSP differs from GATSP in at least three
respects:

(i) GATSP is typically solved by transforming it to an instance of the Asym-
metric TSP. The transformation is done by modifying the weights such
that inter-cluster edges are “penalized” by adding a large weight to them
and consequently the tour has to visit all the nodes within a cluster be-
fore moving to the next one. It is not clear whether such an approach can
be directly applied to RTSP, where we have to take into account that the
salesman must spend a minimum amount of time at each station (city).

(ii) RTSP starts from a specific node within a specific cluster, while GATSP
starts from any node within any cluster.

(iii) GATSP requires to visit all clusters, while RTSP asks for visiting only a
subset of them.

Consequently, we feel that a different approach is worth pursuing for the solu-
tion of RTSP; that is, an approach that does not follow the classical pattern of
reducing RTSP into an instance of GATSP or to an instance of the Asymmetric
TSP.

In this paper, we follow such a direct approach and present a modelling of
RTSP as an integer linear program based on the time-expanded graph. Since this
graph can be very large, we also show how to reduce its size without sacrificing
correctness. This turns out to be rather beneficial, especially in the case where
the number of stations |B| the salesman wants to visit is much smaller than the
total number of stations. Finally, we conduct an experimental study with real-
world and synthetic data that demonstrates the superiority of the size reduction
approach.

2 Preliminaries

In this section, we describe the input of an RTSP instance and we provide some
definitions. In the following we assume timetable information in a railway system,
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but the modelling and the solution approaches can be applied to any other public
transportation system provided that it has the same characteristics.

A timetable consists of data concerning: stations (or bus stops, ports, etc),
trains (or busses, ferries, etc), connecting stations, departure and arrival times
of trains at stations. More formally, we are given a set of trains Z, a set of
stations S, and a set of elementary connections C whose elements are 5-tuples
of the form (z, 01, 09, tq, t.). Such a tuple (elementary connection) is interpreted
as train z leaves station oy at time tq, and the immediately next stop of train z
is station oo at time t,. The departure and arrival times tq and t, are integers
in the interval Tyay = [0, 1439] representing time in minutes after midnight.

Given two time values t and ¢, ¢ < ¢/, their cycle-difference(t,t') is the smallest
nonnegative integer ! such that [ =t —¢ (mod 1440).

We are also given a starting station o, € S, a time value ¢, € T4,y denoting
the earliest possible departure time from o,, and a set of stations B C S — o,
which represents the set of the stations (cities) that the salesman should visit. A
function f : B — Tqay is used to model the time that the salesman must spend
at each city b € B, i.e., the salesman must stay in station b € B at least fz(b)
minutes.

We naturally assume that the salesman does not travel continuously (i.e.,
through overnight connections) and that if s/he arrives too late in some station,
then s/he has to rest and spend the night there. Moreover, the salesman’s busi-
ness for the next day may not require taking the first possible connection from
that station. Consequently, we assume that the salesman never uses a train that
leaves too late in the night or too early in the morning.

3 The Time-Expanded Graph

The formulation of RSTP is based on the so-called time-ezpanded digraph [5].
Such a graph G = (V, E) is constructed using the provided timetable informa-
tion as follows. There is a node for every time event (departure or arrival) at
a station, and there are four types of edges. For every elementary connection
(z,01,09,14,1,) in the timetable, there is a train-edge in the graph connecting
a departure node, belonging to station o1 and associated with time ¢4, with an
arrival node, belonging to station oo and associated with time ¢,. In other words,
the endpoints of the train-edges induce the set of nodes of the graph. For each
station o € S, all departure nodes belonging to o are ordered according to their
time values. Let vy, ..., v; be the nodes of ¢ in that order. Then, there is a set of
stay-edges, denoted by Stay(o), (vi,vit1), 1 <i < k—1, and (vg,v1) connecting
the time events within a station and representing waiting within that station.
Additionally, for each arrival node in a station there is an arrival-edge to the
immediately next (w.r.t. their time values) departure node of the same station.
The cost of an edge (u,v) is cycle-difference(t,, t,), where t,, and t, are the time
values associated with u and v, respectively.

To formulate RTSP, we introduce the following modifications to the time-
expanded digraph.
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First, we do not include any elementary connections that have departure times
greater than the latest possible departure time, or smaller than the earliest.

Second, we explicitly model the fact that the salesman has to wait at least
/8(b) time in each station b € B by introducing a set of busy-edges, denoted by
Busy(b). We introduce a busy-edge from each arrival node in a station b € B,
to the first possible departure node of the same station that differs in the time
value by at least fz(b).

Third, to model the fact that the salesman starts his journey at some station
0, and at time t,, we introduce a source node s, in station o, with time value %,.
Node s, is connected to the first departure node d, of o, that has a time value
greater than or equal to t,, using an edge (called source edge) with cost equal
to cycle-difference(to, tq, ). In addition, we introduce a sink node s¢ in the same
station and we connect each arrival node of o, with a zero-cost edge (called a
sink edge) to ss.

Figure [l gives an example of two stations in the time-expanded graph that
illustrates our construction.

Station A Station B

travel-edges
—

arrival-edges
——————— >

stay-edges

B —

busy-edges

,,,,,,,,,,,,,, >

Fig. 1. An example of two stations in the time-expanded graph, where A is the starting
station

4 Integer Linear Programming Formulation

The objective of RT'SP is to find a tour from node s, to node s; that passes
through each station b € B, with minimum total cost.
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In order to model the RTSP problem as an Integer Linear Program (ILP), we
introduce for each edge (u,v) a variable x(, ) € INg that indicates the number
of times the salesman uses the edge (u,v). If ¢(u,v) denotes the cost of edge
(u,v), then the ILP becomes:

min Z (U, V) (y,0) (1)

(u,v)EE
s.t. Z T(pu) — Z Ty =0, YueV —{s,, st} (2)
(vyu)ER (u,w)EE
T(s,do) = Z T(y,s) = 1 (3)
(v,s¢)EE
> m.>1, WeB (4)
e€ Busy(b)
2. €Ny, VeeE (5)

Constraints (@) & (@) are the flow conservation constraints that form a path
from node s, to node s¢, while constraints (@) ensure that the salesman spends
the required time in each station b € B.

The problem with the formulation so far is that it permits feasible solutions
that contain cycles, disjoint from the rest of the path (subtours). To deal with
this problem, we have to add some more constraints that will force the solution
not to use any subtours.

Suppose that the selected stations are numbered from 0 to |B| — 1. For each
such station i, we introduce a new node f; called the sink node of that station.

Moreover, we create a copy E; for the k-th departure node di, of station 4 that
has one or more incoming busy edges. We connect this new node with a zero

cost edge to the original node. All busy edges now point to E; ‘instead of di,
while all other edges remain unchanged. We also add an edge (E;, 1), for all k

such that E; € V. An example is given in Fig.
We introduce now for each edge e € E a new set of variables 3, 0 < i < |B],
and the following constraints:

Z yév,u) - Z yzu,v) =0, VueV — {807 fl} (6)

(vyu)EE (u,v)EE
yéso,do) = Z yfv,fi) =1 (7)
(v, fi)EE

yég‘xea veeE—{(uvfi)eE} (8)

The above constraints form a multicommodity flow problem, introducing a
commodity for each selected station and asking for one unit of flow of each
commodity ¢ € [0,|B| — 1] to be routed from the source node s, to the corre-
sponding selected station’s sink node f;. An additional condition imposed on the
y-variables is that the flow y! of commodity i on any edge e € E cannot have
a value greater than x.. This means that if the z-flow is zero on some edge e,
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Station A

travel-edges
(ki -

arrival-edges
————————— >

stay—edges

- =

_ busy-edges

Fig. 2. Station A of Fig. [[l after introducing the new nodes and edges used for the
subtour elimination constraints. For simplicity, nodes s, and s¢ are not shown. The
grey nodes are the copies of the departure nodes that had incoming busy edges, while
the black node is the sink node of A. The thick black edges are the new edges that
have been introduced to the graph.

then the y-flows will all be zero on that edge, too. Constraints (B) — (8) force the
x variables to be assigned appropriately so that for each selected station there
exists a path from s, to some departure node in that station, using only edges
for which the corresponding x variables are non-zero. Since now the only way
to reach f; is through the busy edges of station ¢, the flow modelled by the x
variables is forced to use some busy edge for each selected station, which makes
constraints (@) redudant.

4.1 Path Retrieval

The reason that the variables z(, ., (u,v) € E, are not restricted to be 0-1
variables is the fact that the salesman is allowed to pass through the same
station o more than one times, regardless of whether ¢ belongs to S, or to B, or
it is the starting station o,.

Knowing the values of the variables x(, ,), we can easily retrieve the path,
using the Flow Decomposition Theorem (see e.g., [Il Chap. 3]). Let n (resp. m) be
the number of nodes (resp. edges) of the time-expanded graph G. We decompose
the flows into at most m simple cycles and one simple path (from s, to s¢) in time
O(nm). We can then construct the minimum cost tour as a linked list of edges
as follows. We initially set the tour equal to the path, and then we iteratively
expand it by merging it with a cycle that has a common edge with it. This can
be done in time linear to the length of the final tour which is at most O(nm).



270 G. Hadjicharalambous et al.

4.2 Size Reduction Through Shortest Paths

The time-expanded graph can be rather large. In this section, we present a
method that reduces the size of the graph, which in turn can be beneficial in
the case where the salesman wishes to visit a relatively small number of sta-
tions compared to the total number of stations. We reduce the problem size by
transforming the time-expanded graph G to a new graph Gy, called the reduced
time-expanded graph. Graph Gg, can be constructed by precomputing shortest
paths among the stations that belong to B, as follows.

Let again o, denote the start station. For each station o in B|J{o,} we
introduce a sink-node s, and we connect each arrival-node of o with a zero
cost edge to s,. Then, for each departure node d of o € B|J{o,}, we compute
a shortest path to the sink-nodes of every other station in B|J{o,}. If such a
shortest path does not pass through some other station in B|J{o,}, then we
insert a shortest path edge from d to the last arrival node of that path. The cost
of this edge is equal to the cost of the corresponding shortest path.

We can now transform G in the following way. We first remove the sink-nodes
(and their incoming edges) that were previously introduced. Next we delete from
G all the nodes and edges that belong to stations that are not in B|J{o,}. The
remaining arrival nodes (that belong to some station o € B|J{o,}) that were
not used by any of the shortest paths that were previously computed are also
deleted, as well as the remaining travel-edges. This procedure results in the
reduced time-expanded graph Gg,.

5 Implementation Details

In order to speed-up the computations (trying to reduce the number of variables
used by the integer programs) when we do not use the shortest path reduction,
we try to eliminate the unnecessary nodes of the graph. To be more precise,
we remove all arrival nodes of all stations o ¢ B. These nodes have a single
incoming edge (the one from the corresponding departure node), and a single
out-going edge (to some departure node of the same station), while there are
no busy edges starting from them. Therefore, we can eliminate these nodes (as
well as their adjacent edges), and introduce a new virtual edge connecting the
departure node that was the source of the incoming edge to the departure node
that was the target of the outgoing edge, with cost the sum of the costs of the
two eliminated edges. In this way, we can reduce the number of edges and nodes
in the graph, and consequently the number of variables and constraints in the
integer program.

6 Experiments

6.1 Data Sets

The construction of the graphs is based both on synthetic as well as on real-
world data. For the synthetic case, we have considered grid graphs (with nodes
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Table 1. Graph parameters for the original time-expanded graph in each data set.
Note that the number of connections is equal to half the number of nodes, since two
nodes form one connection, and the number of edges is twice the number of nodes. The
number of edges does not include the incoming edges of sf and the outgoing edge of s,
or any other artificial nodes or edges.

Number of| Number| Number| Number of| Conn/
Data Set |Stations |S||of Nodes|of Edges|Connections|Stations
nd_loc 23 778 1556 389 16.91
nd_ic 21 684 1368 342 16.29
synthetic 1 20 400 800 200 10
synthetic 2 30 600 1200 300 10
synthetic 3 40 800 1600 400 10
synthetic 4 50 1000 2000 500 10
synthetic 5 60 1200 2400 600 10
synthetic 6 70 1400 2800 700 10
synthetic 7 80 1600 3200 800 10

representing stations). Each node has connections (in both directions) with all
of its neighbouring nodes, i.e., the stations that are located immediately next to
it in its row or column in the grid.

The connections among the stations were placed at random among neighbour-
ing stations, such that there is at least one connection in every pair of neigh-
bouring stations (for both directions) and the average number of elementary
connections for each station is 10. The time-differences between the departure
and the arrival time of each elementary connection are independent uniform ran-
dom variables, chosen in the interval [20,60] (representing minutes), while the
departure times are random variables in the time interval between the earliest
and the latest possible departure time. We have created graphs whose number
of stations varies from 20 to 80.

The real-world data represent parts of the railroad network of the Netherlands.
The first data set, called nd_ic, contains the Intercity train connections among
the larger cities in the Netherlands, stopping only at the main train stations, and
thus are considered faster than normal trains. These trains operate at least every
half an hour, while the number of stations is equal to 21. The second real-world
data set, nd_loc, contains the schedules of the trains that connect the cities in only
one region, including some main stations, while trains stop at each intermediate
station between two main ones. The total number of stations in this case is 23.

The characteristics of all the graphs that were used, for both real and synthetic
data, are shown in Table [l

6.2 Description of Experiments

For each data set, several problem instances were created, varying the number
|B| of the selected stations, i.e., the set of stations that the salesman must visit.
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For both graphs based on real and synthetic data, we have used two values for
|B|, namely 5 and 10. Note that |B| does not contain the starting station. Because
of that, when |B| is set equal to the total number of stations, the actual value
that will be used is |B| — 1, since one station has to be the starting one.

For each combination of data set and a value of B, we have selected the
stations that belong to B randomly and independently from each other. The
selection of stations has been repeated many times, and the mean values among
all corresponding instances were computed. For each instance we have created,
the corresponding integer program was given as input to GLPSOL v4.6 (GNU
Linear Programming Kit LP/MIP Solver, Version 4.6). The time needed by
GLPSOL to find the optimum solution for each case has been measured.

We have tested both the original (with our modifications) version of the time-
expended graph, as well as the reduced version based on precomputed shortest
paths described in Section .2l The time for this precomputation has also been
measured.

6.3 Results and Discussion

The results of the experiments performed are reported in Tables [2 and [ (a
graphical comparison is illustrated in Fig [3]).

The values measured are the average values for 50 different sets of the selected
stations. The standard deviation of the running times provided by GLPSOL for
instances of the same parameters was large, showing a great dependence on the
graph structure.

It can easily be seen that the value of |B| has a great impact on the running
time, when the original graphs were used. The larger the |B|, the larger the
running time.

Table 2. Graph parameters for the reduced graphs for all data sets (average values)

Real graphs
Bl =5 |B| = 10
Data Set||S Nodes| Edges Nodes|Edges
nd_loc |23 209.4| 415.2|| 343.9| 698.1
nd_ic |21 181.6] 385|| 303.6| 708.7

n

ynthetic graphs
Bl =5 |B| = 10
Data Set||S Nodes| Edges Nodes|Edges
1 20| 95.75|209.35|| 197.7| 420.3
30| 91.3] 204.7| 181.1| 430.4
40 95.7| 213.0|| 188.3| 437.8
50| 92.7| 205.2|| 184.6| 440.3
60| 94.8| 216.2|| 181.9| 456.8
70]| 93.0 215.4|| 184.0| 491.7
80| 91.2| 207.2|| 174.6| 457.7

| O] O = W N
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Table 3. Results for the synthetic data sets. Time is measured in seconds.
Running times for real data sets
Reduced Graphs
Bl | 5] 10

nd_loc|319.0| 9111.9
nd_ic | 29.1| 6942.6

Running times for the synthetic data sets

Original Graphs
S| | 20 30| 40
B =5 ] 13.12] 32.24] 72.06
|B| = 10|781.12|1287.00/16293.80

Reduced Graphs
S| | 200 30 40| 50 60] 70| 80
IBl=5] 1.12[ 1.12] 1.50] 0.80] 1.45] 1.30] 1.00
|B| = 10|214.76]369.59|244.18|181.85|257.96|431.80|233.26

Shortest path computation times for synthetic data sets

S| | 20| 30| 40| 50| 60| 70| 80
|B] =5 10.13]0.18]0.24]0.29]0.35]0.41[0.46
|B] = 10]0.28|0.38]0.48]0.59]0.69]0.79]0.88

The size reduction approach based on precomputed shortest paths results in
much smaller graphs than the original. Table 2 shows the characteristics of the
reduced graphs that have resulted by the use of the size reduction technique.

Also, it is clear from TableBlthat the size reduction approach results in a great
speedup w.r.t. the time achieved by considering the original time-expanded graph
to find an optimal (or close to optimal) solution. Moreover, the smaller the value
of |B|, the larger the speedup.

For a fixed size of B the running time seems to grow rapidly with the increase
of § when the shortest path technique is not being used. On the contrary, this is
not the case when this technique is used. In this case, when we consider synthetic
data, the running times are fluctuating. Nevertheless, it is quite clear that the
time depends mainly on the size of B, rather than the size of S.
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Abstract. In a large railway passenger traffic network, a given set of
trips or service blocks are to be serviced by equipment consisting of
several groups of locomotives/carriages. The allowed groups per service
block are predefined as patterns or multisets of locomotives and carriages.
A given type of locomotive/carriage may occur with varying numbers
in several groups. We search for a cost-minimal assignment of locomo-
tive/carriage groups to rotations taking special restrictions into account,
especially, we shall find the optimal mix of groups obeying given capac-
ities on the level of locomotive and carriage units for each type.

Our solution approach is based on a multi-layer (multi-commodity)
network flow model where each layer represents a locomotive/carriage
group, and the requirement of servicing each trip exactly once is mod-
eled by cover/partitioning constraints. In this paper, we concentrate on
railway specific requirements and present special techniques to model and
optimize locomotive and carriage groups with shared capacities. These
techniques erable us to solve large-scale practical problem instances of
German Railways into optimality.

1 Introduction

In railway passenger traflic, carriages and locomotives have to be assigned to trips
in order to carry out a given schedule which has been published for passengers.
In a large network this scheduling and routing task may be very complex, and
until recently it was not generally possible to compute cost-minimal rotations
for a given timetable with hundreds or thousands of trips when considering
practical requirements such as maintenance rules or multiple types of carriages
and locomotives.

We consider a railway network for passenger traffic, consisting of scheduled
trips (service trips), each from a given departure station to a given end station. A
trip may be divided into legs, also called service blocks during which coupling and
uncoupling operations of train equipment are not allowed. Each service block has
to be serviced with adequate equipment according to requirements considering
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technology, number of seats, comfort degree, and so on. The equipment consists
of one or several groups of locomotives and/or carriages, which contain a given
number of locomotives and/or carriages according to given group types. There
may be several alternative groups to be used in putting together the equipment
for a service block.

For example, the vehicle group types VG11, VG14 and WG15 may consist of
carriage types ABn, ABnrz, BDnf, Bn, Bndf, Bnbdz, and Bnrz in the following
way:

VG11: 1*ABnrz + 1*Bnbdz + 2*Bnrz VG14: 2*ABnrz + 2*Bn + 1*Bndf +
1*Bnrz VG15: 2*ABn + 1*BDnf + 3*Bn.

As an example, carriages of type ABnrz are needed for vehicle group types
VGI11 and VG14, carriages of type Bn for VG14 and VG15, and carriages of
type BDnf only for VG15.

Thus, each locomotive and carriage belongs to a given equipment type, and
the number of vehicles (locomotives/carriages) of each equipment type is limited.

Individual trains, however, consist of groups of locomotives and/or carriages,
selected out of a given set of vehicle group types, each given group type being set
together as a (multi)set of vehicles with a fixed number of members out of each
vehicle type. Thus, we aim to develop an optimization model which minimizes the
cost of equipment simultaneously satisfying the requirements on the vehicle group
level and the given capacities on the locomotive and/or carriage vehicle type.

The total operational cost is to be minimized so that all requirements con-
sidering types of locomotives and carriages and the way they are assembled into
train units are fulfilled.

Generally speaking, we mean by train unit, train assembly or train consist
a group of compatible units of equipment that travel along some part of the
physical rail network. A train assembly may include a given number of first class
and second class carriages together with one or two locomotives. In most cases
of railway applications, multiple types of locomotives and carriages are in use,
and for each service unit a set of compatible types is given. In the following, we
use the term loco/car or vehicle as an abbreviation and abstraction of a unit of
locomotive, steering-wheel waggon, or rail carriage/car/waggon. A vehicle type
or a loco/car type is the type of a locomotive or carriage unit.

In this paper, we address the rotation planning problem of the railway ap-
plication area under these requirements. The task is to generate rotations for
locomotives and carriages being of a given equipment type and simultaneously
being part of one or more loco/car groups. A loco/car type may be involved in
several groups and capacities of equipment types have to be taken into account.
Thus, on one hand, we have to consider individual loco/cars in order to meet
the capacity requirements, and on the other hand, (types of) loco/car groups,
in order to take the type requirements into account. Capacities are shared in
the sense that different groups share the same loco/car types. This approach is
currently being used at German Railways (Deutsche Bahn), and we will present
algorithms tested with their data.
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The paper is organized as follows. In section 2, a literature review is pro-
vided together with details on our previous research work concerning both the
railway application area and solution approaches of rotation planning problems.
In section 3, the problem of rotation building for loco/car groups with shared
loco/car capacities is formalized. In section 4, a mathematical model based on
a multi-layer (multi-commodity) flow network is presented where each network
layer represents a loco/car group, and the requirement of servicing each trip
exactly once is modeled by cover/partitioning constraints. Especially, a special
aggregation scheme of ”equivalent” loco/car groups is applied in order to solve
large-scale problems of German Railways directly by a standard mathematical
optimizer. Finally, we present computational results in section 5 and discuss
problems of practical relevance solved by exact optimization together with suit-
able decision support tools.

2 Previous Work and Solution Approach

2.1 Literature Review

Although the problem of simultaneously assigning locomotives and carriages to
trips and building rotations is very important to railways and has to be solved
on a regular basis in practice, there are relatively few contributions to it in the
scientific literature. One of the first papers was Ramani/Mandal (1992) dealing
separately with the assignment of locomotives and carriages, and using a local
improvement procedure to improve the overall solution. Ben-Kheder et al. (1997)
described a system for the simultaneous assignment of locomotives and carriages
for passenger trains at SNCF. The system treats both types simultaneously but
uses aggregated modules that are then assigned as a whole, thus not dealing
explicitly with compatibility constraints. Zirati et al. (1997) consider the problem
of assigning locomotives requiring inspection within a time limit of the considered
one-week planning horizon.

Cordeau et al. (1998) give a survey on research until 1998. Since then, a few
papers have been published. In Cordeau et al. (2000) an optimization model was
developed which assigns both locomotives and carriages simultaneously, solv-
ing a tactical periodic problem as an integer programming problem based on
a time-space network. The authors propose a multi-commodity network model
which they solve using Benders decomposition. A second paper of the same au-
thors extends this model in Cordeau et al. (2001) for the practical case where
maintenance and equipment substitution is taken into account.

Brucker et al. (2003) formulate the railway carriage routing problem as an
integer multi-commodity network flow problem with nonlinear objective function
and present a local search solution approach for it.

A recent publication of Abbink et al. (2004) considers the tactical problem of
finding the most efficient schedule of for a set of rolling stock to train series, so
that as many people as possible can be transported with a seat, especially when
there is little seating capacity available during rush hours.
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2.2 Own Research Work and Solution Approach

The Decision Support and Operations Research Laboratory at the University
of Paderborn, Germany, has been involved since 1996 in several projects con-
cerning design and development of optimization models and decision support
tools in public transport. In the railway domain, we have studied practical tasks
within both planning and operations control phases, developed optimization
models for maintenance routing problems, and designed dispatcher support tools
with embedded simulation capabilities, cf. Suhl and Mellouli (1999), “computer-
aided scheduling of public transport”, Suhl et al. (2001), and Mellouli (2001)
CASPT’2000 Berlin.

Our research work on the development of rotation building models and soft-
ware date back to the work of the second author (Suhl 1995) where an extension
to time windows was developed and applied to airlines.

The first author thoroughly applied and extended time-space networks based
on connection-lines to deal with various rotation building problems in public
transport. In 1997, he developed a state-expanded time-space flow network to
deal with maintenance routing problems for railways and airlines (Mellouli 2001),
and in 1999 a new aggregation scheme for potential deadhead trips (empty move-
ments) which is crucial to solve hard practical requirements directly by state-of-
the-art optimization software and to derive new complexity results for the ro-
tation building problem (Mellouli 2003). This aggregation scheme for potential
deadhead trips is successfully applied in the bus transit domain to solve large-
scale multiple-depot, multiple-vehicle-type problems (Kliewer, Mellouli, and Suhl
(2002)), as well as in the railway domain.

In 2001, our laboratory developed a prototype for rotation building for Ger-
man Railways with the best optimization results in a prior study. Based on this,
a development project with German Railways was accomplished in 2002. This
paper presents parts of research results achieved by our laboratory and tested
within this project. We concentrate on railway specific requirements and present
special techniques to model and optimize loco/car groups with shared capacities.
In order to solve large-scale practical problem instances of German Railways into
optimality, the aggregation scheme for arcs representing all possible empty train
movements is also used to which we refer to our mentioned works.

3 Problem Formalization and Analysis

In the following, we formalize the problem of rotation building for loco/car
groups with shared capacities introduced in section 1. For this problem we are
given:

e A set of service blocks SB: Each service block is a trip or a maximal trip
part in which coupling and uncoupling operations are not performed. Thus, a
service trip may consist of one block or of a sequence of blocks with different
requirements on used train parts.
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o A set VG of (types of) vehicle groups (or loco/car groups): Each vg € VG
defines a group of locomotive and carriages which can be used as train part
for some service blocks.

e A set of vehicle types VT (or loco/car types): Thus, VT consists of the
different types of locomotives and carriages available.

e A set of home bases HB: Home bases are stations where vehicles may be
stationed. For each vt € VT and hb € H B, let capacity(vt, hd) be the number
of vehicles of type vt stationed at homebase hb.

For each vg € VG and each vt € VT, let number(vg,vt) be the number of
vehicles of type vt occurring in the vehicle group vg. For instance, if vehicle group
vg1 consists of 2 vehicles of type vtg and one vehicle from the types vtyo, vt13,
and vty4, respectively, so we have number(vgy, vtg) = 2, number(vgy, vt12) = 1,
number(vgy, vt13) = 1, number(vgy,vt14) = 1, and number(vgy,vt) = 0 for all
other vehicle types vt.

Restrictions on assignments of service blocks to vehicle groups are regulated
as follows:

e Assignments of service blocks to vehicle groups: For each service block sb €
S B, there may be several assignments of vehicle groups (not necessarily of
different types) for different positions in a train unit. These vehicle groups
define the train assembly that serves the service block sb. Alternative types
of vehicle groups for the same train position are given by means of global or
local replacements of (types of) vehicle groups.

e Global and local replacements of vehicle groups: A global replacement of the
form vg; < vg; is declared independently of service block assignments. For
each service block and train position, if the (type of) vehicle group vg; can be
assigned, then the (type of) vehicle group vg; can be assigned alternatively.

A local replacement is defined for each specific service block (and train
position) by listing the possible (types of) vehicle groups that are allowed
for serving this specific service block.

The test data of German Railways that is related to this specific problem com-
prises 31 different types of vehicle groups, two home bases, and 7,500 assignments
of service blocks to vehicle groups. Most of the vehicle groups consist of 6, 5, or
4 vehicles (only one vehicle group contains a single locomotive and two others
contain only one carriage vehicle as reinforcement).

The difficulty of the problem is directly related to the possibility of global and
local replacement of vehicle groups. In the following, we consider two variants,
a simple problem version without, and a complex one, with such replacements:

The simple problem version: Having no replacements of vehicle groups,
the vehicle group used for each service block and train position is unique. So
the problem can be decomposed according to different vehicle groups, by con-
sidering subsets of service blocks uniquely assigned to different vehicle groups,
respectively. Minimizing the number of vehicle groups used for each sub-problem
is then equivalent to minimizing the number of vehicles (locomotives and car-
riages) used. For the sub-problems, a polynomial-time procedure for basic rota-
tion building (or vehicle scheduling) problem can be applied.
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Let MFSZ,, be the number of vehicle groups used (minimum fleet size) for
the subset of service blocks SB,, assigned to vg. Then for each vehicle type vt
the total number of used vehicles from type vt is equal to:

Z (MFSZ,q * number(vt,vg))
vgeEV G

The complex problem version: For each service block and train posi-
tion, there may be several types of vehicle groups that can be assigned. This
results from the local and global replacements of vehicle groups given for this
problem setting. Global and local replacements define sets of alternative vehi-
cle groups corresponding in some sense to “groups” of bus types/depots in the
multiple-vehicle-type, multiple-depot vehicle scheduling problem (MDVSP, cf.
Lébel (1998) and Kliewer, Mellouli, and Suhl (2002)).

Note that the use of the term “group” is different: For the multiple vehicle
type problem, a vehicle type group is a set of alternative types of vehicles that
can be used to serve a specific trip. For the considered railway application, a
vehicle group defines an assembled pattern of vehicles of predefined types and
numbers which are required for a certain train position. Because of this, we can
say that, for each service block and train position in our problem setting, a type
group of vehicle groups is given, i.e., a (type of) vehicle group is to be selected
out of several feasible alternatives for each service block.

The extra difficulty of the problem is that minimizing vehicle groups of differ-
ent types does not necessarily use a convenient constellation of locomotive and
carriage types according to their availability. In the next sections, we review in
short the multi-layer (multi-commodity) flow network for multiple vehicle types
problems and apply it to types of vehicle groups for our case study. Then, we
extend this model in order to create a “link” between vehicle or loco/car ca-
pacities and number of used vehicle groups of different types. Furthermore, we
present an aggregation of “equivalent” vehicle groups decreasing the complexity
and solution times for large-scale problems.

4 Multi-layer Flow Model and Shared Vehicle Capacity

There are basically two types of networks for basic rotation building and vehicle
scheduling problems with one vehicle type: a trip-as-node network and a trip-
as-arc network, where the latter is used in this paper. In both types of network
for basic rotation building, vehicles of homogeneous type are modeled by flow
units that originate from a depot node and terminate there for bus transit.
For railways, there is generally no need of fixed depots and the “vehicle flow”
originates from a virtual source node indicating period start and terminate at
a virtual target node indicating period end. For the case of building genuine
rotations for periodic (daily or weekly) timetables, frequently used in railways,
this “vehicle flow” circulates within the network over wrap-around period change
arcs. The sum of flow values on these arcs modeling periodicity corresponds to
the number of used vehicles (of the considered type), since each vehicle used at
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the end of the period must “flow” back using one of these arcs in order to be
used at the beginning of the next period at its space and time of availability
(prescribed by its latest served activity, being a timetable trip or a deadhead
trip).

In 4.1, we recall basic properties of multi-layer (multi-commodity) flow net-
works for rotation building with several vehicle types and apply the idea to
vehicle group( type)s. Details on the design of this flow network for rotation
building with our optimality-preserving deadhead trip aggregation are provided
in 4.2 together with the objective function and constraints of the resulting math-
ematical model in 4.3. This model is extended in 4.3 and 4.4 for some specifics
of the railway application studied in this paper.

4.1 The Basic Multi-layer Flow Model for loco/car Groups

To model rotation building problems with several vehicle types, we have to ensure
that vehicles of different types are not merged within the model network. This can
be achieved by constructing a multi-layer network (cf. Figure[Il), where different
flow commodities circulate on different layers, and thus cannot be merged. A
network layer or a commodity corresponds to a vehicle type. For our case study,
we adapt this multi-layer network where a vehicle type is replaced by a loco/car
group (an not by a loco/car type).

The multi-layer network flow model results in a mixed-integer (linear) program
(MIP) which is computationally much more difficult to solve than pure minimum
cost flow problems. Besides the flow conservation constraints (that are to be for-
mulated separately for each network layer, see 4.2), there are cover/partitioning
constraints of non-flow type that ensure that each trip is included in the solu-
tion flow of only one network layer. These cover/partitioning constraints involve
flow variables of value 0 or 1 and make the resulting optimization model of
mixed-integer type.

The computational burden for solving these multi-layer network flow problems
is due to the fact that the number of variables and constraints are multiplied
by the number of network layers. Using the classical trip-as-node flow network
model, whose number of variables for possible connection arcs already grows
quadratically for basic problems with a single commodity, the resulting mixed-
integer models cannot be solved directly by standard optimizers for timetables
with thousands of trips. Special solution techniques, such as column generation
or branch&price with Lagrangean relaxation, have been applied in order to solve
problems of practical size (cf. Lobel (1998)), though in some cases only fleet
minimal.

Using our model based on trip-as-arc network, the resulting models are much
smaller owing to our powerful aggregation of possible deadhead trips. For large-
scale instances of the multiple-depot problem of bus transit, computational re-
sults based on direct use of mathematical optimization software are presented
in Kliewer, Mellouli, and Suhl (2002).

For each service block sb € SB, let VG, be the list of possible vehicle groups
that can be used to serve this specific service block. This list VG is built
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Station i

Fig. 1. Multi-layer flow network

by considering all vehicle groups included in local replacements for this specific
service block sb and then adding each vg; into VG, for each existing global
replacement rule vg; < vg; where vg; € VG, (transitive hull).

Let the 0/1-variable Yy o4 denote the flow value on the arc modeling service
block sb in the vg-layer of the network. The cover/partitioning constraints can
be formulated as follows:

Z Ysb,'ug =1

vgeVGgp

for each service block sb € SB.

As can observed in Figure [Il several Y variables exist for the same trip in
different network layers. For basic problems with one commodity, all Y variables
for trip arcs are set to 1, as only one network layer is involved. For the multi-
layer network, the sum of flow variables Yy 4 for a fixed service block sb over
all network layers is equal to one (in order to guarantee that block sb is carried
out by exactly one loco/car group). The optimizer will decide which of the 0/1-
variables Yy, .4 (for a fixed service block sb) will be equal to 1. For a computed
optimal solution, a value of Y, ,, = 1 means that service block sb is served by
a loco/car group (with type) vg.

The overall model is a minimum cost multi-layer flow problem with side
cover/partitioning constraints. To further reduce the size of network layer, for
each commodity or loco/car group vg € VG, we consider only the subset SB,,
of service blocks from SB that can be served by vehicle group vg. Thus, SB,, =
{sbe SB |vg € VGgu}.

4.2 Trip-as-Arc Flow Network with Deadhead Trip Aggregation

Besides the partitioning/cover constraints, the mathematical model includes
usual balance constraints on nodes for incoming and outgoing flow, separately
for each vg network layer. Considering figure 1, the nodes in each network layer
represent time-space points. These nodes are organized into connection lines
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CL(s,vg) to each station s, separately for each network layer vg. Each connec-
tion line C'L(s, vg) includes a line of nodes N;"Y modeling certain points in time
at that station s for i = 0,1,2,...,n, 4, (= number of nodes in C'L(s,vg)), de-
pending on vg and s. The nodes N;""Y of a connection C'L(s,vg) are connected
by waiting arcs, where X;*Y denotes the flow of vehicle groups of type vg wait-
ing from N;7%7 to N;""Y. Whereas the variables X;""9 connect nodes of the same
connection line, the variables Yy 4 for service blocks connect nodes of different
connection lines — from a certain node of CL(start-station(sb),vg) to a node of
C'L(end-station(sb),vg) depending on start time and end time of service block
sb, respectively.

Compatible service blocks sby and sbe with s = end-station(sby) = start-
station(sby) and end-time(sby) < start-time (sbg) can be linked in the model
through one (connection) node in C'L(s,vg) or through several consecutive (con-
nection) nodes of this connection line over one or several waiting arcs. Thus
connections of trips are not modeled explicitly but aggregated for several con-
nections over the use of connection lines.

This aggregation is extended in Mellouli (2003) to the efficient representa-
tion of the quadratic number of deadhead connections needed to potentially
connect all service blocks for the case where s; = end-station(sby) # so = start-
station(sby). Our idea illustrated in Figure[Zis based on a two-stage aggregation
for potential deadhead trips (matches).

The first stage aggregation is based on the matter of fact that each match
is implicitly represented by taking the first match arc to the destination of the
deadhead trip and then eventually going through waiting arcs of that destination
station. The second stage aggregation is based on the observation that for a
bundle of first match arcs connected to the same target service block f, only the
latest one is needed, because we can go through waiting arcs of start station
of deadhead trip until the latest first match in order to implicitly represent the
connection of the omitted first matches.

Thus using waiting arcs of a trip-as-arc network only latest first matches (see
Figure ) are needed within the used connection line based network model in
order to implicitly model all potential matches. The number of these latest first
matches are considerably smaller than the number of service blocks multiplied by
the number of stations. Since the number of stations is practically of factor 100
smaller for large models than the number of trips, a considerable reduction of arcs
(and thus of model variables) is achieved. (In comparison, trip-as-node networks
needs quadratic number of arcs relative to the number of service blocks). To
get a figure on the impact of this aggregation, we could reduce in our railway
case study with 7,500 service block arcs of 14 network layers, 134,643 matches
to 5,861 first matches, and further to 1,661 latest first matches. This makes
hard extensions of this network model solvable by direct use of mathematical
optimization software for the large-scale railway application (cp. computational
results in the next section). Results of the application of our model for multi-
depot bus scheduling are presented in Kliewer, Mellouli, and Suhl (2002).
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Fig. 2. Two-stage Aggregation for potential deadhead trips

4.3 Mathematical Model

The overall mathematical multi-layer flow model contains the partition/cover
constraints given in 4.1 and flow balance constraints for the network described in
the previous subsection based on connection lines and deadhead trip aggregation.
For each connection node N;**¥ in each connection line C'L(s, vg) (to each vehicle
group vg and station s), let the set of:

e service block arcs incoming into this node be denoted by E;""Y

e service block arcs outgoing from this node be denoted by SS e
e latest first match arcs incoming into this node be denoted by LE>"
e latest first match arcs outgoing from this node be denoted by LSS g

Using these sets the flow balance constraints on connection line nodes N;*"Y can

be formulated as follows:
Yug, Vs, and Vi = 0,1,2, ..., ns 44 (number of nodes in CL(s,vg)):

s,vg
Xi + § Ysb,vg + E Zlfm,vg
sbe B> lfmeLE;"?

_ 5,09
= X7+1 + § Ysbﬁvg + § Zlfmﬁvg
sbe Sy 9 IfmeLs;v?
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Here the Y- and X-variables represent the flow on service block arcs and wait-
ing arcs respectively (as described in 4.1 and 4.2), the Z-variables the flow on
latest first match (deadhead) arcs. Whereas the flow value for Y-variables is of
0/1-type, the X- and Z-variables are general integers, since several aggregated
matches can use the same waiting or latest first match arc. One can show that
the X-variables can be declared continuous, since they must take integer values
anyway.

The partitioning/cover constraints for arcs of the same service block sb de-
scribed in 4.1 are added into the model:

Vshbe SB Y Yipug =1
vgeVGgp

As described at the beginning of this section, periodicity of timetables is modeled
by wrap-around back arcs. Especially. for the case of waiting arcs, the X-variable
with last i-index in each connection line C'L(s,vg)) is set equal to (or replaced
by) that with O-index of the same connection line.
Vog¥s: X9 = X5

Let the set of period change arcs for service blocks (e.g., starting on Sunday
23:00 and ending on Monday 2:00 for a weekly timetable) on vg-network layer
be denoted by PC(vg) and the set of period change arcs for latest first matches
on vg-network layer be denoted by PCL(vg), then the fleet size constraints
(to each vg network layer) can be formulated as follows:

Vog: FSZwg) =X+ > Yawet Y. Zifmug
sbe PC(vg) lfmePCL(vg)

Here, FSZ(vg), the fleet size (= number of units) for vehicle group vg is set
equal (as remarked at the beginning of this section) to the sum of flow values
over wrap-around period change arcs for periodical timetables within the net-
work layer for vg. It is important to see that not only waiting arcs can be period
change arcs, but also arcs for service blocks and for latest first matches can be
of this type.

The objective function of the overall model minimizes the overall fixed and
variable costs of the rotation building problem. Fixed costs F,, are those for
used units of vehicle groups of type vg and the variable costs Cjsp, for empty
movements of vehicles incurred when using one of the latest first match arcs
Ifm of the network layer vg (set of all latest first matches being denoted by
LF M (vg). The objective function can now be stated easily:

minimize Z FizCostyg x FSZ(vg) + Z Costifm * Zifmvg
vgeVG lfmeLFM(vg)

Note that C'ost;fy, can be made dependent on vehicle group vg proceeded empty
from one station to another by setting C'ost;rm vy and that we can set small costs
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on waiting X-variables on connection lines of non-maintenance stations to favor
standing times of vehicle groups at maintenance stations.

4.4 Modeling Shared loco/car Capacities Within the Flow Network

Recall that the problem is to build rotations for vehicle groups while assigning
each service block to a vehicle group (type) and regarding the shared capacities
on vehicle level, i.e., on loco/car level. To model the problem, we first take a net-
work layer for each vehicle group and construct the multi-layer aggregated flow
network as discussed in the previous subsections. The link between the number
of used vehicle groups in the network layers and the available capacities of in-
dividual vehicles or loco/cars is reached by the following additional constraints
(using the terminology in section 3):
Vehicle capacity constraint

VYote VT : Z FSZ(vg) * number(vg, vt) < capacity(vt)
vgeVE

where capacity(vt) is the available number of vehicles or loco/cars of type vt
over all homebases (sum of capacity(vt, hb) over all hb € HB) and FSZ(vg)
denotes the fleet size on the network layer for vehicle group vg.

Here, we have a direct relation to the fleet size constraints (to each vg
network layer) formulated in the previous subsection.

If it is desired to consider different homebases for vehicles separately, we can
write the vehicle capacity constraint as follows:

Vot e VT Vhbe HB : Z FSZ(vg, hb) x number(vg, vt) < capacity(vt, hb)
vgeV G

As we have introduced a network layer to each (type of) vehicle group, the
resulting model for the data of German Railways (see Section 3), including 32
network layers and 7,500 service blocks, risks to become computationally diffi-
cult and perhaps not directly solvable by optimization software. Therefore, we
developed a technique to reduce the number of network layers in order to con-
siderably reduce the model sizes. This refinement is discussed in the following
subsection.

4.5 Model Refinement by Aggregating Vehicle Groups

As a motivation for this model refinement, we consider the characteristics of
the test data of German Railways for this rotation problem for several vehicle
group types. We have 32 vehicle groups denoted by VG0,VG1, VG2, ..., VG31.
Most of the vehicle groups consist of 6, 5, or 4 vehicles. There is a vehicle group
containing a locomotive (VG0) and two other vehicle groups that contain only
one carriage vehicle as reinforcement.

Inspecting the 7500 assignments of service blocks (and train positions) to sets
of feasible vehicle groups, we observed that relatively few different sets of feasible
vehicle groups occur. These are the following 13 group sets:
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{vaGoy {(VG1,VG2,VG3)
{VG4,VG5,VG6,VGT} {VG8,VG9}
{VG10,VG11} {(VG13,...,VG20}
{(VG21, ..., VG28} {(VG29,VG30}
e (VG4)

(VG12) (vG}

(VG31}

Now, we introduce the notion of equivalent vehicle groups. Two (types of)
vehicle groups VG; and VG are equivalent, if and only if they occur in the
same sets of feasible vehicle groups (over the whole timetable). For example,
VG2 and VG3 are equivalent, as both appear only once in the occurring set
of alternative groups {VG1,VG2,VG3}. However, both VG2 and VG3 are not
equivalent with V' G1, since VG1 additionally appears in {VG1}.

Having an equivalence relation, we can build equivalence classes for vehicle
groups, where each class includes a maximal set of equivalent vehicle groups.
As vehicle groups are combined in classes, we call such an equivalence class a
combined vehicle group. The following classes or combined vehicle groups are
built for the above case:

[VGO] VGl

VG2, VG3] [VGA]

VG5, VE6,VET] VGs]

[VGY] [VG10,VG11]
VG12) [VG13, ..., VG20]
VG21,..,VG28) [VG29,VG30]
[VG31]

Vehicle groups within an equivalence class are interchangeable over the whole
timetable. Having two equivalent vehicle groups VG; and VG, each rotation
that can be served by VG; can be served by VG; and vice versa. Now the
idea is to generate a network layer to each combined vehicle group and not to
each vehicle group. For the test data of German Rail, we get 14 instead of 32
network layers, as 14 combined vehicle groups are generated out of 32 vehicle
groups. This makes large-scale instances of this problem type directly solvable
by optimization software and enables integrating other requirements such as
adding special constraints ensuring sufficient slots for servicing at maintenance
bases with a even distribution in time.

Within a solution of the resulting flow model, the fleet size on a network layer
for a combined vehicle group CombV G specifies the number of vehicle groups
required that can be freely chosen from the vehicle groups included in CombV G.
For instance, if the fleet size for CombVG [VG10,VG11] is 9, so several solutions
are equivalent, namely (7 VG10 and 2 %« VG11) or alternatively (5 VG10 and
4% VGE11), etc.

Observing this we can let the optimizer split the fleet size over all vehicle
groups included in a CombV G by including the following constraints:
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Fleet size split constraints: For each combined vehicle group CombV G:

FSZ(CombVG) = Y FSZ(vg)
vgeCombV G

As above, additional fleet size constraints (to each layer) sets F.SZ(CombV G)
equal to the sum of flow values on the wrap-around period change arcs within
the network layer for CombV G.

If it is desired to consider different homebases for vehicles separately, we can
write the fleet size split constraints as follows:

FSZ(CombVG) = Y > FSZ(vg, hb)

vgeCombVG hbeHB

Now, the vehicle capacity constraints of the last subsection connect the fleet
size variables F.SZ(vg, hb) (or F.SZ(vg)) for vehicle groups to the capacities of
vehicles or loco/cars. Therefore, with both types of constraints, the optimizer
will split the fleet size required for a CombV G (network layer) among vehicle
groups included in CombV G while satisfying the capacities of vehicles used by
the different vehicle groups.

5 Optimization Results and Decision Support Aspects

5.1 Computational Results

Applying the network flow approach and techniques presented in the last sec-
tion, the resulting mathematical models for rotation building with the above
requirements could be solved efficiently for the test data of German Railways
(31 different types of vehicle groups, two home bases, and 7,500 assignments of
service blocks to vehicle groups). The problem instances handle periodicity of
the weekly timetable and empty train movements are allowed in order to reduce
the fleet sizes used. Using our aggregation of empty movements as described in
4.2, 134,643 deadhead possibilities (matches) could be reduced in a first aggre-
gation stage to 5,861 first matches and further in a second phase to 1,661 latest
first matches.

The constructed 14-layer multi-commodity network flow model with special
constraints for handling several vehicle groups with shared capacities results in
a mathematical model with 206,000 variables and 46,000 constraints. Depending
on the level of maintenance handling, the model is solved within 3 to 10 min by
ILOG CPLEX on a 1 GHz Pentium III processor.

5.2 Decision Support Tools

Since railway operations are carried out in a complex dynamic environment
with rapidly changing requirements, it is often necessary that human planners
adjust the plans obtained by mathematical optimization techniques. In complex
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environments, this is only possible if optimization methods are embedded in a
decision support system, providing a graphically interactive user interface which
makes it easy to change the data and edit the results.

For example the following questions can be tackled within a what-if analy-
sis: What is the practically best fleet size for a given timetable? What are the
consequences of adding or deleting some trips of the timetable in terms of fleet
size and operational costs? How sensitive are these costs against small changes
in departure time of trips, in duration of scheduled or empty trips, or in mini-
mum turn times required between consecutive trips? The first question assumes
fixed input data (timetable, minimum turn time, empty trip duration), all others
analyze changes in these input data.

Is it not sufficient, in order to answer the first question, to solve one problem
instance, since the sum of fixed costs for vehicles and empty movement costs
are minimized? Often, fixed costs of vehicles are set to a large value and not
necessarily well and precisely scaled relatively to empty movement costs. A nice
what-if analysis here is to analyze the trade-off between operative empty move-
ment costs and the number of needed vehicles. Figure [3 shows the result of such
a what-if-analysis for a timetable of German Railways with 1,098 (compound)
trips and 77 terminal stations.

The analysis shows that the solution with minimum total costs is reached by
a fleet of 58 locomotives. According to the used costs function, a considerable
potential reduction of total fixed costs and empty movement costs is possible. An
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interesting aspect shown by this analysis is that empty movement costs increases
non-linearly according to the number of saved vehicles. Nice to see is that these
empty movement costs surmount the fixed locomotive costs for solutions with less
than 58 locomotives. Thus, the minimum fleet size solution with 53 locomotives
is not a cost-minimum solution.

Presenting a series of results with their properties, the decision maker chooses
the best solution. Besides number of vehicles used and costs of empty movement
trips incurred, other indices can be relevant such as the robustness of constructed
rotations against delays or the number of induced opportunities for maintenance
operations. Considering these aspects, a solution with 62-63 locomotives may be
the best one from a practical point of view.

The questions related to a change in input data emphasizes the central posi-
tion of timetable design in the production planning process and its interaction
with rotation building. In fact, small changes in the input data may save con-
siderable amounts in fixed costs of vehicles and empty movement costs. A useful
what-if analysis here is to make some experiments changing the given minimum
turn times (MTT). An analysis of this type for three fleets of German Railways
is shown in Table [Tt

Table 1. What-if analysis: Changing minimum turn times (MTT)

MTT (in minutes)| 0 | 5 | 10 | 15 | 20 | 25 | 30 | 35 | 40
Fleet 1 34134 34 | 35 | 35 | 37 | 37 | 37 | 38
Fleet 2 48 49| 51 | 52 | 52 | 52 | 53 | 54 | 56
Fleet 3 53|54 | 57 | 61 | 66 | 68 | 73 | 75 | 76

Since the minimum turn time is handled as a “hard restriction” in rotation
building (minimum duration between end time of one trip and start time of the
next within a rotation), small changes may have considerable effect on the fleet
size. Take two trips T1 from A to B and T2 from B to C. If T2 starts at 12:00,
T1 arrives at 11:42 and the minimum turn-time is set to 20 minutes, then T2
is not a connection trip for T1 unless the minimum turn time is reduced to 18
minutes (or changing the duration or start times of T1 or T2). This situation is
critical if no other suitable connection for T2 exists. In this case, a local change
of turn-time and/or start time of T2 may save a vehicle or considerable amount
of empty movements.

How to find critical locations where these savings are possible?

Finding critical locations can be supported by a chart plotting standing times
(or availability) of vehicles at terminal stations. We realized a graphically inter-
active user-interface where these vehicle availability charts can be shown for all
terminal stations (cf. Figure [d]). An up-arrow indicates an arriving vehicle that
becomes available at that station. A down-arrow indicates a departing vehicle
from available ones at that point in time.
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Fig. 4. Analysis of standing times

Generally long standing times within rotations which must appear in these
vehicle availability charts (for some stations) constitute a strong argument that
vehicles may not be utilized in an optimal way. This may appear within ro-
tations of an optimal solution of rotation building and the cause of practical
non-optimality may then lie in the input data themselves, and, thus concerns
other planning phases, such as timetable design or trip scheduling.

In analyzing a German Railways sub-fleet, we encountered the situation given
in Figure[d] at a station called AL. Among the three available vehicles at the start
of the week (vertical axis), one vehicle (level 0 to level 1) is standing during the
day. This vehicle is utilized at 23:01 and shortly thereafter (one minute later),
another vehicle becomes available (after arrival).

Analyzing the situation at this station, we found out that two trips, say T1
and T2, arrive in AL at 22:55 and 22:58, respectively, and other two trips T3 and
T4 start from AL at 23:01 and 23:10, respectively. The minimum turn time at
station AL is set to 7 minutes. The vehicle serving T2 cannot serve T3 and must
serve T4. The problem lies that only 6 minutes are available between arrival
time of T1 and start time of T3. Since the minimum turn time is handled as a
hard restriction by rotation building no connection from T1 to T3 is possible and
the computed solution requires 3 instead of two vehicles. Discussing this with
experts, they affirmed that local violations of the given minimum turn times are
allowed in situations like this.
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6 Conclusions

In this paper, we presented an exact optimization approach for rotation build-
ing for railways. In this domain, there are specific requirements related to the
assembly of locomotives and carriages into train units. We discussed the case
study appearing in some railways’ fleet where service blocks are to be assigned
to predefined groups of locomotives and carriages.

For this type of requirements, we developed new mathematical models based
on time-space trip-as-arc network with aggregation schemes both for the basic
and special problem. For the basic problem, an aggregation of all potential empty
movements is applied which was published in former works. In this paper, we
provided an extension of the multi-layer network flow model together with special
constraints relating the fleet sizes expressed in number of used vehicle groups
to the given capacities at locomotive and carriage level. For solving large-scale
models, a special aggregation of “equivalent” vehicle groups is applied in order
to reduce the number of involved network layers.

After applying the techniques described above, the resulting mixed-integer
mathematical models showed a very small LP/IP gap. To our understanding,
this behavior is due to the fact that the cover/partitioning constraints involved
in the network flow model have much less non-zero elements than in standard
set-partitioning and set-covering models. Large-scale instances of our models are
solved directly using state-of-the-art mathematical optimization software.

Furthermore, we discussed some practically relevant questions related to the
process of planning railway fleet and provided ways of integrating the optimiza-
tion components with suitable decision support tools.
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Abstract. In Dutch railway operations, most of the rescheduling deci-
sions in the operational phase, following some disturbance, involve the
resequencing of trains. These decisions are being taken using only ap-
proximate train information and operational rules. Improvements have
been formulated but, since no insight in the potential gain in punctu-
ality exists, lack a convincing business case. In this paper, using only
elementary methods, we derive an estimate for this punctuality gain.

1 Introduction

Increasing the reliability of the Dutch Railways ranks high on the national po-
litical agenda and is therefore a high priority in the Railway sector. In fact the
sectors strategy statement, called “Benutten en Bouwen” (“Utilize and Build”),
makes this into its central tenet. This is a marked change from previous strate-
gies, which concentrate on maximizing the volume of railway traffic per unit of
infrastructure. Benutten en Bouwen takes a clear position: maximizing the util-
isation of the infrastructure will be an illusionary goal, unless first reliability is
improved drastically.

Given the many daily departures from the predefined timetable, it will be
clear that the operational processes of rescheduling and dispatching train traffic
are very busy indeed. Each day, thousands of minor and major rescheduling
decisions are being taken. Obviously, the quality of these processes is of vital
importance. Quantitatively however, very little is known about the influence
of scheduling quality on reliability. Specifically, the question which part of the
occurring unreliability is due to suboptimal rescheduling is unanswered. This
paper addresses this question.

The dispatching process is far from being perfectly accurate. Train informa-
tion, such as position (delay) and speed is only approximately available. Inaccu-
racy is further increased by the fact that, although traffic control in the Dutch
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railways heavily uses information systems, train dispatching is still exclusively
a human decision. A conscious decision has been made to limit the role of IT
systems to presenting timetable and train status information to human decision
makers. Efforts to assist these people by more advanced IT scheduling solutions
are yet to leave the prototype stage. Although there are some valid reasons to
leave dispatching in human hands, we have to realize that, compared to com-
puters, human beings are not very good at making rapid, consistent and precise
rule-based decisions. Thus, errors due to inaccurate train information and human
operator errors combine into an imperfect decision making process. In this pa-
per, we will confront this situation with a situation with perfect decision-making,
referred to as “automatic sequencing”.

In the Netherlands, the operational processes of rescheduling train traffic have
been structured into a number of control layers. We will deal with the lowest
layer, which we will call the dispatching function. In this paper we view dispatch-
ing as a series of decisions on the order of trains on given routes: sequencing. In
practice, this covers the vast majority of all relevant dispatching decisions.

Detailed instructions have been prepared for the dispatchers when (not) to
change the order of trains from the order as given by the original timetable. All
situations with one delayed train have been exhaustively tabulated nationwide.
Essentially, these so-called if-then sheets contain the following statements:

If train x has a delay between dy and do, then it should be given access to the
infrastructure between trains y and z.

Our calculation builds on these if-then sheets. Through the if-then sheets,
contact with actual data is being made. They are the reason we can get a
result without the need for explicit modelling of infrastructure or timetable
information.

The operation uses if-then sheet information for dispatching. Obviously, an
operator needs information on delays in order to make the correct decisions. Un-
fortunately, this information is not perfectly available. We estimate that delays
used in the decision process are distributed around the real delay values with a
standard deviation of 2 minutes. The reliability of railway traffic is commonly
operationalised in terms of the punctuality of passenger traffic. In the Nether-
lands, punctuality is defined as the percentage of trains with a delay of three
minutes or less at major stations, as compared to the original timetable. We
will derive a ballpark estimate for the amount of dispunctuality incurred from
current operational procedures and systems.

This paper is organized as follows. In Section Pl we present out formalism. In
Section Bl we discuss the various inputs to our calculation, such as if-then sheets,
delay distributions and decision making errors. Section [l presents the results. In
Section Bl we present our conclusions and offer some suggestions for follow up.

This work has been done as part of a project under the jurisdiction of
Railverkeers-leiding. The project called for the preparation of a business case
for the development of improved control systems for the dispatching layer. Rail-
verkeersleiding, part of the public domain ProRail organization, is responsible for
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operational capacity management of the Dutch Railway Infrastructure. Railver-
keersleiding performs rescheduling of the infrastructure under continuous con-
sultation with the transport companies.

2 Approach

2.1 Elements of the Formalism

Loss Function

Let us consider two trains A and B approaching an insertion point P. The
optimal order must be decided upon. In the following, the optimal order will be
the order in which the summed delays of A and B at some reference point will
be minimal. This reference point is usually a point somewhere after P, where the
two trains start having separate routes. If A and B have the same characteristics
(speed) after P, any point after P will do and our optimal order rule reduces to
a first come first serve rule.

Insertion

Fig. 1. An insertion point

We simplify the dynamics of the problem by assuming that if train A (B) is
given priority at the insertion point while hindering train B (A), train B (A)
always leaves the insertion point at a fixed headway H after A (B). In this case,
there always exists one relative delay of A and B d. for which the optimal order
changes from AB to BA. We call this the characteristic delay. The if-then sheets
tabulate these characteristic delays for all train pairs at insertion points in the
Netherlands.

We call the amount of extra summed delay for A and B at the reference point
resulting from the choice for a suboptimal order at P, the loss L. We can plot L
as a function of v = d4 —dp —d.: L is a piecewise linear function of v, symmetric
in v = 0. In the diagram we also show our definition of four “regimes” 0 to III
in the values of v.

It is of interest to note that an optimal decision in the summed delay is not
necessarily optimal for the contributing trains taken separately. Therefore, in
individual cases it is possible that the optimal decision decreases punctuality.
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dA-d B-dc

Fig. 2. Loss function

Delay Distribution

Trains approach the insertion point with a delay according to a density function
D(d). For this we use a conventional negative exponential fitted to the observed
punctuality.

D(d) = 1/day exp(—d/day) (d > 0,0 elsewhere) (1)

Note that in this we assume the same distribution will hold always and every-
where.

Control Error Distribution

Our purpose is to determine the punctuality effect of operator errors due to
incorrect delay information. Let F'(d,dy) be the probability density that a delay
dy will be assumed by the operator where actually a value d exists. For I we
use a normal distribution

F(d.dy) = F(d - dy) = (1/(oV2m) exp(~(d — d,)*/20%) . (2)

Human operators tend to act conservatively, that is they tend to leave a planned
train sequence in place, until it is very obvious that it should be changed. In
terms of F', this behaviour means that ' is no longer symmetric around d — d,.
In order to investigate these effects whilst leaving our formalism intact, we have
introduced a parameter called the shift s:

Fy(d,dg) = Fy(d = s — dg) = (1/(0V2m)) exp(—(d — s = dg)*/20°) . (3)

An erroneous decision will be made if a delay d < d. is assumed, while in fact
dg > d. and vice versa. For regime 0 (compare Figure[I)) this chance is given by:
Py(d—d.) = Fy(d, dg)ddy = 1/2erfe((d. —d = 5)/(0V2)) ,  (4)

de—d

in which erfc is the complementary error function. Similar relations can be writ-
ten for the case d > d. and dy < d. and the other regimes.
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2.2 Overall Punctuality Effect

We are interested in computing overall punctuality effects of suboptimal sequenc-
ing. Consider trains A and B with delays d4 and dp respectively. Train A turns
from being punctual to dispunctual when d4 < 3 while L4 > 3—d4. The reverse
effect occurs if d4 > 3 while Ly < 3 —d4.

Lets define the following probability distributions, all defined with respect to
a sequencing point with characteristic delay d..:

Py(d) The probability density for a train with delay d to be punctual,

Py(dy,d2) The probability density for trains with delays dy and dy to be
incorrectly sequenced,

Ps(dy,d2) The probability density that the extra delay for train 1 will exceed
3—dj.

In order to keep this paragraph concise, we will only give explicit formulas for
train A and regime 0 of the loss function. In this case:

Pi(ds) =63 —dya) (5)
Py(da,dp) = erfe(|(da — dp) — dc|/o) (6)
Pg(dA,dB) ZQ(dC+H—3+dB) (7)

where © is the Heaviside Step Function.
The probability train A turns from being punctual to dispunctual at a se-
quencing point with characteristic delay d. is given by:

/ " ddnV(dp) / " ddAV(dA)Pi(da) Pa(da, dp) Py(dardp) = (8)
_:: o min(3,d.+dpg)

/ ddV (dp) / dd AV (da)P(|d — dp]) . (9)
3—d.—H 0

Similar expressions can be derived for

e the other regimes of the loss function;
e the probability that the train turns from being dispunctual to punctual;
e train B.

That is, all in all 4 % 2 % 2 = 16 similarly structured double integrals have to be
evaluated.

Lets call the grand total of these terms, the probability that an incorrect
sequencing decision with characteristic time d. turns some train into being dis-
punctual, D(d,).

It is straightforward to compute the chance of an incorrect decision F and
the average value of the loss function L, for a decision with characteristic time
d. by:
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E(d.) = /jO dd 4 /jo ddgV (da)V(dp)P(da — dp — d.) (10)

Lav(de) = /_OO dd A /_OO ddpV (dA)V(dp)P(da — dp — de)L(da — dp — d.).
(11)

In all cases (9), (10) and (11) an overall effect is found by summing over the
number of potential daily resequencing decisions A(d.) as given by the if-then
sheets. After suitable normalizations for the total number of trains and punctu-
ality measurement points, overall effects result.

2.3 Correction Terms

Some corrections to the formalism outlined above have been considered. These
corrections are not expected to be very accurate, but serve to get some feeling
for the reliability of the results.

Delay may be Nullified Before Measurement

Trains are planned with a driving time margin. That is, if the train has a delay
d somewhere between punctuality measurement points (nodes), it will be able to
reduce this delay somewhat before measurement. From the timetable, we have
determined an average value dn for the amount a train can reduce its delay
before the next node. We use separate values for resequencing points just after
leaving a station (driving time margin for the distance between stations) and
resequencing points underway between stations (on average, half the distance).
This value is now used in the formulas above by simply adjusting the integration
limits from “3” to “3+ d,,”. This procedure is justified if the integrand does not
vary strongly over the range of allowed values for the driving time margin. For
the purpose of obtaining a rough estimate of the correction term, this is the case.

Delay may Persist After First Measurement
Our formalism measures the punctuality effects at the first measurement point
(the next node). In fact, an effect may persist at later nodes, if the delay is not
absorbed into the halting time at the node. This effect has been estimated at
the second node by determining the average halting time margin hn from the
timetables and adjusting the integration limits from “3” to “3+dg) +hy, —|—d512)”.
Here dY is the average driving time margin from the sequencing point to the first
node and dg) the average driving time margin between nodes. They are added
together with hn because at the second node, driving time margins of both the
first and second stretch and one halting (at the first node) apply. Effects at later
nodes can be computed in the same manner, but were found to be negligible.
Again, this procedure is justified if the integrand does not vary strongly over
the range of allowed values for the halting time margin. Actually, this is not the
case. Since, due to the exponential falloff of the delay distribution, trains with
large halting time margins do not contribute strongly to the results, we have
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dealt with this problem by using an ad-hoc cut-off value on the halting time
margins, considering only trains with small margins for our rough estimate of
this correction term. Essentially, this means we consider trains passing through
a station but not those at end nodes.

Delay may Cause Other Delays
We have not attempted to obtain a quantitative estimate for cascade effects.
Operational data suggest strongly these effects are small.

3 Inputs to the Calculation

As mentioned earlier, contact with actual data is made through the if-then sheets.
From these if-then sheets we obtain the number of potential resequencing de-
cisions A(d.) on a day. Because of the corrections terms in Section 23] a dis-
tinction has to be made between resequencing decisions made between stations
(open track) and at stations. Note: the majority of the resequencing decisions
on stations concern departure situations.

Table 1. Number of potential resequencing decisions

Location \ dc : 1 2 3 4 5 6 7 8 9 10 11 12 13
Open Track 87 336 497 594 752 454 539 695 461 306 260 181 160
Stations 250 714 1319 1070 1163 619 745 942 577 574 627 307 315

There are 5000 trains each day. The punctuality is measured at large stations
(nodes), the average number of nodes for a train is 2.2, giving a total number of
11000 punctuality measurement points M S.

The value d,, = 1.8 minutes for the negative exponential delay distribution
reproduces the 2002 punctuality of 82% for the Dutch railways. The conflict
time or minimal headway (H) for insertion points is, according to headway
calculations set to 90 seconds on the open track. For departure situations, values
range from 97 to 133 seconds. We use 110 seconds.

The inaccuracy of the dispatching function in the sequence decision is set to
o = 2 minutes. This inaccuracy is composed of:

e rounding errors: in the decision process, dispatchers use three different de-
lays, independently rounded to whole minutes;

inaccuracy in the operating times themselves (30 - 60 sec);

inaccuracy in the prediction of the delay at the insertion point;

inaccuracy in the predicted travel time of the train after the insertion point;
inaccuracy in the human dispatchers’ decision making process.

Of these, the first two items are objectively known, for the others we have to
rely on expert estimates. We are confident that the true standard deviation
of the distribution will have a value between 1.5 and 3 minutes. More accurate
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determinations are feasible but have not been part of this investigation. We have
used a shift (Formula 3) of 1 minute.

The parameters in the correction terms mentioned in Section 223 have been set
as follows. For d,,, the driving time margin, i.e., the amount a train on average
can reduce its delay between nodes, 1.7 minutes is used. The average halting
time margin hn, after applying a cut-off value of 4 minutes to the data, was
found to be 0.7 minutes. These values have been extracted from the timetable
planning in the Netherlands.

In summary, unless stated otherwise we have used the following values for the
parameters in our calculation:

Table 2. Default parameter values

Parameter Symbol Default value

Average delay dev 1.8 minutes

Headway H 90 seconds (open track)
110 seconds (departures)

Dispatching error b)) 2 minutes

Number of potential resequencing decisions A(d.)  Refer to Table[I]

Average node-node driving time margin dn 1.7 minutes

Average halting time margin after cut-off hn 0.7 minutes

Cut—off value heut 4 minutes

Shift s 1 minute

4 Results

With the formulas from Section[2 and the default parameter values from Table[2]
the effects of inaccuracy in the resequencing decisions can be computed. Table [3]
gives the overall punctuality effect, the chance of an incorrect decision per train
and the average loss per train, both with and without the correction terms
mentioned in Section [Z3]

From the discussion so far, it should be obvious that our calculations depend
upon a number of parameters of which the values are not accurately known.
We have therefore experimented extensively with our formalism, in order to get
a feeling for the range of possible results. As an illustration of these efforts, in
Figure[3 we present the dispunctionality effect in cases where all parameters but
one have been set to their default values (refer to Table[2)) and one is varied. On

Table 3. Overall results

Without correction With correction
Punctuality effect 4.16% 3.62%
Chance of error 15%

Average loss 0.5 minutes




An Estimate of the Punctuality Benefits 303

S °
=
El - dav
5
i=
£ -A-H
.z
(=)
- Shift
0 T T T T T
0,25 0,5 0,75 1 1,25 1,5 1,75

Value relative to default values parameters

Fig. 3. Sensitivity analysis dispunctuality on input parameters

the horizontal axis the parameter value is given as a fraction of the default value.
On the vertical axis, the resulting punctuality effect without correction terms
is given. The vertical bars on the curves picture the range of plausible values
for the parameter. Variations on the parameter values for d,,, h,, are similar to
the variations on parameter s and not depicted in FigureBl As to be expected,
sensitivity is particularly high for the value of 0. Experimental determination of
the control error distribution is highly desirable to narrow down our estimate.
We will discuss the consequences of this (and similar) figure in the next section.

5 Discussion and Conclusions

The numbers given in Table [] represent our best estimate of the effect of dis-
patching errors on punctuality. The numbers are unexpectedly large: around
4% of the observed dispunctuality stems from suboptimal resequencing. This
is not in line with common opinion, which holds that suboptimal resequencing
only contributes marginally to dispunctuality. Still, though many ingredients of
our calculations are less than certain, our basic reasoning is so simple that it is
hard to refute: the resequencing decision has an intrinsic accuracy of at least 1.5
minutes, there are many trains with delays between 1 and 3 minutes and many
potential resequencing decisions (if-then rules) in this domain. Large effects are
unavoidable. Note that the fact that the Dutch railway network is heavily used
is crucial in this reasoning, since this ensures that many resequencing decisions
have to be taken at delay values around 3 minutes, influencing punctuality. Our
results are being corroborated by recent results of simulation study using the
Combine Traffic Management System, which confront an “ideal” traffic manage-
ment system (i.e. Combine) with data from practice at a specific location and
find punctuality gains in the order of 5%.
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As stated, our calculations were made within the context of an effort to con-
struct a business case for investing in the dispatching control systems. For this
purpose, we really need to know only that effects are large, say more than 0.5%.
As our sensitivity analysis shows, varying the input parameters within the range
of plausible values does not change this conclusion. The sensitivity analysis also
makes us confident that our formalism, which relies on the use of average distri-
butions, is reasonable.

Some other objections are possible.

e Some inaccuracy is intrinsic to the process, therefore the “ideal decision mak-
ing process” has no practical relevance. Indeed, some errors are unavoidable.
Especially the halting process at stations is unpredictable at the level of some
tens of seconds. However, as Figure B shows, errors under 0.5 minutes do not
contribute strongly to the overall result, while effects grow roughly linearly
from o = 1.5 to o = 3 minutes. Therefore our conclusion holds.

e Real sequencing is not done according to a simple summed delay criterion,
other arguments are taken into account. We have examined the if-then sheets,
which have been prepared by hand by local experts for all single-delay sit-
uations, and found that our simple rule reproduces the if-then rule in very
nearly all cases. Also the number of cases where a third train is relevant to
the decision is not large. In an evaluation of a pilot of a conflict detection
and resolution system based upon pairwise decisions, only very few exceptions
were found.

e The delay distribution (1) includes the effects, therefore cannot be input to the
calculation. This argument only holds merit if we find large effects, in which
case our purpose is already met. Apart from that, we are very insensitive to the
value of dg,. We have explicitly tested this point by varying dav to reproduce
the actual punctuality including our effects. The predicted dispunctuality was
almost constant.

The results are significantly larger than process experts expected. Why is
that? We feel that for a long time the attention of human operators has been
to maintain stable patterns (train sequences) close to the predefined timetable
in order to maintain a workable mental image of the process. Optimizing at
the level of plus or minus one/two minutes was neither possible, nor aimed for.
As a result, the overall external goal of the railway sector, set at very definite
punctuality levels in a very specific definition, a goal for which these relatively
small errors are highly relevant, has only been aimed for in an indirect way and
slipped out of focus.

In conclusion: our calculations were made within the context of an effort to
construct a business case for investing in the dispatching control systems. It
appears this investment would be an order of magnitude more effective than
other punctuality oriented investments currently being suggested. In fact, even
if our calculation overestimates the real effect by a factor of 2, which is within
the realm of possibilities, the business case is still easily made.

Compared to the strategic (infrastructure planning) and tactical (timetable
design) phase of railway operations, the operational phase has received relatively
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little attention from the mathematical community. Most work for the operational
phase focuses on constructing real-time scheduling engines such as Marco and
Combine. Experience suggests that for processes with are not under very precise
control, as railway operations in the Netherlands neither are nor will be in the
foreseeable future, an approach using very simple operational rules, which are
well understood and easily amended by the operators, is to be preferred. Our
calculations show that in the Netherlands, accurate implementation of one such
rule may unlock significant gains in punctuality. We are aware that our formalism
is quite basic. We challenge the mathematical community to improve upon our
ideas, or indeed come up with an alternative, to get an approach to determine
the effectiveness of specific simple dispatching rules.
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Abstract. We provide competitive analyses for the online delay man-
agement problem on a single train line. The passengers that want to
connect to the train line might arrive delayed at the connecting stations,
and these delays happen in an online setting. Our objective is to minimize
the total passenger delay on the train line.

We relate this problem to the Ski-Rental problem and present a fam-
ily of 2-competitive online algorithms. Further, we show that no online
algorithm for this problem can be better than Golden Ratio competitive,
and that no online algorithm can be competitive if the objective accounts
only for the optimizable passenger delay.

1 Introduction

In the everyday operation of a railroad, it is unfortunately not uncommon for
a train to arrive at a station with a delay. In such a situation, some of the
train’s passengers may miss a connecting train, resulting in an even larger delay
for them since they have to wait for the next train. If, on the other hand, the
connecting train waits, then it is delayed itself, and so are all the passengers it is
carrying. Delay management consists of deciding which connecting trains should
wait for what delayed feeder trains, usually with the objective of minimizing
the overall discomfort faced by the passengers. Although railway optimization
and scheduling problems have been studied quite intensively the last decade, the
management of delayed trains has received much less attention.

Various approaches to delay management have been considered the last years,
such as simulations, Linear and Integer Programming, or complexity and algo-
rithmic analyses (Section [Tl provides an overview of related research). However,
except for very few exceptions, these papers consider delay management as an
offline problem, where the delays are known a priori, and for which a global op-
timal solution is sought. But delays in a railway system are by nature not known
a priori (even though they may be correlated). Therefore, delay management is
inherently an online problem.

This paper studies delay management as an online problem, with a focus on
competitive analyses. Given the lack of research on online delay management,
we consider the basic case of a single train operating on a train line consisting
of several consecutive legs. Moreover, previous research on offline delay manage-
ment problems indicates that railway networks with a path topology are easier
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to analyze. At each intermediate stop of the train line, some passengers wish to
board the train. Each passenger has a destination, and possibly an initial de-
lay, meaning that she arrives at the transfer station with a delayed feeder train.
Should a passenger miss her connection at the transfer station, then she has to
wait for the next train. Further, we assume a timetable without buffer times, so
a train cannot catch up on any of its delay.

The problem is to decide, for each intermediate station, whether the train
waits for delayed passengers or not. If it waits, then all its passengers face an
arrival delay, including the ones that were so far on time. The same holds for
all passengers boarding the train at subsequent stations, since the train cannot
catch up on its delay. If the train departs on time, then all connecting passen-
gers will miss their train and have to wait for the next train. A waiting policy
specifies at which intermediate stations the train waits for delayed passengers.
The goal of the online delay management problem is to find a waiting policy
that minimizes the total passenger delay, without knowing beforehand whether
the connecting passengers will arrive with a delay at the subsequent intermedi-
ate stations. Although our descriptions are in terms of railways, we remark that
our model and results are also applicable to other modes of scheduled public
transportation, such as bus or metro.

1.1 Related Research

To the best of our knowledge, the only other theoretical online analysis of a delay
management problem is by [I]. They consider a bus station with buses arriving
at regular time intervals, and passengers arriving with a fixed arrival rate. For
this problem, the objective is to decide which buses should wait for how long at
the bus station such that the overall passenger waiting time is minimized.

A fair amount of research has been done on offline delay management. Several
network-based Mixed Integer Programming (MIP) formulations were introduced
[89], both for single criteria and bi-criterial objective functions. In particular,
some formulations allow special cases to be solved to optimality efficiently, and
the model’s structure can be used to derive an appropriate Branch-and-Bound
algorithm for solving the delay management problem to optimality.

Recently, [3] described polynomial time algorithms for special cases of the
delay management problem, such as a limited number of transfers, or a railway
network with a path topology. In a follow-up paper [], a more general variant
of the delay management problem was shown to be NP-complete both with and
without slack times (or buffer times) in the timetable.

Another approach, based on simulation, applies deterministic waiting rules
[2]. The delays are introduced on trains randomly over time with an exponential
distribution, and the quality of the waiting rule is derived with an agent-based
simulation tool.

Finally, [5I7] considered simulation studies for delay management, which are
less related to this paper because we are interested in strategies with a theoret-
ically guaranteed performance.
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1.2 Results

We consider the above described setting of a simple railway network with a
path topology, which is a natural next step after the station analysis by [I]. We
relate this setting of the online delay management problem to a variant of the
well-known ski rental problem [6]. Based on this relation, we propose a family
of 2-competitive online algorithms, and show that the competitive analysis for
this family of algorithms is tight. Further, we prove that no online algorithm for
this setting can be better than @-competitive, where @ ~ 1.618 is the golden
ratio. Finally, we consider the slightly different objective function of minimizing
only the additionally faced delays of the passenger paths. For this objective, we
show that no deterministic online algorithm can have bounded competitive ratio.
Remarkably, the only strategy for this case not having infinite competitive ratio
is the trivial strategy of waiting for any delayed passengers, and departing on
time otherwise.

1.3 Outline

The next section defines the problem statement and our assumptions on the
problem. Section 3 first introduces some notation, and discusses the relation be-
tween the online delay management problem and the so-called Discounted Ski
Rental problem. Next, we present the family of 2-competitive online algorithms,
as well as the tightness of the competitive analysis. Section 4 contains the two
competitive ratio bounds for any online algorithm for the single train line, af-
ter which Section 5 concludes the paper and suggest some topics for further
research.

2 Problem Statement

We consider a directed graph G = (V, E), with the vertices V' = {v1,...,v,}.
Let E = {(vi,vit1)|i € {1,...,n — 1}}, i.e. the graph forms a simple directed
path from v; to v,. The vertices v € V represent the stations which are served
by a single railway line. An edge (u,v) € E represents a direct link served by the
train along the railway line. Hence, the train serving this line starts its journey
at station vy, and traverses the graph through the directed edges. We assume
that the train stops at every intermediate station v;,7 € {2,...,n —1} and ends
its journey at station v,. At each stop, passengers may board or alight from
the train. We refer to the passenger streams as passenger paths. Each passenger
path boards the train at a station v;, and alights at station v;, j > 7. We say the
passenger paths enter at station v;. These passenger paths represent passengers
either starting their journey at station v;, or having arrived at station v; with
another train, a feeder train, and wishing to connect to the train line. The
passenger paths may continue their journey outside the train line, but this is not
part of the considered problem. The passenger paths are known a priori, as well
as the number of passengers travelling along each of them.
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Fig. 1. An illustration of a railway line. The railway line has two intermediate stations
(v2 and wv3), and four paths: Pi, P>, P3 and Pjy.

An illustration of a railway line and its paths is given in Figure [Il In the
example, the passenger path P, connects to the train at station v; and alights
from the train at station v,. Similarly, path Py connects to the train at station
v, and alights from the train at station vs, where it continues its journey outside
our track.

Some of the connecting passenger paths at the stations v; € V' might arrive
there delayed. We say these paths enter the train line delayed, or that they have
a source delay. This reflects the model of feeder trains arriving delayed at station
v;. For simplicity, we assume that all source delays equal 6 time units. In order
to allow such delayed paths to connect to the train, the train must wait for the
delayed paths. Once delayed, the train is not able to catch up on any of this
delay, and will hence arrive at its target station v, with a delay of ¢ time units.
Furthermore, the next train departs T time units later, and will run on time.
Hence, should a passenger path miss its connection, it will catch the next train
along the line and arrive at its destination with a total delay of T" time units.
We refer to passenger paths which have missed a connection as dropped paths,
and to those facing an arrival delay as delayed paths.

It is not a priori known which passenger paths entering at station v; € V start
delayed. The delays occur in an online fashion. The online setting, which can be
thought of as an adversary, notifies the online algorithm which of the entering
paths at station v; € V are delayed only when the train arrives at station v;.
Hence, only at that point in time can an online algorithm figure out how many
passengers reach the station delayed, and how many are still on time.

When the train reaches station v; € V, the traffic control must decide whether
the train departs on time, or whether it waits for the delayed passenger paths
boarding the train in v;. If the train departs on time, the delayed entering pas-
sengers miss their connection and will have to board the next train along this
route. If the train waits for the delayed passengers, it will be delayed by ¢ time
units. As the delays of the passenger paths are of the same size, a decision to
wait will immediately guarantee the connections for all future delayed entering
passenger paths. Hence, the decision to be taken is from which station on the
train will wait, from then on allowing transfers of all future delayed entering
passenger paths. Naturally, non-delayed passengers paths which are influenced
by this decision thereby face a delay of ¢ time units.
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Our objective is to minimize the total passenger delay occurring on the train
line, i.e. the sum of the delays over all passengers which travel with the line.
Notice that, in general, the objective includes the unavoidable delay of § time
units per passenger of the passenger paths that enter the line delayed.

As mentioned, we analyze the online setting of this problem. To solve the of-
fline problem we merely have to decide where to start waiting. Therefore, we can
efficiently enumerate the n different waiting policies. The adversary can decide
which of the passenger paths to delay. When the train arrives at station v;, the
adversary must notify which passenger paths entering at that station are de-
layed. This implies that the online algorithm, when arriving at station v;, knows
exactly which passenger paths were delayed at stations vj;,j € {1,...,i-1}, and
which passenger paths are delayed at station v;. As giving the least information
to the online algorithm is advantageous for the adversary, we assume the adver-
sary does not reveal the delayed passenger paths connecting at stations vy, k > j
until we reach these stations.

3 Competitive Online Algorithms

This section presents a family of 2-competitive online algorithms for the de-
scribed delay management problem. First, we introduce some notation and some
inequalities needed to prove the competitiveness of the online algorithms. Next,
we point out the similarity between the presented online delay management
problem and the Ski-Rental problem. Finally, we move the focus to the online
algorithms and their analysis.

3.1 Notation and A-Priori Knowledge

As mentioned earlier, we assume the passengers paths on the train line to be
known. Table [Il introduces a set of variables representing the number of pas-
sengers having a specified status at their connecting station (delayed, on time).
These variables reflect the a-posteriori knowledge of the delays, i.e. the number
of passenger in a specific state when the delay configuration is entirely known.
If the train starts to wait for delayed entering passenger paths at station j, the
value of our objective A(j) is:

A(j) = (T—(S)préipwéozj

i<j i=1

We wish to find j such, that A(j) is minimal. Notice that we include the delay
63" | D*, which we cannot optimize, in the objective. In Section ] we show that
if we do not include this delay, no online algorithm can be more competitive than
applying a trivial strategy having unbounded competitiveness.

We define the variables of Table [1 also for the point of view of an online
algorithm, see Table 2l The variables are identified by the same letters used for
the offline algorithm, but by using lowercases. The following relations hold:
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Table 1. The passenger variables for the offline setting

02" The number of passengers which stay on the train at station i plus on
time connecting passengers at and after station i, i.e. passengers newly
subject to a delay if the train waits at station i.

D? The number of connecting passengers which arrive delayed at station i,
i.e. passengers subject to be dropped at station i if the train departs
on time from station i.

Table 2. The passenger variables for the online setting

02" The sum of the number of passengers which are on the train at station 4,
the number of on time passengers connecting at ¢, and the number of
connecting passengers at future stations. Note that the online algo-
rithm believes that the latter passengers will be on time. These are the
passengers subject to be newly delayed if the train waits at station 3.

d’ The number of connecting passengers which arrive delayed at station
i. These will be dropped if the train departs on time from station 1.

02+l < O (1)
o2itl < o=t (2)
0% < o> (3)
02 = 0> 4+ ZDj <02+ Z D7 (4)

J>i J

Inequalities () and (2)) hold, because at each station passengers may alight from
the train. Hence, the number of passengers influenced by a delay monotonically
decreases if the train starts to wait at a later station. Inequality (B]) holds, as
the online algorithm does not know which passengers will arrive delayed after
station i. Hence, 0= is an upper bound on the number of passengers that will be
delayed by a waiting decision. Finally, this overestimate equals the actual number
of passengers influenced by this decision (i.e. with the a-posteriori knowledge of
the delayed passenger paths), plus the number of passengers that will be delayed
after station i. This number can naturally be bounded as shown in inequality ().

When at a station i, the online algorithm knows the correct number of delayed
passengers: &/ = D7,Vj < i.

3.2 Relation to the Ski-rental Problem

In the Ski-Rental problem, a skier wishes to go skiing. He does not known how
many times he will actually go skiing, because he will only ski if the weather is
nice and there is enough snow. This reflects the online situation. Initially, the
skier does not own a pair of skis. Each time he goes skiing, he can either rent
the skis at a fixed price or buy the skis. Obviously, buying is more expensive
than renting. With the a-posteriori knowledge on the number of times he went
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skiing, it is clear that it only makes sense to buy the skis if the overall renting
costs exceed the price of buying the skis. Furthermore, in that case the skier
should buy the skis the first time he goes skiing. Indeed, the only decision to be
taken is whether to buy the skis or to rent them. A well known online strategy
is to buy the skis as soon as the overall renting costs would exceed the costs of
buying the skis. This online strategy is 2-competitive, as analyzed in [6].

We introduce a slight variant of the above Ski-Rental problem. As the skier
rents the skis always at the same shop, the shop owner gives him a discount
on buying the skis. The discount is proportional to the amount of money the
skier has already paid for renting skis, and the proportionality factor is a. Next,
we allow the renting price to be variable, but known each time the skier wishes
to rent the skis. We call this problem the Discounted Ski-Rental problem. The
usual strategy for the Ski-Rental problem can also be applied to the Discounted
Ski-Rental problem. The skier buys the skis as soon as the overall renting costs
would exceed the actual costs of buying the skis, i.e. the price of the skis with
the discount.

In the following, we present a one to one correspondence between a restricted
version of the online delay management problem and the Discounted Ski-Rental
problem. We restrict the online delay management problem as follows: all pas-
senger paths have as destination v,,. The objective is still to minimize the overall
passenger delay, including the delay ¢ of passenger paths entering delayed at the
stations along the train line. Note that the latter part of the objective cannot be
optimized. In this setting, the contribution to the objective of § >, D* + §0=7,
i.e. the delay of the paths arriving with a delay ¢ at their destination, plus the
¢ delay of all dropped paths, is independent of the waiting decision.

We map this constant sum of delays to the original, undiscounted, price of
buying the skis in the Discounted Ski-Rental problem. Moreover, the sum of
the costs of the dropped paths (i.e. T' time units per passenger) at station v,
corresponds to the renting price of the skis on that day. Therefore, there is a
bijection between waiting at station v; and buying the skis on day j. Hence, the
cost of buying the skis on day j corresponds to the delay caused by waiting at
station v;, whereas the cost of renting the skis on day j corresponds to the cost
of dropping the delayed paths at station v;. By setting the proportional discount
factor to a = % we complete the mapping. Indeed, the cost of waiting at station
v; is the same as buying the skis on day j:

ski-cost(j) =T D' +6Y D'+ 6077 — %TZ D' = A(%)

1<j i 1<j

Our analysis of the online delay management problem hence also provides a
2-competitive algorithm for the above Discounted Ski-Rental problem. Further,
the mapping also provides some intuition for the online algorithm in Section 3.3l
In the 2-competitive algorithm for the Discounted Ski-Rental problem, the skier
buys the skis as soon as the overall renting costs exceed the costs of buying the
skis. In the next section we show that a similar strategy is 2-competitive for the
online delay management problem.
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We point out that the general setting where passengers can alight from the
train at any station along the path, is still related to a Ski-Rental problem.
However, the mapping is much less intuitive, and therefore we omit it. Finally,
differently from the Ski-Rental problem, the maximum number of times the
decision is to be taken is known a priori in the online delay management problem,
as the number of stations on the train line is known in each instance.

3.3 A Family of 2-Competitive Online Algorithms

In this section, we describe a family of 2-competitive online policies for the delay
management problem described in Section [2l Recall that paths may end before
the last station of the line. Hence, the problem is structurally different from
both the Discounted Ski-Rental problem and the general Ski-Rental problem.
In fact, in most Ski-Rental problems the key decision for an optimal adversary
is whether or not to buy skis. Hence, the decision is boolean. On the contrary,
for an optimal adversary of the online delay management problem, the decision
is not only whether to wait or not, but additionally where the online algorithm
should start to wait in order to achieve the optimal policy.

Nevertheless, the family of online algorithms resembles the classical online
algorithm for the Ski-Rental problem. Loosely speaking, the train should wait
at station v; if the delay caused by dropping passengers up to and including
station v; exceeds the delay caused to on time passengers by waiting in v;.

As we present a family of algorithms, we must be a little more precise. For
t € [T — 6,T], the online algorithm ALG(t) of the family lets the train wait at

station j if
ty d >0,
1<J

Note that the two extremal values of ¢ lead to two extremal behaviors within the
same policy. By setting ¢ = T — § we obtain the algorithm that starts to wait as
late as possible. By setting ¢ = T' , we obtain the algorithm of the family that
starts to wait as early as possible. Below, we show that both extremal algorithms
are 2-competitive.

Intuitively, these algorithms achieve the competitive ratio of 2 by a similar
argument as for the Ski-Rental problem: the algorithms drop all source delayed
passenger paths, until the accumulated delay balances the delay which would
occur if the train started to wait. At this point, an adversary could leave all
other remaining passenger paths to be on time, thus causing again the same
amount of delay to the online algorithm, whereas it would have been optimal
not to wait at all. On the other hand, should the online algorithm have waited
earlier, the analysis shows that the adversary must also have had a delay equal
to the one of the online algorithm.

Theorem 1. The family of online algorithms ALG(t) which start to wait at
station j if t 2, d* > 6029t € [T — 6,T), is 2-competitive on the single train
line with fized passenger paths.
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Proof. Let j* be the station where the optimal offline algorithm waits and j be
the station where the online algorithm ALG(t) waits. The analysis is subdivided
into two cases. In fact, if not optimal, the online algorithm either started waiting
too early (j < j*) or too late (j* < j). In a worst-case scenario, for analyzing
the first case, we take the algorithm of the family which waits the earliest, i.e.
ALG(T). Similarly, for analyzing the case where the algorithm waits too late, we
take the algorithm of the family which waits the latest, i.e. ALG(t — 6).

Case j* < j: we compare the objective value of the two solutions:

A(j) =(T — 5ZDZ+6ZDZ+60>J

1<j
Jj—1
= (T —6) ZDZ+6ZD1+6O>J* —6077" + 607 + (T —6) Y D'
i<j* i=j*

A(F*)

First, we note that as j* < j, inequality (@) implies the following: —60=7* +
5027 <0.
Second,

ZDl 2. D

i<j—1

Since the train did not wait at station j — 1, and we use t = T — ¢, the following
inequalities hold:

@
(T—6) > D'<s0®~t <50~ 1+ZDZ
i<j—1
s&(ozﬂ‘* +ZDi> < A®GY).

Concluding,
A(j) < A(j*) — 6027* + 5027 +§ <0>J‘* + ZD’) < 2A(5%).

Case j* > j: similarly to the previous case, we compare the values of the two
solutions:

AG) =A(") — 8025 1607 (1 —8) S D"

Inequality @) and waiting at j with ¢ = T imply

5077 <5021 < TZDi <T Z D

1<j 1<j*
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Since

TZD < (T - 6) Z+6ZD < A

i<j* i<j*
we finally have

Jj -1
A(j) SA(G*) = 6077 + A(j*) — (T = 8) Y D' < 2A(35%). 0

i=j

We have shown that the family of online algorithms Avra(t), t € [T —6,T] is
2-competitive.

Corollary 1. The analysis of the family of online algorithms ALG(t), with
te [T —6,T], is tight.

Proof. We show that the analysis is tight, both when the online algorithm starts
waiting earlier or later than optimum. For each case, we analyze the worst-case
scenario for the family ALG(¢): for starting to wait too late, we analyze the
criterion which will wait the latest, i.e. (T'—6)>_,.;di > 60>J for starting to
wait too early, we analyze the criterion of the family Wthh will wa1t the earliest,
le. TH . di> 5077,

We start by analyzing the case where the online algorithm starts waiting
after the optimal solution. Consider the simple train line built by three stations,
V = {v,ve,v3}, E = {(v1,v2), (v2,v3)}. We introduce two passenger paths
Py = {v1,v2} and P, = {v,v3}, both connecting from other feeder trains.
Potentially, these passenger paths could be delayed. Let pg be the number of
passengers following path Py, p1 = (€] ~——pp+e€ the number of passengers following
path P;. At station vy, the adversary declares Py to be delayed and P; to be on
time. As (T'— 6)po < ép1 = (T — 6)po + ¢, the online algorithm will not wait.
Upon the arrival of the train at vo, the adversary also delays P;. Then, the online
algorithm will certainly wait in vo, as it will not delay any other passengers. The
optimal offline solution would already have waited at vy, hence online algorithm
started to wait after the optimum. The ratio between the two solutions is:

Online  Tpo+p1 _ ,Tpo+ e  bpo + de _o_ opo + b€
Opt  6(po+p1) Tpo+de Tpo+be Tpg + e

®)

For e — 0 the ratio converges to r; =2 — %. For % = ¢/, and by letting ¢ — 0,
we get arbitrarily close to 2. For analyzing the case where the online algorithm
starts waiting too early, we consider a train line similar to the above, but with
different passenger paths. Let Py = {v1,v2,v3}, P1 = {v1,v2}, Po = {va,v3},
carrying po, p1 and ps = %po — € passengers, respectively. Initially, the adversary
shows Py to be delayed. The online algorithm does not wait at station vg, as
the other two paths are assumed to be on time: indeed, 6(p1 + p2) > T'po, for
Op1 > de. When the train arrives at station vp, the adversary leaves P, on time.
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But then, Tpg > dép2 = T'pg — b€, hence the online algorithm starts to wait at vg,
interestingly enough, for nobody. The optimal algorithm would not have waited
anywhere, and would only have dropped the path Py. This gives the competitive

ratio of
Online  Tpo +6p2  2Tpy — b€ e—o

Opt Tpo T'po

2. (6)

This case is thus independent from the ratio %, and the analysis directly shows
its tightness. O

4 Competitiveness of Online Algorithms

In the following, we show two bounds on the competitive ratio for all online
algorithms on the train line. First, we discuss that, if the objective accounts only
for the delay which can be optimized, we cannot be better than %—competitive.
This actually implies that we cannot do better than applying the trivial strategy
of waiting as soon as there is a delayed entering passenger path, and to stay on
time otherwise. We then analyze the objective discussed in Section Bl and show
that no online algorithm can be better than @-competitive, where ¢ = @ is

the Golden Ratio.

4.1 Competitiveness with Additional Delay Objective

In this section, we consider the so-called additional delay objective function,
which accounts only for the delay which can be optimized on the network, i.e.
without the unavoidable delay 6 >, D?. With the previously introduced notation,
the objective value occurring if the train waits at station j is defined as

Apoo(j) = (T'=6) Y D'+ 602

1<j

Theorem 2. No online algorithm on a single train line with fived passenger
paths can be better than %-competitive when minimizing only the additional

delay.

Proof. We analyze the network shown in Figure 2l The line we wish to optimize
travels between stations A and C, and has an intermediate stop in B. We in-
troduce two passenger paths, P, connecting to the train line in A and carrying
p1 = 1 passengers, P, connecting to the train line in B and carrying ps = T(€2_ %)
passengers. When in A, the adversary announces that the passenger path P; is
delayed by 6 time units. He can still choose if or not he will delay the passenger
path Ps.

If the online algorithm decides to wait in A, the adversary leaves P, on time.
Thus, the optimal offline policy is to stay on time to the end of the trip. The delay
accumulated by the online algorithm is T(z;; s = I

= 7;_6)7 the optimal strategy
accumulates only (7' — ¢) delay. Hence, the online algorithm is &-competitive.

T
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P! Delayed
A B C

Fig. 2. The train network used for showing the non-competitiveness of the additional
delay-objective

If the online algorithm decides to leave A on time, the adversary will delay P,
as well. The optimal offline policy in this case is to wait in A, which produces a
zero valued objective. The online algorithm produces an additional delay of at
least T', hence the competitive ratio in this case is infinite. a

The setting for proving the %—competitiveness might seem peculiar, as in one
case the train travels empty between stations A and B. This can be resolved
by introducing an on time passenger path between A and C carrying just one
passenger. The same setting can then be used to prove a lower bound on the
competitiveness of % — 1. This is asymptotically the same as above, and in
practice it does not change significantly if % is large.

4.2 @P-Competitiveness for Total Delay Objective

In the following section, we prove that no online algorithm can be better than @-
competitive if we use the objective function accounting for all delays introduced
in Section 311

Theorem 3. No online algorithm on a train line with fized passenger paths can

be better than ®-competitive when minimizing the total delay, where & = @
is the Golden Ratio.

Proof. We introduce a network similar to the one of the previous proof (see
Figure B]). This time, we introduce three passenger paths: Py, carrying p; pas-
sengers and connecting to the train line at station A; Ps, carrying ps passengers,
starting their journey in A; P3, carrying ps passengers, connecting to the train
line in B. At the beginning, the adversary declares P; to be delayed and P» to
be on time.

Now, an online algorithm must decide whether to wait in A or not. The
situation the adversary wants to enforce is the following: whatever decision the
online algorithm takes, it is c-competitive. Then, he chooses the parameters such
that ¢ is maximal. The following mathematical program describes the adversary’s
parameter choices:

maxc
8(p1 +p2+p3) > Ty (7)
Tp1 + 6(p2 + p3) > cd(p1 + p2 + p3) (8)

T(p1 4 p3) > cb6(p1 + p2 + p3) 9)
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P!, Delayed
A B ¢
PQ, /D3 N
On Time L

Fig. 3. The simple network used in the proof for not competitiveness of the all-delay
objective

Inequality (@) reflects the situation when the online algorithm waits in A, thus
delaying all three paths, but it would have been better not to wait, as Ps was
on time. The left hand side (LHS) reflects the costs of the online algorithm, the
right hand side (RHS) the costs of the optimal offline solution, weighted with
the competitive ratio ¢. Inequality () reflects the situation where the online
algorithm does not wait in A but waits in B, as the adversary then delays Ps,
and it would have been better to wait in A. Again, the LHS describes the costs
of the online algorithm, the RHS the costs of the optimal delay policy weighted
with the competitive ratio. Finally, inequality (@) describes the situation where
the online algorithm decides not to wait at all even if P3 delays, and it would
have been better to wait in A. The LHS and RHS of the inequality describe the
costs as before. For this last online policy we do not consider the case where the
optimal offline strategy waits in B. Were this strategy better than waiting in A,
we would only make the bound on the competitive ratio bigger than what we
show here.

For simplicity, we normalize all passenger numbers with respect to p;, and
the delays with respect to 6. Hence, P, carries 1 passenger, and 6 = 1. Due to
this normalization, in the following we should formally refer to the drop delay as
T’ and to the passenger numbers as p, and p4. To improve readability, we omit
the primes. The mathematical program becomes:

max ¢
1+p2+ps >l (10)

T +p2 +p3 > (1 +p2 + p3) (11)
T(1+p3) > c(1+p2 +ps) (12)

We restrict our attention to the case where po < (T — 1)ps. In this case, () is
tighter than (I2)), so we can omit the latter equation. As we are constructing a
specific solution to the mathematical program, we let inequality ([I0) be tight.
Note that by choosing (I]) to be tight, we can construct an example with the
same competitive ratio as shown below. Now we can set p3 = ¢I' — 1 — ps. Thus,
substituting into (ITI):

T+p2+cT—1—p2zc+cp2+c2T—c—cp2
T(14c¢)—1>cT
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Let ¢ = @ — €, and recall that @ + 1 = &2

T(1+®) —Te—1>P*T — 20T + T
20 —1—¢€)eT > 1 (13)

As long as (20 — 1 — €)e > 0, we can choose T such that (I3) is satisfied. The
condition is satisfied for 0 < € < 2¢—1, and we can set T' = m. By letting
e — 0, we can get arbitrarily close to @. In all, this shows that the competitive
ratio of any online algorithm cannot be better than &.

Notice that a closer inspection of the constructed instance shows that within
the setting of this example, we cannot prove the competitive ratio to be greater

than @, as choosing a negative € leads to a contradiction. O

5 Conclusion

We considered the online delay management problem for a single train line with
passengers transferring from other feeder trains. Since such a feeder train may
arrive at a transfer station with an arrival delay, the connecting passengers may
be delayed as well. In this online setting, the train line only knows the delays of
the entering passengers at its current station, as well as at the previous stations
on the line.

As such, we provided a natural next step to the research in [I], who considered
the online situation of delays at a single station. We proposed a family of Ski
Rental-like 2-competitive online algorithms, and presented lower bounds on the
competitive ratio that hold for any online algorithm for the single train line. As
we do not know of any other theoretical work on online delay management prob-
lems, our results provide a first step in the direction of online delay management
for more general networks and with more realistic assumptions.

Indeed, the extension of our results to two crossing train lines, or to a railway
network with a tree topology are interesting topics for further research. Other
directions for future research include different arrival delays for the connecting
passengers, and the inclusion of timetable buffer times.
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